Mathematica 11.3 Integration Test Results

Test results for the 700 problems in "4.3.1.2 (d sec)*m (a+b
tan) n.m"

Problem 11: Result more than twice size of optimal antiderivative.
JSec[c+dx]7 (a+iaTan[c+dx]) dx

Optimal (type 3, 98 leaves, 5 steps):

5aArcTanh[Sin[c+dx]] iaSec[c+dx]’” 5aSec[c+dx] Tan[c+dx]
+

+ +
16d 7d 16d
5aSec[c+dx]3Tan[c+dx] aSec[c+dx]>Tan[c+dx]
+
24d 6d

Result (type 3, 273 leaves):
5aLog[Cos[i (c+dx)] —Sin[i (c+dx)]]

+

16d
5aLog[Cos[% (c+dx)] +Sin[§ (c+dx)]] iasec[c+dx]’
+ +
16d 7d

a

48 d (Cos[i (c+dx)] 7Sin[§ (c+dx)”6 ’ 16 d (Cos[% (c+dx)
5a

32d (Cos[i (c+dx)] —Sin[i (c+dx)”2 _48d (Cos[i (c+dx) +Sin[§ (c+dx)})6

a 5a

16d (Cos[i (c+dx)] +Sin[§ (c+dx”)4 32d (Cos[% (c+dx)] +Sin[i (c+dx)})2

Problem 12: Result more than twice size of optimal antiderivative.

JSec[c+dx15 (a+iaTan[c+dx])dx

Optimal (type 3, 76 leaves, 4 steps):
3aArcTanh[Sin[c+dx]] 1i1aSec[c+dx]°
+

8d 5d

3aSec[c+dx] Tan[c+dx] aSec[c+dx]3Tan[c+dXx]
+

8d 4d

+

Result (type 3, 209 leaves):
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~3atog[os[} (c+dx)]-sin[; (c+dx)]]

+

8d
3aLog[Cos[i (c+dx)] +Sin[§ (c+dx)]] iasec[c+dx]
+ +
8d 5d
3a

16d (Cos[i (c+dx)] —Sin[i (c+dx)”4+ 16d (Cos[i (c+dx)] —Sin[i (c+dx”)2 _

a 3a

16d (Cos[% (c+dx) ] +Sin[% (c+dx”)4 16d (Cos[% (c+dx) ] +Sin{% (c+dx)”2

Problem 13: Result more than twice size of optimal antiderivative.

JSec[c+dx}3 (a+iaTan[c+dx]) dx

Optimal (type 3, 54 leaves, 3 steps):

aArcTanh[Sin[c+dx]] 1aSec[c+dx]3> aSec[c+dx] Tan[c+dx]
+ +

2d 3d 2d

Result (type 3, 145leaves):
aLog[Cos[% (c+dx) ] 7Sin[§ (c+dx)]]

- +

2d
aLog[Cos[i (c+dx)] +Sin[§ (c+dx)]] iasec[c+dx]?
+ +
2d 3d
a a

4d (Cos[i (c+dx)] 7Sin[§ (c+dx)])2 4d (Cos[i (c+dx)] +Sin[i (c+dx)])2

Problem 14: Result more than twice size of optimal antiderivative.

JSec[c+dx} (a+iaTan[c+dx]) dx

Optimal (type 3, 27 leaves, 2 steps):
aArcTanh[Sin[c+dx]] 1aSec[c+dx]
+
d d

Result (type 3, 84 leaves):

aLog[Cos[§+ dTX} - Sin|

Q

§+d7x]] +aLog[Cos[§+d7x] +Si“[§+TXH . iaSec[c+dx]

d d d

Problem 22: Result more than twice size of optimal antiderivative.

JSec[Cerx]2 (a+iaTan[c+dx])?dx
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Optimal (type 3, 27 leaves, 2 steps):
i (a+1’1aTan[c+dx})3

3ad

Result (type 3, 68 leaves):

1, 3
—a“Sec[c] Sec[c +dXx]
6d

(3iCos[dx] +3iCos[2c+dx] +3Sin[dx] -3Sin[2c+dx] +2Sin[2c+3dx])
Problem 23: Result more than twice size of optimal antiderivative.
J(a+1’1aTan[c+dx])2d1x

Optimal (type 3, 38 leaves, 2 steps):

5 a2 2ia’?log[Cos[c+dx]] a?Tan[c+dx]
a’x- -

d d

Result (type 3, 100 leaves):

1
- —a’Sec[c] Sec[c+dXx] (4Ar‘cTan[Tan[3c+dx}] Cos[c] Cos[c+dx] -4dxCos[2c+dX] +
2d

Cos[dx] (-4dx+iLlog[Cos[c+dx]?|)+1iCos[2c+dx] Log[Cos[c+dx]?|+2Sin[dx])
Problem 29: Result more than twice size of optimal antiderivative.
JSec[c+dx}3 (a+JiaTan[c+dx])2d1x

Optimal (type 3, 94 leaves, 4 steps):

5aZArcTanh[Sin[c+dx]] 51ia%Sec[c+dx]3

+ +
8d 12d
5a2Sec[c+dx] Tan[c+dx] iSec[c+dx]?(a®+ia?Tan[c+dx])
.
8d 4d

Result (type 3, 215leaves):

aZSec[c+dx]*
192 d

(128]‘1Cos[c+dx] —45Log[Cos[1 (c+dx)] —Sin[l (c+dx>“ - 60 Cos [2 (c+dx”
2 2

(Log[Cos[% (crdx)] —Sin[% (cedx)]] —Log[Cos[% (crdx)] +Sin[§ (c+dx>H) 15
Cos[4 (c+dx)}

1 .
(Log[Cos[g(CerfoSln[ A

RN R

(c+dx)]] —Log[Cos[% (c+dx)] +Sin[1 (c+dx>H) +

1
45 Log[Cos |~ (c+dx)] +Sin[~ (c+dx)]|] -18Sin[c+dx] +30Sin[3 (c+dx) ]
2 2
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Problem 30: Result more than twice size of optimal antiderivative.

JSec[c+dx} (a+1‘1aTan[c+dx])2d1x

Optimal (type 3, 68 leaves, 3 steps):

3a2ArcTanh[Sin[c+dx]] 3ia’Sec[c+dx] iSec[c+dx] (a®+ia*Tan[c+dx])
+ +

2d 2d 2d

Result (type 3, 146 leaves):
1

ad
2|_81icCos[c+dXx] +3Log[Cos[1 (c+dx)] 7Sin[1 (c+dx)]]+3Cos[2 (c+dx) |
2 2

a’Sec[c+dx]

(Log[Cos[% (c+dx)] 7Sin[§ (c+dx)]] 7Log[Cos[% (c+dx) ] +Sin[§ (c+dx)]]|-

3Log[Cos[1 (c+dx)] +Sin[1 (c+dx)]]+2sin[c+dx]
2 2

Problem 31: Result more than twice size of optimal antiderivative.

JCos[c+dx} (a+iaTan[c+dx])?dx

Optimal (type 3, 46 leaves, 2 steps):

aZArcTanh[Sin[c+dx]] 2iCos[c+dx] (a?+ia?Tan[c+dx])

d d
Result (type 3, 180leaves):

-

Cos[% (c+dx) | [—21‘1+

Log[Cos[%(c+dx)]—Sin[%(c+dx)]]—Log[Cos{%(c+dx)]+sin[§(c+dx)H +
(Z—jLog[Cos[i(c+dx)]—Sin[§(c+dx)H+1’1Log[Cos[§(c+dx)]+Sin[§(c+dx)H)
Sin[i(c+dx)]

(Cos[%(c+5dx)}+jsin[§(c+5dx)] )/(d (Cos[dx}+jsin[dx]>2)

Problem 39: Result more than twice size of optimal antiderivative.

JSec[Cerx]2 (a+iaTan[c+dx])>dx

Optimal (type 3, 27 leaves, 2 steps):
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i (a+jaTan[c+dx])4

4ad
Result (type 3, 84 leaves):
iaB’Sec[c] Sec[c+dx]* (3iCos[c] +2iCos[c+2dx] +

ad
21Cos[3c+2dx] -3Sin[c] +2Sin[c+2dx] -2Sin[3c+2dX] +Sin[3c+4dx})

Problem 41: Result more than twice size of optimal antiderivative.

JCos[c+dx}2 (a+iaTan[c+dx])>dx

Optimal (type 3, 49leaves, 3 steps):

3 ia®Log[Cos[c+dx]] 21iat
—adx+ -

d d(a-iaTan[c+dx])

Result (type 3, 99 leaves):
—((a3 (Cos[c+dx] (2i+2dx-1ilog[Cos[c+dx]?]) +
(-2-2idx-Log[Cos[c+dx]?])Sin[c+dx])
(Cos[c+4dx] +jSin[c+4dx1))/(2d (Cos [d x] +Jisin[dx])3))

Problem 47: Result more than twice size of optimal antiderivative.
JCos[c+dx1 (a+1’1aTan[c+dx])3dlx

Optimal (type 3, 61leaves, 3 steps):

3a3ArcTanh[Sin[c+dx]] 3ia®Sec[c+dx] 2iacCos[c+dx] (aﬂiaTan[CerXJ)2
d d d

Result (type 3, 123 leaves):

a’Cos[c+dx]?

d x

6 ArcTanh [Sin[c] + Cos[c] Tan[—|] Cos[c+dx] (i Cos[3c] +Sin[3c]) +
2

(-Cos[2c-dx] +iSin[2c-dx]) (5Cos[c+dx] -iSin[c+dx])

(—Ji+Tan[c+dx])3)/ (d (Cos[dx] +iSin[dx])?]

Problem 54: Result more than twice size of optimal antiderivative.

jCos[c+dx} (a+iaTan[c+dx])*dx

Optimal (type 3, 97 leaves, 4 steps):
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15 a* ArcTanh[Sin[c+dx]] 151 a*Sec[c +dx]
2d 2d
2iaCos(c+dx] (a+iaTan[c+dx])> 5iSec[c+dx] (a*+ia*Tan[c+dx])

d 2d

Result (type 3, 906 leaves):

c dx c dx
15Cos[4c] C dx]*Log[Cos|[—+—| -sin[ =+ — iaT +d 4)
[ os[4c] Cos[c+dx] og[os[2+ 2} 1n[2 A |] (a+iaTan[c+dx]) /
(2d(Cos[dx]+iSin[dx})4)—
d x c dx
15Cos[4c] C cdx14loglcos[ S+ X tsin[ S X tiaT o d 4]
( os[4c] Cos[c+dX] og[os[2 2] 1n[2 A |] (a+iaTan[c+dx]) /
(2d(Cos[dx]+iSin[dx})4)+
(Cos[dx} Cos[c+dx]* (-81iCos[3c]-8Sin[3c]) <a+jaTan[c+dx])4)/
(d (Cos[dx] +iSin[dx] )4) +
(Cos[c+dx]4Sec[c] (-41iCos[4c]-4Sin[4c]) (a+1‘1aTan[c+dx])4)/
(d (Cos[dx] +iSin[dx] )4) -
d x c dx
151 C +dx]*Log[Cos[ =+ 2] —sin[ S+ £X]] sin(a +iaT +d 4)
( i Cos[c+dxX] og[os[2 2] 1n[2 ZH inf4c] (a+iaTan[c+dx]) /
(2d(Cos[dx]+iSin[dx})4)+
d

X

+

(151‘1Cos[c+dx]4Log[Cos[£+d—X] +Sin|
2 2

(Zd (Cos [d x] +jSin[dx})4) +

|]sin4ac) <a+jaTan[c+dx})4)/

N o
~ |

(Cos[c+dx]4 (8Cos[3c] -81iSin[3c]) Sin[dx] (a+1’1aTan[c+dx})4)/

Cos[c+dx]* (iCos[4c] -

(d (Cos[dx] +1iSin[dx] )4) +

1
4
) +

JiSin[4c]) (a+1’1aTan[c+dx])4
dx
2

d (Cos[dx] +1iSin[dx] 4(Cos[ ]7Sin[§+d"”2
. A s . rdx . 4
(1Cos[c+dx] (4Cosl4c] —4151n[4c])$1n[7] (a+iaTan[c+dx]) ]/

d (Cos[i} —Sin[E]J (Cos[dx] +isSin[dx])* Cos[£+ d—X} —Sin[£+ d_x}
2 2 2 2 2 2

Cos[c+dx]* (7iCos[4c] +ijsin[4c]) (a+iaTan[c+dx])*

+

+

d (Cos[dx] +isin[dx])* (c:os[ + 49X +Sin[§+“])2

< ax ax
2 2 2

iCos[c+dx]* (4Cos[4c] -4iSinf4c]) Sin[dfx] (a+jaTan[c+dx])4]/
2
@

Problem 55: Result more than twice size of optimal antiderivative.

97 sin[ €4 94X

Cos[ —
2 2 2

+

Cos[g} +Sin[£]) (Cos[dx] +jSin[dx])4
2 2

c
2

JCos[c+dx13 (a+iaTan[c+dx])*dx
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Optimal (type 3, 78leaves, 3 steps):
a* ArcTanh[Sin[c +dx]]
; _
21'1aCos[c+dx]3(a+JiaTan[c+dx])3 2iCos[c+dx] (a*+ia*Tan[c+dx])

+

3d d

Result (type 3, 246 leaves):
1

a* [-3Cos[4c] Log[Cos{l (c+dx)] —Sin[l (c+dx)]]+
3d (Cos[dx] +iSin[dx])* 2 2

(c+dx)] +Sin[1 (c+dx)]]-2Cos[3dx] Sin[c] +

3Cos[4c] Log[Cos|
2

N |

6 Cos[dx] Sin[3c] +3 i Log[Cos]| (c+dx” - Sin| (c+dx)H Sinf[4c] -

N |-
N |

Esleog[Cos[1 (c+dx)] +Sin[1 (c+dx)]|]sin4ac] +
2 2
Cos[3c] (61iCos[dx]-6Sin[dx]) +6iSin[3c]Sin[dx] -21iSin[c]Sin[3dx] +

2Cos[c] (-iCos[3dx] +Sin[3dx])| (Cos[c+dx] +1iSin[c+dx])*

Problem 61: Result more than twice size of optimal antiderivative.

JSec[c+dx}4 (a+iaTan[c+dx])®dx

Optimal (type 3, 55leaves, 3 steps):

2i (a+iaTan[c+dx])’ i (a+iaTan[c+dx])®
- +

7 a%d 8a3d

Result (type 3, 143 leaves):

1
——a®Sec[c] Sec[c+dx]®
56d

(351‘1Cos[c] +281Cos[c+2dx] +281iCos[3c+2dx] +141Cos[3c+4dx] +
141 Cos[5c+4dx] -35Sin[c] +28Sin[c+2dx] -28Sin[3c+2dXx] +
14Sin[3c+4dx] -14Sin[5c+4dx] +8Sin[5c+6dXx] +Sin[7c+8dx])

Problem 62: Result more than twice size of optimal antiderivative.
JSec[Cerx}2 (a+iaTan[c+dx])®dx

Optimal (type 3, 27 leaves, 2 steps):

i(a+iaTan[c+dx])®

6ad

Result (type 3, 134 leaves):
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1
——a®Sec[c] Sec[c+dx]®
12d

(ZeiCos[c] +151Cos[c+2dx] +15iCos[3c+2dx] +61Cos[3c+4dx] +
61Cos[5¢c+4dx] -20Sin[c] +15Sin[c+2dx] -15Sin[3c+2dXx] +
6Sin[3c+4dx] -6Sin[5¢c+4dx] +2Sin[5c+6dx])

Problem 63: Result more than twice size of optimal antiderivative.
J(a+1‘1aTan[c+dx])5d1x

Optimal (type 3, 117 leaves, 5 steps):
16 i a° Log[Cos[c+dx]] 8a°Tan[c+dx]

16 a°> x - +
d d
21'1a2(a+J'LaTan[c+dx])3 Jia(a+jlaTan[c+dx])4 21'1a(a2+11a2Tan[c+dx})2
+ +
3d 4d d

Result (type 3, 728 leaves):
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16 x Cos[5c] Cos[c+dx]* (a+1‘1aTan[c+dx])5

(Cos[dx] +isSin[dx])®

8i Cos[5c] Cos[c+dx]®Log[Cos [c+dx]2] <a+jaTan[c+dx})5

+

d (Cos[dx] +isSin[dx])®

3 . . 1 1 . . 5
Cos[c+dx]> (18Cos[c] + 51 Sin[c]) (7—1Cos[5c}7—51n[5c]) (a+iaTan[c+dx]) ]/
3 3

[d (Cos[g} —Sin[%]) (Cos[g] +Sin[§]] (Cos [dx] +JiSin[dx])5] +

Cos[c+dx] (i]'].COS[SC] +isin[5c]) (a+iaTan[c+dx])®

d (Cos[dx] +isSin[dx])®

16 i xCos[c+dx]>Sin[5c] (a+1‘1aTan[c+dx})5

(Cos[dx] +iSin[dx])®

8Cos[c+dx]®Log[Cos[c+dx]2?|Sin[5c] (a+iaTan[c+dx])°

+

d (Cos[dx] +JiSin[dX])5

5 (5 5 .
Cos[c+dx]“|—Cos[5c]-—1Sin[5¢C]

Sin[dx] (a+jaTan[c+dx])5]/

3 3

(d (Cos[%} 7Sin[§]] (Cos[§]+sin[§]] (Cos[dx] +iSin[dx])®| +

. [ 50 50 ) , .

(Cos[c+dx] ——Cos[Sc]+—1$1n[5c])$1n[dx} (a+1aTan[c+dx]) )/
3 3
c C c C

d|cos[=]-sin[=|| [cos[=]| +Sin[=]]| (Cos[d 'S'd5]
( (05[2} 1n[2]J ( 05[2]+ 1n[2]] (Cos[dx] +iSin[dx])°| +

1

xCos[c+dx]® (-8Cos[c]?+8Cos[c]®+321iCos[c]?Sin[c] -
(Cos[dx] +iSin[dx])®

48 1 Cos[c]*Sin[c] +48Cos[c] Sin[c]?-1208Cos[c]3Sin[c]?-321Sin[c]3+
160 1 Cos[c]?Sin[c]®+120Cos[c] Sin[c]*-481Sin[c]®-8Sin[c]3®Tan[c] -
8Sin[c]®Tan[c] + 1 (16Cos[5c] -16 i Sin[5c]) Tan[c]) (a+iaTan[c+dx}>5

Problem 64: Result more than twice size of optimal antiderivative.

JCos[c+dx12 (a+iaTan[c+dx])®dx

Optimal (type 3, 83 leaves, 3 steps):

s 121 a° Log[Cos[c+dx]] 5a°Tan[c+dx] ia®°Tan[c+dx]? 81 af
-12a’x + + + -
d d 2d d(a-iaTan[c+dx])

Result (type 3, 649 leaves):
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12xCos[5¢c] Cos[c+dx]> (a+jaTan[c+dx])5

+

(Cos[dx] +iSin[dx])®

6 i Cos[5c] Cos[c+dx]®Log[Cos [c+dx]2] <a+jaTan[c+dx}>5

+

d (Cos[dx] +isSin[dx])®
(Cos[zdx} Cos[c+dx]® (-41iCos[3c]-4Sin[3c]) (a+jaTan[c+dx])5)/
Cos[c+dx]3 (i]'lCOS[SC] +§Sin[5c]) (a+iaTan[c+dx])®

(d (COS[dX}Jr]'LSin[dX])S)Jr ( )5 +
d (Cos[dx] +1Sin[dx]

12ixCos[c+dx]®Sin[5¢c] (a+iaTan[c+dx])®

.
(Cos[dx] +iSin[dx])®

6Cos[c+dx]°Log[Cos[c+dx]2|Sin[5¢c] (a+iaTan[c+dx])®

+

d (Cos[dx] +iSin[dx])®
(Cos[c+dx]4 (5Cos[5c] -5iSin[5c]) Sin[dx] (a+1’1aTan[c+dx})5)/

+

(d (Cos[g} 7Sin[§]) (Cos[g] +Sin[§]] (Cos [d x] +]lSin[dX]>5

(Cos[c+dx]5 (4Cos(3c] -4isin[3c])Sin[2dx] <a+:|iaTan[c+dx})5>/

(d (Cos[dx] +jSin[dx})5) +
1

xCos[c+dx]® (6Cos[c]®-6Cos[c]®-24iCos[c]?Sin[c] +
(Cos[dx] +iSin[dx])®

361 Cos[c]*Sin[c] -36Cos[c] Sin[c]?+90Cos[c]3Sin[c]?+241Sin[c]3-
1201 Cos[c]?Sin[c]®>-90Cos[c] Sin[c]*+361Sin[c]®>+6Sin[c]3 Tan[c] +
6Sin[c]®Tan[c] - i (12Cos[5c] -12iSin[5¢]) Tan[c]) (a+iaTan[c+dx])®

Problem 67: Result more than twice size of optimal antiderivative.

JCos[c+dx}8 (a+1‘1aTan[c+dx])5d1x

Optimal (type 3, 27 leaves, 2 steps):

ia®

4d (a-iaTan[c+dx])*

Result (type 3, 73 leaves):

Lda5 (10 Cos[c+dx] +5Cos[3 (c+dx)|-i (2Sin[c+dx] +3Sin[3 (c+dx)]))
64

(—JiCos[S <c+dx)] +Sin[5 (c+dx”)

Problem 77: Result more than twice size of optimal antiderivative.

JSec[c+dx]8 (a+iaTan[c+dx])®dx

Optimal (type 3, 109 leaves, 3 steps):
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2 3

21‘1<a+jaTan[c+dx})1 121’1(a+1‘1aTan[c+dx])1
_ + _

3a%d 13a°d

3i(a+iaTan[c+dx])™ i(a+iaTan[c+dx])™
+
7a%d 15a’d

Result (type 3, 245leaves):

——— a%Sec[c] Sec[c+dx]*®
10920d

(6435]’1Cos[dx] +64351 Cos[2c+dx] +50051 Cos[2c+3dx] +50051Cos[4c+3dx] +
30031 Cos[4c+5dx] +30031Cos[6c+5dx] +13651Cos[6cCc+7dx] +13651Cos[8c+7dx] +
6435Sin[d x] - 6435Sin[2c +dx] + 5005 Sin[2c +3d x] - 5005 Sin[4c +3dx] +
3003 Sin[4c+5dx] -3003Sin[6c+5dx] +1365Sin[6c+7dx] -1365Sin[8c+7dXx] +
910Sin[8c+9dx] +210Sin[10c +11dx] +30Sin[12c+13dx] +2$in[14c+15dx])

Problem 78: Result more than twice size of optimal antiderivative.

JSec[c+dx16 (a+iaTan[c+dx])®dx

Optimal (type 3, 82leaves, 3 steps):

41 <a+j1aTan[c+dx})11 i (a+1’1aTan[c+dx])12 i (a+1’1aTan[c+dx})13
- +

11a3d 3a%d 13a°d

Result (type 3, 234 leaves):

a®Sec[c] Sec[c+dx]*
1716d

(1716]’1Cos[dx] +1716 1 Cos[2c+dx] +1287 1 Cos[2c+3dx] +1287 1 Cos[4c+3dx] +
7151 Cos[4c+5dx] +7151Cos[6c+5dx] +2861Cos[6Cc+7dXx] +
2861 Cos[8c+7dx] +1716Sin[dx] - 1716 Sin[2c +dx] + 1287 Sin[2c+3dX] -
1287 Sin[4c+3dx] +715Sin[4c+5dx] -715Sin[6c+5dx] +286Sin[6Cc+7dXx] -
286Sin[8c+7dx] +156Sin[8c+9dx] +26Sin[10c +11d x] +2$in[12c+13dx])

Problem 79: Result more than twice size of optimal antiderivative.

JSec[c+dx}4 (a+iaTan[c+dx])®dx

Optimal (type 3, 55leaves, 3 steps):
i (a+1’1aTan[c+dx})1e i (a+1’1aTan[c+dx])11
+

5a%d 11a3d

Result (type 3, 223 leaves):
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a®Sec[c] Sec[c+dx]™*
220d

(4621‘1Cos[dx} +4621Cos[2c+dx] +3301Cos[2c+3dx] +3301iCos[4c+3dx] +
1651 Cos[4c+5dx] +1651i Cos[6c+5dx] +551Cos[6c+7dXx] +
55iCos[8c+7dx] +462Sin[dx] -462Sin[2c+dx] +330Sin[2c+3dx] -
330Sin[4c+3dx] +165Sin[4c+5dx] -165Sin[6c+5dx] +
55Sin[6c+7dx] -55Sin[8c+7dx] +22Sin[8c+9d x] +25in[10c+11dx])

Problem 80: Result more than twice size of optimal antiderivative.
JSec[c+dx}2 (a+iaTan[c+dx])®dx
Optimal (type 3, 27 leaves, 2 steps):

i(a+iaTan[c+dx])’

9ad

Result (type 3, 212leaves):
1
—— a®Sec[c] Sec[c+dx]°®
18d
(1261‘1C05[dx1 +1261 Cos[2c+dx] +841Cos[2c+3dx] +841iCos[4c+3dx] +
361 Cos[4c+5dx] +36iCos[6c+5dx] +91Cos[6c+7dx]+91Cos[8c+7dx] +

126 Sin[dx] -126Sin[2c+dx] +84Sin[2c+3dx] -84Sin[4c+3dx] +36Sin[4c+5dx] -

36Sin[6c+5dx] +9Sin[6c+7dx] -9Sin[8c+7dX] +ZSin[8c+9dx])
Problem 82: Result more than twice size of optimal antiderivative.
JCOS[C+dX}2 (a+JiaTan[c+dx])8d1x

Optimal (type 3, 133 leaves, 3 steps):
1921 a® Log[Cos[c+dx]] 129a%Tan[c+dx] 361ia®Tan[c+dx]?
+

-192 a8 x + + -
d d d
10a®Tan[c+dx]3® 2ia®Tan[c+dx]* a®Tan[c+dx]° 64 i a°
_ + _
d d 5d d(a-iaTan[c+dx])

Result (type 3, 912leaves):
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192 x Cos[8c] Cos[c +dx]8 (a+1‘1aTan[c+dx])8

+

(Cos[dx] +iSin[dx] )8

96 i Cos[8c] Cos[c+dx]®Log[Cos[c+dx]?] (a+1‘1aTan[c+dx])8

+

d (Cos[dx] +JiSin[dx})8
(Cos[de} Cos[c+dx]® (-321iCos[6c] -32Sin[6c]) (a+jaTan[c+dx])8)/

(d (Cos[dx] +jSin[dx1)8) + |Cos[c+dx]*Sec[c] (18Cos[c] +1iSin[c])

1 1._. . 8 s 8
(——1Cos[8c}——51n[8c}) (a+iaTan[c+dx]) ]/(d (Cos[dx] +iSin[dx]) )+
5 5

Cos[c+dx]®Sec[c] (50Cos[c] +13 i Sin[c]) [ijCos[Sc] + iSin[Sc])
5 5

(a+iaTan[c+dx])8]/ (d (Cos [d x] +iSin[dx})8) +

192 i xCos[c+dx]8Sin[8 ] (a+1’1aTan[c+dx])8

N
(Cos[dx] +isSin[dx])®

96 Cos[c+dx]®Log[Cos[c+dx]2| Sin[8c] (a+iaTan[c+dx])®

+

d (Cos[dx] +isin[dx])®

; 1 1 _ , .
Cos[c+dx]3Secc] [*Cos[Sc]—7151n[8c]]51n[dx] (a+iaTan[c+dx]) ]/
5 5

(d (Cos[dx] +iSin[dx1)8) +

s 52 52 . . . 8
Cos[c+dx]°Sec[c] [7—Cos[8c]+—151n[8c])51n[dx} (a+iaTan[c+dx]) )/
5 5

(d (Cos [d x] +jSin[dx}>8) +

, 696 696 _ _ .
Cos[c+dx]’Sec[c] (—Cos[Sc] 7—151n[8c}) Sin[dx] (a+iaTan[c+dx]) ]/
5 5

(d (Cos[dx] +Jisin[dx})8) +
(Cos[c+dx]8 (32Cos[6c] -321iSin[6c]) Sin[2dx] (a+jaTan[c+dx])8)/
(d (Cos[dx] +jSin[dx}>8) +

1

x Cos[c+dx]® (96 Cos[c]®-96Cos[c]®-6721 Cos[c]®Sin[c] +
(Cos[dx] +iSin[dx])®
864 1 Cos[c]’ Sin[c] - 2016 Cos[c]*Sin[c]? + 3456 Cos[c]®Sin[c]?+
3360 1 Cos[c]>Sin[c]>-8064 i Cos[c]®>Sin[c]3+3360Cos[c]?Sin[c]*-
12096 Cos[c]*Sin[c]*-2016 i Cos[c] Sin[c]® +12096 i Cos[c]>Sin[c]®-6725in[c]® +
8064 Cos[c]2Sin[c]®-3456 1 Cos[c] Sin[c]” -864Sin[c]®+ 961 Sin[c]®Tan[c] +
96 i Sin[c]®Tan[c] - i (192Cos[8c] -192i Sin[8c]) Tan[c]) (a+1‘1aTan[c+dx])8

Problem 83: Result more than twice size of optimal antiderivative.

JCos[c+dx14 (a+JiaTan[c+dx])8d1x

Optimal (type 3, 124 leaves, 3 steps):
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g 801 a®log[Cos[c+dx]] 31a®Tan[c+dx] 4iadTan[c+dx]?
80 a° x - - - n
d d d
a Tan[c +dx]3 16 1 al® 801 a°
- +
3d d(a-iaTan[c+dx])> d(a-iaTan[c+dx])

Result (type 3, 566 leaves):
1

a®sec[c] Sec[c+dx]? (Cos[2 (c+5dx)]|+iSin[2 (c+5dx)])
12d (Cos[dx] +1Sin[dx])®
(-66 1 Cos[2c+3dx] +180dxCos[2c+3dx] +751iCos[4c+3dx] +
180dxCos[4c+3dx] -501Cos[4c+5dx] +60dxCos[4c+5dx]-31Cos[6c+5dx] +
60dxCos[6c+5dx] +3Cos[2c+dx] (711 +80dx-4@1 Log[Cos[c+dx]?]) +
Cos[dx] (1191 +248dx-120 i Log|[Cos[c+dx]?]) -
90 i Cos[2c+3dx] Log[Cos[c+dx]?] -98 1 Cos[4c+3dx] Log[Cos[c+dx]?] -
301 Cos[4c+5dx] Log[Cos[c+dx]?| -301iCos[6c+5dx] Log[Cos[c+dx]?] -
101Sin[dx] -120i dxSin[d x] - 6@ Log[Cos[c +dx] 2] Sin[dx] +
87Sin[2c+dx] -1201dxSin[2c +dX] —60Log[Cos[c+dx}2] Sin[2c+dx] -
96Sin[2c+3dx] -180idxSin[2c+3dx] - 90 Log[Cos[c+dx]?|Sin[2c+3dx] +
45Sin[4c+3dx] -1801idxSin[4c+3dx] - 90 Log[Cos[c+dx]?] Sin[4c+3dx] -
44Sin[4c+5dx] -60idxSin[4c+5dx] -30Log[Cos[c+dx]?| Sin[4c+5dx] +
3Sin[6c+5dx] -60idxSin[6c+5dx] -30Log[Cos[c+dx]?|Sin[6c+5dx])

Problem 84: Result more than twice size of optimal antiderivative.

JCos[c+dx}6 (a+1‘1aTan[c+dx])8d1x

Optimal (type 3, 114 leaves, 3 steps):

8 81 aflog[Cos[c+dx]] aTan[c+dx]
-8a° x+ + -
d d
16 i al? 16 i al® 24 i a°

N _
3d <a—1’1aTan[c+dx})3 d (a—JiaTan[c+dx])2 d(a-iaTan[c+dx])

Result (type 3, 414 leaves):
1

6d (Cos[dx] +1iSin[dx])®

a®Sec[c] Sec[c +dx] (121‘1Cos[c] +101 Cos[3c+2dx] +12dxCos[3c+2dXx] -
21Cos[3c+4dx] +12dxCos[3c+4dx] +1Cos[5c+4dx] +12dxCos[5c+4dx] +
Cos[c+2dx] (7i+12dx-61Log[Cos[c+dx]?]|)-61iCos[3c+2dx] Log[Cos[c+dx]?]-
6iCos[3c+4dx] Log[Cos[c+dx]?| -61iCos[5c+4dx] Log[Cos[c+dx]?]+
11Sin[c+2dx] -12idxSin[c+2dx] -6 Log[Cos[c +dx]?] Sin[c+2dx] +
14Sin[3c+2dx] -12idxSin[3c+2dx] -6 Log[Cos[c+dx]?]| Sin[3c+2dx] -
4sin[3c+4dx] -12idxSin[3c+4dx] -6Log[Cos[c+dx]?]|Sin[3c+4dx] -
Sin[5c¢+4dx] -12idxSin[5c+4dx] -6 Log[Cos[c+dx]?] Sin[5c+4dx])

(Cos[3c+11dx] +iSin[3c+11dx])
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Problem 88: Result more than twice size of optimal antiderivative.

JCos[c+dx}14 <a+jaTan[c+dx])8dlx

Optimal (type 3, 27 leaves, 2 steps):

i alS

7d (a—jaTan[c+dx})7

Result (type 3, 116 leaves):
(a® (35+56Cos[2 (c+dx” +28 Cos [4 <c+dx)] +8Cos[6 (c+dx)] -

141iSin[2 (c+dx)]-14iSin[4 (c+dx)|-6iSin[6 (c+dx)])
(-iCos[8 (c+2dx) | +sSin[8 (c+2dx)]))/(896d (Cos[dx] +JiSin[dx])8>
Problem 92: Result more than twice size of optimal antiderivative.
JCOS[C+dX}3 (a+iaTan[c+dx])®dx

Optimal (type 3, 205leaves, 7 steps):

1155 a8 ArcTanh[Sin[c+dx]] 11551 a®Sec[c+dx] 221ia’Cos[c+dx] (a+1’1aTan[c+dx])5

+ + -
8d 8d 3d
2iaCos[c+dx]? (a+iaTan[c+dx])’ 33ia’Sec[c+dx] (a2+j1a2Tan[c+dx})3
3d : 4d :
77 i Sec[c +dx] (a4+ja4Tan[c+dx}>2 385i Sec[c+dx] (a®+iafTan[c+dx])
4d : 8d
Result (type 3, 1540 leaves):
—([1155Cos[8c]Cos[c+dx]8Log[Cos[§+d7X]—Sin[§+d7XH (a+1’1aTan[c+dx])8/

+

(Sd (Cos[dx] +1iSin[dx] )8)

c dx
(1155 Cos[8c] Cos[c+dx]®Log[Cos[—+—] +Sin|

c dx
-+ = iaT d 8]
S 2+ 2“(a+1a an[c+dx]) /

(8d(Cos[dx]+jSin[dx})8)+

g [ 32, 32 . . 8
(Cos[de}Cos[c+dx} (——1Cos[5c}——51n[5c] (a+iaTan[c+dx]) )/

3 3

(d (Cos[dx] +iSin[dx] )8) +
(Cos[dx] Cos[c+dx]® (160 i Cos[7 c] + 168 Sin[7 c]) <a+iaTan[c+dx})8)/
(d (Cos[dx] +1iSin[dx] )8) +
(1155iCos[c+dx]8Log[Cos[E+d—X] —Sin[£+d—XHSin[8c} (a+iaTan[c+dx])8)/

2 2 2 2
(Sd (Cos [d x] +jSin[dx})8) -
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dx
2

+

(11551‘1Cos[c+dx]8Log[Cos{EJrd—x] +Sin| |]sini8c] (a+iaTan[c+dx])8)/
2 2

N0

(8d (Cos[dx] +jSin[dx})8) +

8 236 . 236 . . 8
Cos[c+dx]®Secc] {*1C05[8c1 +f51n[8c1) (a+iaTan[c+dx]) ]/
3 3

(d (Cos [d x] +jSin[dx])8) N

(Cos[c+dx]8 (-16@ Cos[7c] +16@ i Sin[7c]) Sin[dx] (a+iaTan[c+dx])8)/
(d (Cos [d x] +jSin[dx]>8) +

(Cos[c+dx]8 ECos[Sc} —Ejsin[Sc]J Sin[3d x] (a+jaTan[c+dx1)8]/
3

3

Cos[c+dx]8 (iCos[Scj -ijSin[Sc}) (a+iaTan[c+dx])®
(d (Cos [d x] +iSin[dx})8) N 16 16 _
d (Cos[dx] +iSin[dx])® (cOs[ ¢ X —Sin[§+d7x})4

2
de c dx

« X -sin[ e ]

]
/

c dx . ;Cc dx
Cos[—+—] -Sin[—+ —]
2 2 2 2

c
2

) s (4 4 . . dx ) s
iCos[c+dx] —Cos[Sc}7—151n[8c})51n[—] (a+iaTan[c+dx])

3 3 2

[d (COS{E} —Sin[E]J (Cos[dx} +iSin[dx]>8

Cos|
2 2

.

2
(-375-321) Cos[g] +(375-321) Sin|

(Cos[c+dx]8
2

N o

1 1 . . 8
(—Cos[Sc} ——151n[8c]) (a+iaTan[c+dx])
48 48

[d (Cos[; —Sin[%]) (Cos[dx] +iSin[dx])®

|

, . (236 236 o dx , .
iCos[c+dx] —Cos[8c}——151n[8c})51n[—} (a+iaTan[c+dx]) )/
3 3 2
d(Cos[E}—Sin[E]) (Cos[dx] +iSin[dx])® Cos[£+d—x}—sin[£+d—x} +
2 2 2 2 2 2

Cos[c+dx]® (7iCos[8c} +éjsin[8c} (a+iaTan[c+dx])®

_—

+
d

x

d (Cos [dx] +]i.Sin[dX])8 (Cos[ + }+Sin[§+%"])4

~ |

<
2

(JiCOS[C+dX]8 iCos[Sc} —ﬂisin[sq) Sin[dfx] (a+iaTan[c+dx])®

3 3 2

/

dx C
Cos[—+—]+sin[=+—
os|—+ 2}+ 1n[2+ 2}

(@]

[d (Cos[g} +Sin[£]) (Cos[dx] +1iSin[dx])®
2 2

.

0N

(Cos[c+dx]8

(375-321) Cos[g} +(375+321) Sin[—}]

N

[iCOS[BC} —ljsin[8c]] (a+jaTan[c+dx])8)/

48 48
2
[d (Cos[£}+Sin[£]) (Cos[dx] +iSin[dx])® Cos[£+d—x}+Sin[£+d—X} )—
2 2 2 2 2 2

iCos[c+dx]® ﬁCos[Sc} 7Ejsin[8c}) Sin[d—x} (a+1‘1aTan[c+dx})8)/
2

3 3

+dfx} +Sin[£+dfx}
2

Cos|
2 2

(d (Cos[g} +Sin[§]) (Cos[dx] +1iSin[dx])®

C
2
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Problem 93: Result more than twice size of optimal antiderivative.

JCos[c+dx]5 (a+iaTan[c+dx])®dx

Optimal (type 3, 173 leaves, 6 steps):
63 a® ArcTanh[Sin[c +dx]] 634 a®Sec[c+dx]

+

2d 2d
6ia’Cos[c+dx]® (a+iaTan[c+dx])® 2iaCos[c+dx]®(a+iaTan[c+dx])’
5d 5d
421 a?Cos[c+dx] (a2+j1a2Tan[c+dx])3 21iSec[c+dx] (a®+iafTan[c+dx])
5d 2d

Result (type 3, 1162 leaves):
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(63Cos[8c} Cos[c+dx]8Log[Cos[£+de} —Sin[£+deH (a+1’1aTan[c+dx])8)/
2 2 2 2
(Zd (Cos[dx] +iSin[dx1)8) -
c dx d x
(63Cos[8 c] Cos[c+dx]®Log[Cos[~+—] +Sin| —
2 2 2

+ H(a+1’1aTan[c+dx])8]/

<
2
(Zd (Cos [d x] +jSin[dx})8) +

Cos[5dx] Cos[c+dx]® (—ngos[Bc] —gsin[Bc] (a+1’1aTan[c+dx})8)/
5 5

(d (Cos[dx}ﬂisin[dx})g)Jr

(Cos[3dx} Cos[c+dx]® (8iCos[5c] +8Sin[5c]) (a+jaTan[c+dx})8)/
(d (Cos[dx}+jsin[dx})8)+

(Cos[dx} Cos[c+dx]® (-481iCos[7c] -48Sin[7c]) (a+1‘1aTan[c+dx])8)/
(d (Cos[dx}+jsin[dx}>8)+

(Cos[c+dx]85ec[c] (-81iCos[8c] -8Sin[8c]) <a+jaTan[c+dx})8)/

(d (Cos[dx}uisin[dx})s)—

(631‘1Cos[c+dx]8Log[Cos[£+d—x] —Sin[5+d—XH Sin[8c] <a+iaTan[c+dx})8J/
2 2 2 2
(Zd (Cos[dx] +jSin[dx})8) +
(631‘1Cos[c+dx]8Log[Cos[£+d—x] +Sin[£+d—XH Sin[8c] <a+iaTan[c+dx})8J/
2 2 2 2

(Zd (Cos[dx] +jSin[dx})8) +

(Cos[c+dx]8 (48Cos[7c] -48iSin[7c]) Sin[dx] <a+iaTan[c+dx})8)/
(d (Cos[dx] +1‘1$in[dx})8) +

(Cos[c+dx]8 (-8Cos(5c] +8isin[5¢c]) Sin[3dx] (a+iaTan[c+dx])8)/

(d (Cos[dx] +jSin[dx})8) +

8 8 . .
—Cos[3c] -—1iSin[3 ]
5 5

Cos[c+dx]®

Sin[5dx] (a+iaTan[c+dx})8]/

Cos[c+dx]8 (iCos[Sc] -

lJ'lSin[Sc]) (a+1‘1aTan[c+dx])8
(d (Cos [d x] +jSin[dx}>8) + 4
) d

d (Cos[dx] +iSin[dx] 8 (Cos[

iCos[c+dx]® (8Cos[8c]-81iSin[8c]) Sin[d—x] (a+1‘1aTan[c+dx])8]/
2

c dx . ¢ C
Cos[—+—] -Sin[—
2 2 2

d (Cos[g} —Sin[%]) (Cos[dx] +1iSin[dx])®

Cos[c+dx]® (—iCos[Sc] +iisin[8c]) (a+iaTan[c+dx])®

d (Cos[dx] JrJ'lsin[dx])8 (Cos[§+d7x} +Sin[§+dx])2
(JiCos[c+dx]8 (8Cos[8c] -8iSin[8c]) Sin[d—x] (a+iaTan[c+dx])8]/
2

(d (Cos{%} +Sin[§]) (Cos[dx] +J‘LSin[dx])8
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Problem 94: Result more than twice size of optimal antiderivative.
JCos[c+dx}7 (a+1‘1aTan[c+dx])8d1x

Optimal (type 3, 152 leaves, 5steps):

a® ArcTanh[Sin[c+dx]] 2ia’Cos[c+dx]® (a+iaTan[c+dx])’
N

d 5d
2iaCos[c+dx]” (a+iaTan[c+dx])’
7d )
2ia?Cos[c+dx]3 (aZJrJiaZTan[c+dx}>3 2iCos[c+dx] (a®+iafTan[c+dx])
+
3d d

Result (type 3, 305leaves):
1

105d (Cos[dx] + i Sin[dx])®

a® |-701 Cos 1 c+dx)| +421 Cos i c+dx) | +210 1 Cos 5 c+dx]| -
2

; )
30 Cos[ 7 (+dx)] -105Cos| ” (+dx)] Logcos| ~ (erdx)] -Sin[ (erdx)]]
105 Cos [ [c+dx] ] Log[cos [ [cdx]] «sin[ [cedx)]] -70sin| - (c+dx)] -
4251n[§ (crdx)] +21esm[§ (crdx)] +3@51n[§ (crdx)]

105 i Log [Cos [~ (c+dx] ] -sin[ > (cdx)]] sin[” (codx]] -
1@51‘1Log[Cos[% (crdx)] +Sin[§ (c-dx]]] Sin[z (cedx)]

Cos[% (7¢+23dx)] +iSin[% (7c+23dx)]

Problem 116: Result more than twice size of optimal antiderivative.
J Sec[c+dx]®

(a+1’1aTan[c+dx})2

dx

Optimal (type 3, 27 leaves, 2 steps):
i (a—JlaTan[c+dx])3

3a°d

Result (type 3, 68 leaves):

Sec[c] Sec[c+dx]3
6a’d

(-3iCos[dx] -3iCos[2c+dx]+3Sin[dx] -3Sin[2c+dx] +2Sin[2c+3dx])



20 | Mathematica 11.3 Integration Test Results for 4.3.1.2 (d sec)™m (a+b tan)”~n.nb

Problem 122: Result more than twice size of optimal antiderivative.

Sec[c+dx]?
J dx

(a+1’1aTan[c+dx})2

Optimal (type 3, 124 leaves, 5steps):
7 ArcTanh[Sin[c+dx]] 7Sec[c+dx] Tan[c +dXx]
+

+

16 a%d 16 a%d
7Sec[c+dx]3Tan[c+dx] 7Sec[c+dx]>Tan[c+dx] 21iSec[c+dx]’
N _
24 a%d 30a%d 5d (a?+ia?Tan[c+dx])

Result (type 3, 294 leaves):

—725ec[c+dx]6
7680 a-d

(30721‘1Cos[c+dx] +5 [210Log{Cos[l (c+dx)] —Sin[l (c+dx)]]+21Cos[6 (c+dx)]
2 2

Log [Cos| (e +dx)] -sin[ - [cedx]]] + 315 Cos[2 [ dx]]

|Log[cos[ > (e vdx) ] ~sin[ - [cdx]]] - tog[cos| - [cdx]] sin[> (crdx]]] )+

126 Cos [4 (¢ + dx) | [Log[Cos| - (+dx)] -Sin[ ~ (+dx)]] - Log[cos | [cedx]]«
sin| (c+dx)]]| - 210 Log[cos[ > (e dx)] +sin[ (crdx)]] -

21Cos[6 (c+dx) | Log[Cos[% (c+dx)] +sin|
Problem 123: Result more than twice size of optimal antiderivative.

Sec[c+dx]’
J( dx

ariaTan[c+dx])?

(c+dx)H +60Sin[c+dx] -

N |-

238Sin[3 (c+dx) | -42Sin[5 (c+dx) |

Optimal (type 3, 100 leaves, 4 steps):
5ArcTanh[Sin[c+dx]] 5Sec[c+dx] Tan[c +dX]
+

+

8a%d 8a%d
5Sec[c+dx]3Tan[c +dXx] 2iSec[c+dx]®
12a%d 3d (a?+ia’Tan[c+dx])

Result (type 3, 215leaves):
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1
192 a2d

Sec[c+dx]*
(1281‘1Cos[c+dx} +45Log[Cos[1 (c+dx)] 7Sin[1 (c+dx)]] +60Cos[2 (c+dx)]
2 2

Log|[Cos |

N |

.ol 1 1
(c+dx)]-sin[= (c+dx)]] —Log[Cos[; (c+dx)] +Sln[; (c+dx)]]] +

N“_‘N

15Cos[4 (c+dx) | [Log[Cos|[~ (c+dx)] 7Sin[§ (c+dx)]]-

(c+dx)]] -

(c+dx” +Sin[1 (c+dx)H +18Sin[c+dx] - 30Sin[3 <c+dx)]
2

(
Log[Cos[1 (c+dx)] +Sin[§

45 Log [Cos[

N |-
N

Problem 125: Result more than twice size of optimal antiderivative.

Sec[c+dx]3
J( dx

ariaTan[c+dx])?

Optimal (type 3, 48 leaves, 2 steps):
ArcTanh[Sin[c +dx]] 21Sec[c+dx]
- +

ad d(a?+ia*Tan[c+dx])

Result (type 3, 184 leaves):

i

Sec[c+dx]?

(Cos[% (c+dx)] [21’1+Log[Cos[% (c+dx)] —Sin[% (c+dx)]] —Log[Cos[% (c+dx)]+
Sin[% <c+dx)H) + (2+J’1Log[Cos[§ (c+dx)] —Sin[% (c+dx)]]-

iLog[Cos[% (c+dx }+Sin[l <c+dx)H) Sin[% (c+dx)]

2
)/(azd (—1+Tan[c+dx])2))

3

(Cos[z (c+dx)]+isin[= (c+dx)]

N

Problem 133: Result more than twice size of optimal antiderivative.

Sec[c+dx]8
J dx
(a+jaTan[c+dx})3

Optimal (type 3, 27 leaves, 2 steps):

i (a—1‘1aTan[c+dx])4

43’d

Result (type 3, 84 leaves):
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1
43a%d
21Cos[3c+2dx] -3Sin[c] +2Sin[c+2dx] -2Sin[3c+2dXx] +Sin[3c+4dx]>

Sec[c] Sec[c+dx]* (-3iCos[c]-2iCos[c+2dx] -

Problem 149: Result more than twice size of optimal antiderivative.

Sec[c+dx]*?
J dx
(a+iaTan[c+dx])*

Optimal (type 3, 55leaves, 3 steps):
i (a—J'laTan[Cerx])6 i (a—jaTan[c+dx})7

3aled 7 alld

Result (type 3, 127 leaves):

Sec[c] Sec[c+dx]’
84a*d

(7351'1Cos[dx] -351Cos[2c+dx] -21iCos[2c+3dx] -211iCos[4c+3dx] +35Sin[dx] -
35Sin[2c+dx] +21Sin[2c+3dx] -21Sin[4c+3dx] +14Sin[4c+5dXx] +ZSin[6c+7dx])

Problem 150: Result more than twice size of optimal antiderivative.
J Sec[c+dx]*®

(a+iaTan[c+dx])*

dx

Optimal (type 3, 27 leaves, 2 steps):
i(a-iaTan[c+dx])®

5a°d

Result (type 3, 116leaves):

Sec[c] Sec[c+dx]>
10 a*d

(—101‘1Cos[dx] -101Cos[2c+dx] -51Cos[2c+3dx] -51Cos[4c+3dx] +
10Sin[dx] -10Sin[2c+dx] +5Sin[2c+3dx] -5Sin[4c+3dx] +2$in[4c+5dx])

Problem 152: Result more than twice size of optimal antiderivative.

Sec[c+dx]®
J dx
(

a+j1aTan[c+dx}>4

Optimal (type 3, 63 leaves, 3 steps):
747xi4jLog[Cos[c+dx]] Tan[c +dXx] 41

.
at a*d a*d d(a*+ia*Tan[c+dx])

Result (type 3, 214 leaves):
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1
2a%d
(-iCos[3c+2dx]+2dxCos[3c+2dx] +2Cos[c+2dx] (dx+ilog[Cos[c+dx]])+
Cos[c] (-3i+4dx+4ilog[Cos[c+dx]])+2iCos[3c+2dx] Log[Cos[c+dx]]+
Sin[c] -2Sin[c+2dx] +21dxSin[c+2dx] -2Log[Cos[c+dx]] Sin[c+2dXx] -
Sin[3c+2dx] +21dxSin[3c+2dx] -2Log[Cos[c+dXx]] Sin[3c+2dx])

Sec[c] Sec[c+dx] (-Cos[c+dx]+iSin[c+dx])

Problem 154: Result more than twice size of optimal antiderivative.

Sec[c+dx]?
J dx
(

a+iaTan[c+dx])*

Optimal (type 3, 27 leaves, 2 steps):

1

3ad (a+1’1aTan[c+dx]>3

Result (type 3, 56 leaves):
iSec[c+dx]* (3+4Cos[2 (c+dx)]|+2iSin[2 (c+dx)])

24 a*d (—1‘1+Tan[c+dx})4

Problem 159: Result more than twice size of optimal antiderivative.
J Sec[c+dx]’

(a+1’1aTan[c+dx])4

dx

Optimal (type 3, 107 leaves, 4 steps):
15 ArcTanh[Sin[c+dx]] 15Sec[c+dx] Tan[c +d x]
} 2a*d ) 2a*d
2iSec[c+dx]? 101 Sec[c+dx]3

N
ad(a+iaTan[c+dx])> d (a*+ia*Tan[c+dx])

+

Result (type 3, 988 leaves):
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(15Cos[4c} Log[Cos[EJr dl} —Sin[£+deH Sec[c+dx]* (Cos[dx] +jSin[dx])4]/
2 2 2 2

(Zd (a+iaTan[c+dx])4) -

(15Cos[4c] Log[Cos[Eer—X] +Sin[£+ d—XH Sec[c+dx]* (Cos[dx] +jsin[dx])4)/
2 2 2 2

(Zd (a+1’1aTan[c+dx])4) +
(COS[dX} Sec[c+dx]* (81 Cos[3c]-8Sin[3c]) (Cos[dx] +jSin[dx])4)/
(d (a+1’1aTan[c+dx])4) +
(Sec[c] Sec[c+dx]* (4iCos[4c]-4Sin[4c]) (Cos[dx] +jSin[dx}>4)/
(d (a+iaTan[c+dx])4) +

c

151‘1Log[Cos[£+d—X] 7Sin[—+d—XH Sec[c+dx]*Sin[4c] (Cos[dx] +1iSin[dx])* /
2 2 2 2

(Zd (a+1’1aTan[c+dx])4) -

(151‘1Log[Cos[5+d—X] +Sin[£+d—XH Sec[c+dx]*Sin[4c] (Cos[dX] +JiSin[dx])4)/
2 2 2 2

(Zd (a+1’1aTan[c+dx])4) +
(Sec[c+dx]4 (8Cos[3c] +81iSin[3¢c]) (Cos[dx] +jSin[dx}>4Sin[dx])/

X Sec[c+dx]* (iCosMc} +ijsin[4c]) (Cos[dx] +iSin[dx])*

(d (a+iaTan[c+dx]) )+

a

d (Cos[§+%x} —Sin[§+7x])2 (a+iaTan[c+dx])*
Sec[c+dx]* (—iCos[4c] —ijsin[4c]) (Cos[dx] +isSin[dx])*

N
d (Cos[§+d7x} +Sin[§+d7x])2 (a+iaTan[c+dx])*

(4Sec[c+dx]4 (Cos[dx] +iSin[dx])*

1 dx 1 dx 1 . dx 1 . d x
~Cos[4c-—]-=Cos[d4c+—]+=iSin[4c- —]| ——151n[4c+—]])/
2 2 2 2 2 2 2 2

[d (Cos{g} +Sin[£])

2 2

c dx . C
Cos[—+—] +Sin[—
2 2 2

(a+iaTan[c+dx])4] +

4Sec[c+dx]* (Cos[dx] +1iSin[dx])*

1 dx 1 d x 1 . d x 1 . dx
-~Cos[4c-—]|+=Cos[dc+—|-=iSin[dc- —] +—1$1n{4c+—]]]/
2 2 2 2 2 2 2 2

d Cos[g} —Sin[g]
2

2

c dx . C
Cos[—+—] -Sin[—
2 2 2

(a+1’1aTan[c+dx])4)

Problem 160: Result more than twice size of optimal antiderivative.

Sec[c+dXx]?
J dx
(

a+j1aTan[c+dx}>4

Optimal (type 3, 82leaves, 3 steps):
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ArcTanh[Sin[c +d x]] 21iSec[c+dx]?3 21 Sec[c+dx]

. _
a*d 3ad(a+iaTan[c+dx])® d(a*+ia’Tan[c+dx])

Result (type 3, 247 leaves):
1

3a%d (-i+Tan[c+dx])*

Sec[c+dx]* (Cos[dx] +iSin[dx])* |-3Cos[4c] Log[Cos |

N |

(c+dx)]-sin[= (c+dx)]] +

N |

3Cos[4c] Log|Cos|

N |

(c+dx)] JrSin[1 (c+dx)]]-2Cos[3dx] Sin[c] +
2

6 Cos[dx] Sin[3c] 731'1Log[Cos[1 (c+dx)]-sin[= (c+dx)]]sin[ac] +
2

N |

, 1 L1 ) . .
1Log|Los| — (C+dX +351n|— (C+dX in c| +(Cos C -6 1 (Cos X] - in X -
3iLog[Cos|~ (c+dx)]+Sin[= (c+dx)]]Sin[4c] +Cos[3c] (-61iCos[dx]-6Sin[dx])
2 2

6iSin[3c] Sin[dx] +2iSin[c] Sin[3dx] +2Cos[c] (iCos[3dx] +Sin[3dx])

Problem 166: Result more than twice size of optimal antiderivative.

Sec[c+dx]
J dx

(a+1‘1aTan[c+dx1)8

Optimal (type 3, 134 leaves, 3 steps):
192 x 1921 Log[Cos[c+dx]] 129Tan[c+dx] 36iTan[c+dx]?

- +

a8 aéd add adtd
10Tan[c+dx]®> 2iTan[c+dx]* Tan[c+dx]® 64 i
+ + +
asd atd 5a8d d(a®+iafTan[c+dx])

Result (type 3, 599 leaves):
1

20a%d (-i+Tan[c+dx])®

Sec[c] Sec[c+dx]® (-Cos[7 (c+dx)]-iSin[7 (c+dx)]) (-2201i Cos[3c+2dx] +
9900dxCos[3c+2dx] +2381Cos[3c+4dx] +360dxCos[3c+4dx] -1101iCos[5c+4dx] +
360dxCos[5¢c+4dx] +77i1Cos[5c+6dx] +60dxCos[5c+6dx] -101Cos[7c+6dX] +
60dxCos[7c+6dx] +10Cos[c] (-71i+120dx+120 i Log[Cos[c+dx]]) +
5Cos[c+2dx] (431’1+180dx+1801’1Log[Cos[c+dx]})+
900 1 Cos[3c+2dx] Log[Cos[c+dx]] +3601Cos[3c+4dx] Log[Cos[c+dx]] +
3601 Cos[5c+4dx] Log[Cos[c+dx]] +601Cos[5c+6dx] Log[Cos[c+dx]] +
601 Cos[7c+6dx] Log[Cos[c+dx]] +870Sin[c] -985Sin[c+2dXx] +
300 i dxSin[c+2dx] -300 Log[Cos[c+dx]]Sin[c+2dx] +320Sin[3c+2dXx] +
3001 dxSin[3c+2dx] -300Log[Cos[c+dx]]Sin[3c+2dXx] -
512Sin[3c+4dx] +2401dxSin[3c+4dx] -240Log[Cos[c+dx]] Sin[3c+4dXx] +
10Sin[5c+4dx] +240i1dxSin[5c+4dx] -240 Log[Cos[c+dx]] Sin[5c+4dx] -
97Sin[5¢c+6dx] +601dxSin[5¢c+6dx] -60Log[Cos[c+dx]]Sin[5c+6dXx] -
10Sin[7c+6dx] +601idxSin[7c+6dx] - 6@ Log[Cos[c+dx]] Sin[7c+6dx])

— [N
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Problem 167: Result more than twice size of optimal antiderivative.

Sec[c+dx]*?
J( dx

a+J'1aTan[c+dx}>8

Optimal (type 3, 126 leaves, 3 steps):
80x 801ilog[Cos[c+dx]] 31Tan[c+dx] 4iTan[c+dx]?
+ - +

+

a® add add add
Tan[c+dx]3 16 i 80 i
N _
3a8d d(a*+ia*Tan[c+dx])? d(a®+iatTan[c+dx])

Result (type 3, 537 leaves):
1

Sec[c] Sec[c+dx]™ (Cos[6 (c+dx)|+iSin[6 (c+dx)])
12a%d (-i+Tan[c+dx])®
(661‘1Cos[2c+3dx1 +180dxCos[2c+3dx] -751Cos[4c+3dx] +
180 dxCos[4c+3dx] +501Cos[4c+5dx] +60dxCos[4c+5dx] +31Cos[6c+5dx] +
60dxCos[6c+5dx] +3Cos[2c+dx] (-711i+80dx+80ilog[Cos[c+dx]])+
Cos[dx] (-1191 +240dx +240 i Log[Cos[c+dx]]) +
180 i Cos[2c +3dx] Log[Cos[c+dx]] +180 1 Cos[4c+3dx] Log[Cos[c+dx]] +
601 Cos[4c+5dx] Log[Cos[c+dx]] +6@1Cos[6c+5dx] Log[Cos[c+dx]] -
101Sin[dx] +1201dxSin[d x] - 120 Log[Cos[c +d x]] Sin[d x] +
87Sin[2c+dx] +1201dxSin[2c+dx] -120 Log[Cos[c+dx]] Sin[2c+dX] -
96Sin[2c+3dx] +1801dxSin[2c+3dx] -180Log[Cos[c+dx]] Sin[2c+3dx] +
45Sin[4c+3dx] +1801dxSin[4c+3dx] -180Log[Cos[c+dx]] Sin[4c+3dx] -
44Sin[4c+5dx] +601dxSin[4c+5dx] -60 Log[Cos[c+dx]]Sin[4c+5dx] +
3Sin[6c+5dx] +60idxSin[6c+5dx] -60Log[Cos[c+dx]] Sin[6c+5dx])

Problem 168: Result more than twice size of optimal antiderivative.

Sec[c+dx]*®
J dx

(a+JiaTan[c+dx]>8

Optimal (type 3, 116 leaves, 3 steps):
787x7 81 Log[Cos[c+dx]] Tan[c+dX]

+ +
a8 atd atd
16 1 16 1 24 1
- +
3a5d(a+]‘1aTan[c+dx])3 d(a“JrJia“Tan[c+dx])2 d(a®+iafTan[c+dx])

Result (type 3, 397 leaves):
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1

Sec[c] Sec[c+dx]° (—Cos[S (c+dx)] -1isSin|5 <c+dx)])
6a®d (-i+Tan[c+dx])®
(—121‘1Cos[c] -10i1Cos[3c+2dx] +12dxCos[3c+2dx] +21Cos[3c+4dx] +

12dxCos[3c+4dx] -1Cos[5c+4dx] +12dxCos[5c+4dx] +
Cos[c+2dx] (-7i+12dx+121 Log[Cos[c+dx]]) +12iCos[3c+2dx] Log[Cos[c+dx]] +
12 i Cos[3c+4dx] Log[Cos[c+dx]] +121Cos[5¢c+4dx] Log[Cos[c+dXx]] +
11Sin[c+2dx] +12i1dxSin[c+2dx] -12Log[Cos[c+dx]] Sin[c+2dx] +
14Sin[3c+2dx] +12idxSin[3c+2dx] -12Log[Cos[c+dx]] Sin[3c+2dXx] -
4Sin[3c+4dx] +121dxSin[3c+4dx] -12Log[Cos[c+dx]] Sin[3c+4dx] -
Sin[5c+4dx] +12idxSin[5c+4dx] -12Log[Cos[c+dXx]] Sin[5c+4dx])

Problem 172: Result more than twice size of optimal antiderivative.

Sec[c+dx]?
J dx
(

a+JiaTan[c+dx}>8

Optimal (type 3, 27 leaves, 2 steps):

1

7ad (a+iaTan[c+dx])’

Result (type 3, 100leaves):
(isec[c+dx]®
(35+56Cos[2 (c+dx)]| +28Cos[4 (c+dx)|+8Cos[6 (c+dx)|+14iSin[2 (c+dx)]+
14 Sin[4 (c+dx)] +6iSin[6 (c+dx)])) /(896a%d (-i+Tan[c+dx])?)

Problem 176: Result more than twice size of optimal antiderivative.

Sec[c+dx]
J dx
(

a+JiaTan[c+dx}>8

Optimal (type 3, 205 leaves, 7 steps):
1155 ArcTanh[Sin[c+dx]] 1155Sec[c+dXx] Tan[c +d X]
+

+

8add 8add
385Sec[c+dx]3Tan[c +dx] 21iSec[c+dx]?
. _
4a%d 3ad(a+1‘1aTan[c+dx])7
221iSec[c+dx]° 66 i Sec[c+dx]’ 154 i Sec[c +d x]°

3ad (a+iaTan[c+dx])® a’d(a?+ia’Tan[c+dx])’ d(a®+ia®Tan[c+dx])
Result (type 3, 1704 leaves):
c dx . C dx 8 . 8
7([1155Cos[8c] Log[Cos|[—+ —] -sin[—+ —]] Sec[c+dx]® (Cos[dx] +1iSin[dx]) ]/
2 2 2 2

(Sd (a+iaTan[c+dx])8)) +

(1155Cos[8c] Log[Cos[EJr d_x] +Sin[£+ d—XH Sec[c+dx]® (Cos[dx] +iSin[dx])8)/
2 2 2 2
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(Sd (a+1‘1aTan[c+dx])8) +

(Cos[de} Sec[c+dx]® (ziCos[Sc] —zsin[sq (Cos[d x] +iSin[dx])8)/
3 3

(d (a+1‘1aTan[c+dx])8)+

(Cos[d x] Sec[c+dx]® (~160 i Cos[7 c] + 168 Sin[7c]) (Cos[dx] + i Sin[dx] )8)/

(d (a+1‘1aTan[c+dx])8)—

(11551‘1Log[€os[£+d—x] —Sin[£+d—xH Sec[c+dx]®Sin[8c] (Cos[dx] +JiSin[dx])8)/
2 2 2 2

(8d(a+jaTan[c+dx])8)+

(11551‘1L0g[Cos[£+de] +Sin[£+dfo Sec[c+dx]®Sin[8c] (Cos[dX] +JiSin[dx])8)/
2 2 2 2

(8d(a+iaTan[c+dx])8)+

Sec[c] Sec[c+dx]®

236
-——1iCos[8c] +
3

651n[8c]] (Cos [dx] +J'1$in[dx])8]/

(d (a+1’1aTan[c+dx])8) +

(Sec[c+dx]8 (~160 Cos[7 ] -16@ i Sin[7c]) (Cos[dx] +iSin[dx})8Sin[dx})/
(d (a+1’1aTan[c+dx])8>+
32 32 . o 8 .
7COS[5C]+7ISIH[5C]J (Cos[dx] +iSin[dx])®sSin[3dx]

; ; /

Sec[c+dx]® (L Cos[8c]+ L iSin[8c]]| (Cos[dx] +1iSin[dx])?
(d(a+1’1aTan[c+dX])8)+ (16 16 )( ) -
d(Cos[§+d }—Sin[§+d7x])4(a+1‘1aTan[c+dx])8

Sec[c+dx]®

i

Sec[c+dx]®

, 15¢ 17 ¢ . 15¢c . 117c
-407 i Cos| ——| +343 Cos[——| + 407 Sin| }+343151n[—])

([1 i
= .=
96 96 2 2 2 2

(Cos[dx] +iSin[dX] )SJ/

d (Cos[g} —Sin[E]J

2 2

¢ dx,)2

c dx
Cos[—+—] -sin[ =+ —
os[2+2] 1n[2+2}

(a+1’1aTan[c+dx})8] +

Sec[c+dx]® (—iCos[Sc} —ijsin[8c}) (Cos[dx] +iSin[dx])®

+

d (Cos[ 8

({1 1
-,
9% 96

(Cos[dx] +jSin[dx})8J/

[d [cos[ ] +sin[ °]|

2 2

§+d7x} +Sin[§+d7"])4 (a+iaTan[c+dx])

15 ¢ , 17 ¢ . 15¢ C17¢
Sec[c+dx]® (407 Cos[——] - 343 i Cos | | +407 i Sin| | +343sin| —]

2 2 2 2

2
cOs[Eer—X] +Sin[£+d—x}) (a+jaTan[c+dx}>8] +
2 2 2 2

(236 Sec[c+dx]® (Cos[dx] +iSin[dx])®

1 d x 1 dx 1 . dx 1 . d x
(*COS[SC—*} - =Cos[8c+—|+=iSin[8c- —| ——151n[8c+—]])/
2 2 2 2 2 2 2 2

}) (a+1’1aTan[c+dx})8] +
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4Sec[c+dx]® (Cos[dx] +1iSin[dx])®

1 d x 1 dx 1 . dx 1 . d x
~Cos[8c-—]-=Cos[8c+—]+=iSin[8c- —] ——151n[8c+—]])/
2 2 2 2 2 2 2 2

dx.\3

COS[SerfX] +Sin[£+f}

[3d(cos[c}+sm[c] - £ 2

2 2

(a+1’1aTan[c+dx])8J +

4sec[c+dx]® (Cos[dx] +Jisin[dx])8

1 dx 1 d x 1 . dx 1 . dx
-~Cos[8c-—]|+~Cos[8c+—|-=iSin[8c- —] +7151n{8c+f])]/
2 2 2 2 2 2 2 2
c dx .orCc odx.)3
Cos[—+—] —Sln[—+—}
2 2 2 2

Cos [ °] —Sin[E]J

[3d
2 2

(a+1‘1aTan[c+dx])8) +

(236 Sec[c+dx]® (Cos[dx] +iSin[dx])®

1 d x 1 d x 1. d x 1. d x
[—*COS[SC—*] +—Cos[8c+—]-=isSin[8c-—]+ = iSin[8c+ —| /
2 2 2 2 2 2 2 2
(3d(Cos[£}+Sin[£]J Cos[g+d—x]+sin[£+d—x} (a+jaTan[c+dx})8]
2 2 2 2 2 2

Problem 177: Result more than twice size of optimal antiderivative.

Sec[c+dx]*
J dx
(

a+JiaTan[c+dx}>8

Optimal (type 3, 183 leaves, 6 steps):

63 ArcTanh[Sin[c+dx]] 63Sec[c+dx] Tan[c+dx] 2iSec[c+dx]?
_ _ . _
2a%d 2a8d 5ad(a+1‘1aTan[c+dx1)7
61 Sec[c+dx]’ 42 i Sec[c+dx]°> 42 i Sec[c+dx]?3

+ +
5ad (a+iaTan[c+dx])® 5a’d(a?+ia*Tan[c+dx])> d(a®+ia®Tan[c+dx])

Result (type 3, 1244 leaves):
[63Cos[8c} Log[Cos[EJr d—x} 7Sin[£+deH Sec[c+dx]® (Cos[dx] +jlsin[dx])8]/

2 2 2 2
(Zd (a+iaTan[c+dx])8) -

2 2
(Zd (a+iaTan[c+dx])8) +

(63Cos[8c] Log[Cos[Eer—X] +Sin[£+d—XH Sec[c+dx]® (Cos[dx] +jSin[dx])8)/
2 2

Cos[5dx] Sec[c+dx]® (ngos[Bc] —§Sin[3c} (Cos [d x] +fLSin[dX]>8)/
5 5

(d (a+1’1aTan[c+dx])8) +
(Cos[3dx} Sec[c+dx]® (-8iCos[5c] +8Sin[5c]) (Cos[dx] +jSin[dx])8)/
(d (a+iaTan[c+dx])8) +
(Cos[dx] Sec[c+dx]® (481 Cos[7c] -48Sin[7c]) (Cos[dx] +JiSin[dx])8)/
(d (a+iaTan[c+dx])8) +



30 | Mathematica 11.3 Integration Test Results for 4.3.1.2 (d sec)™m (a+b tan)”~n.nb

(Sec[c] Sec[c+dx]® (8iCos[8c]-8Sin[8c]) (Cos[dx] +iSin[dx1>8)/
(d (a+jaTan[c+dx])8) +

(631‘1Log[Cos[£+de] S1n[E dfXHSec[c+dx]8Sin[8c] (Cos[dx]+1‘1$in[dx])8)/
2 2 2 2
(Zd (a+iaTan[c+dx])8) -
(631‘1Log[Cos[£+d—X] +S1n[S deH Sec[c+dx]®Sin[8c] (Cos[dX] +jsin[dx])8)/
2 2 2 2

(2d(a+iaTan[c+dx])8)+

(Sec[c+dx]8(48Cos[7 ] +481iSin[7c]) (Cos[dx]+jSin[dx})BSin[dx])/

(d (a+iaTan[c+dx]) )+

(Sec[c+dx] (-8Cos[5¢c] -8isSin[5c]) (Cos[dx]+J'1$in[dx])8$in[3dx})/
e

(d (a+1‘1aTan [c+dxX]

(Sec:[Cerx]8 §Cos[3c]+71151n ] (Cos[dx] +isin[dx})gsin[5dx}/
5
Sec[c+dx]? ( Cos| +—1$1n[8c]) (Cos[dx]+jlsin[dx])8
(d(a+iaTan[c+dx])8)+ +
d(Cos[£ Q}—Sln[g M])Z(a+jaTan[c+dx}>8
2 2 2 2

Sec[c+dx]® (7lCos[8c] 7%]152“1[8(3]) (Cos[dx] +1iSin[dx])®

.
d(Cos[ dx}+51n[§ dTX

i o ])2(a+j1aTan[c+dx}>8

(85ec[c+dx]8 (Cos[dx] +iSin[dx])®

1 d x 1 d x 1 . d x 1 . d x
7C05[8c—7} - ~Cos[8c+—]+=isSin[8c- —] —71151n[8c+—]])/
2

2 2 2 2 2 2
[d (cos[g} +Sin[§])

Cos[£+d—x] +Sin[£+dl]) (a+jaTan[c+dx])8] +
2 2 2 2

(85ec[c+dx]8 (Cos[dx] +1iSin[dx])®

1 dx 1 d x 1 . dx 1 . dx
——Cos[Sc——]+—Cos[8c+—}——151n[8c——}+—151n[8c+—])]/
2 2 2 2 2 2 2 2

(d (cos[g} —Sin[%])

Cos[£+d—x] _Sin[5+d_x]) (a+iaTan[c+dx])8]
2 2 2 2

Problem 185: Result unnecessarily involves higher level functions.

J(eSec[c+dx])7/2 (a+iaTan[c+dx]) dx

Optimal (type 4, 123 leaves, 5steps):
6ae4EllipticE[%(c+dx),2} Zja<esec[c+dx])7/2

- + +

5d+/Cos[c+dx] “eSec[c+dx] 7d
6ae’+/eSec[c+dx] Sin[c+dx] 2ae (eSec[c+dx])*?Sin[c+dXx]

+

5d 5d




Mathematica 11.3 Integration Test Results for 4.3.1.2 (d sec)™m (a+b tan)”n.nb | 31

Result (type 5, 134 leaves):

2]1393 e—]'l (c+d x) 21 +77 eZ]i (c+d x) +103 e4]'1 (c+d x) +7e6]'L (c+d x) _21 <1+e2]'l (C+dX))7/2

/ (35d (1462t (<43

)

Hypergeometric2F1 |-

N |

, —e?t(cdn ] eSec[c+dx]

» R
-
N |w

Problem 187: Result unnecessarily involves higher level functions.

J(eSec[c+dx])3/2 (a+iaTan[c+dx]) dx

Optimal (type 4, 90 leaves, 4 steps):

. . 1
2ae2E111pt1cE[;(c+dx),2} 2ia(esecic+dx])*? 2ae+eSecicrdx] Sinfc+dx]

+ +

d+/Cos[c+dx] VeSec[c+dx] 3d d

Result (type 5, 98 leaves):

[2 a e2 e—ZJ‘l (c+d x)

(—4 +3+/1+e?! (9% Hypergeometric2Fl|-
/(3dx/e5ec[c+dx] )

, = e @90 Tan[c + d ]

M lw

11
4" 2

(-i+Tan[c+dx])

Problem 189: Result unnecessarily involves higher level functions.

a+i1aTan[c+dX]
J dx

\eSec[c+dx]

Optimal (type 4, 60 leaves, 3 steps):
2% a 2aEllipticE[i<c+dx),2]

- +

dveSec[c+dx] d+/Cos[c+dx] ~/eSec[c+dx]

Result (type 5, 90leaves):

. . 1
- ( [4 ia [1 +e?t (@40 _\[1 4 e2t (¢9X) Hypergeometric2Fl[- —, —,
2

et won])| /

Sw

1
4

(d (1+e2*(©9) \JeSec[c+dx] ))

Problem 191: Result unnecessarily involves higher level functions.

a+i1aTan[c+dx]
J dx

(esec[c+dx])®>?

Optimal (type 4, 96 leaves, 4 steps):
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2ia 6aEllipticE[%(c+dx),2} 2aSin[c+dx]

+

N
5d (eSec[c+dx])*? s5de2+/Cos[c+dx] eSec[c+dx] 5de (eSec[c+dx])

3/2

Result (type 5, 108 leaves):

,([]'la(7+8621(c+dx)+e41(c+dx)712 1+e21‘1(c+dx)

Hypergeometric2F1 |-

3 3

N |

, _eu(mdx)]])/ (Sdez (1+eu(c+dx)> m)]

Hjw

1

4

Problem 193: Result unnecessarily involves higher level functions.
J(eSec[c+dx])3/2 (a+iaTan[c+dx])?dx

Optimal (type 4, 138 leaves, 5steps):

14 a% e? EllipticE[i (c+dx), 2] 141 a2 (esecic+dx])>?
+ +

5d+/Cos[c+dx] VeSec[c+dx] 15d
14a2e~/eSec[c+dx] Sin[c+dx] 21i (eSec[c+dx])>? (a®+ia?Tan[c+dx])
+
5d 5d

Result (type 5, 121 leaves):

_ ([Ziazee’j (c+dx) [_2q1 _ 5@ @21 (c+dX) _ g7 o4i (c+dx) | 99 (1+ezj (c+dx))5/2

/ (15d (142! <c+dx>)2))

Hypergeometric2F1 [—

3 .
, Z, fe“(c*d)q] veSec[c+dx]

FNQUPN
-
N R

Problem 195: Result unnecessarily involves higher level functions.

(a+1‘1aTan[c+dx1>2
J dx

\eSec[c+dx]
Optimal (type 4, 107 leaves, 4 steps):
6% ELLipticE| ] (c+dx), 2]  ga2\/esec(c+dx] Sin[c+dx] 41 (a?+ia’Tan[c+dx])

d+/Cos[c+dx] eSec[c+dx] de d+veSec[c+dx]
Result (type 5, 94 leaves):
, _e2j(c+dx)]]]/

- ( [4 ia? (3 +2e2t (@40 _3/14 2! (14X Hypergeometric2Fl[-

N |

P
-
Bw

(d (1+e*! (<) veSec[c+dx] ))
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Problem 197: Result unnecessarily involves higher level functions.

dx

J(aﬂiaTan[Cerx})z

(esec[c+dx])®>?

Optimal (type 4, 85leaves, 3 steps):

2a2E11ipticE[§(c+dx>,2} 4i (a?+ia’Tan[c+dx])

5de2+/Cos[c+dx] VeSec[c+dx] 5d (eSec[c+dx])®?

Result (type 5, 1101leaves):

[

(2 +3e2t (e dN) g gt (crdX) _ ) \[1 42t (%) Hypergeometric2F1l |-

N |

) _ezj(udx)]])/

FN
-
S w

(Sde2 (1+e?" (<) \eSec[c+dx] )]

Problem 199: Result unnecessarily involves higher level functions.

dx

J<a+j1aTan[c+dx1>2

(esec[c+dx])??

Optimal (type 4, 116 leaves, 4 steps):

2a2EllipticE[§(c+dx),2} 2a2Sin[c+dx] 4i (a?+ia’Tan[c+dx])

+

3de*+/Cos[c+dx] esSec[c+dx] 9de® (eSec[c+dx])>? 9d (eSec[c+dx])??

Result (type 5, 123 leaves):

*([]'l az (15+19 eZJi (c+d x) +5<E4j (c+d x) +e61‘1 (c+d x) _24 1+e21‘1 (c+d x)

Hypergeometric2F1 |-

3 3

N |

) _ezi(mdx)]])/ (18de4 (142t () m))

Hjw

1
4

Problem 201: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(eSec[c+dx])7/2 (a+iaTan[c+dx])>dx

Optimal (type 4, 202 leaves, 7 steps):
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22’ e*EllipticE[ > (c+dx), 2] 10ia’ (esecic+dx])7?
+ +

21d

d~/Cos[c+dx] \/eSec[c+dx]

2a%e3+/eSec[c+dx] Sin[c+dx] +2a3’e (esec(c+dx])*?Sin[c+dx] .
d 3d
2ia(eSecc+dx])”? (a+iaTan[c+dx])® 10i (eSec[c+dx])’? (a®+ia’Tan[c+dx])
11d ' 33d

Result (type 5, 425 leaves):

(ell (c+d x)
_ 214 ﬁ et (4 c+d x)
1+ er (c+d x)
21 (c+dx) 2ic 21 (c+dx) s 1 1 3 21 (c+dx)
l+e +(-1+e2 ) \J1+e Hypergeometric2F1[- =, =, =, -e ]
4" 2" 4

(esec[c+dx])”? (a+iaTan[c+dx])> /

(d (-1+e**¢) sec[c+dx]*? (Cos[dx] +1’15in[dx})3) +

1

Cos[c+dx]® (eSec[c+dx])"?
d (Cos[dx] +iSin[dx])?

—iiCosBc] —ism[aq) +Cos[dx] Csc[c] (2Cos[3c]-21iSin[3c]) +

(Sec [c+dx]®
11 11

Sec[c] Sec[c+dx]? (12Cos[c] +7 i Sin[c]) [ijCos[Bc] + iSin[:-!c] +
21 21

Sec[c] Sec[c+dx]? (gCos[Bq - EJ'lSin[Bc}) Sin[dx] +
3 3

Sec[c] Sec[c+dx]* (—ECos[3c] +gjsin[3c]] Sin[dx] +
3 3

2 2 . ) 3
= Cos[3c] —7151n[3c]) Tan[c]) (a+iaTan[c+dx])

Sec[c +dx]
3 3

Problem 203: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(eSec[c+dx])3/2 (a+iaTan[c+dx])*dx

Optimal (type 4, 175leaves, 6 steps):



Mathematica 11.3 Integration Test Results for 4.3.1.2 (d sec)™m (a+b tan)”n.nb | 35

22a3e? EllipticE[% (c+dx), 2] 2iad (eSec[c+dx})3/2
+ +

15d

5d~/Cos[c+dx] \/eSec[c+dx]

22a%e+/eSec[c+dx] Sin[c+dx] 2ia(eSec[c+dx])

+

5d 7d

% (a+iaTan[c+dx])?

+

22i (eSec(c+dx])*? (a®>+ia’Tan[c+dx])

35d

Result (type 5, 367 leaves):

e]i (c+d x)
_ 2214/2 (eflll (4 c+d x)
1+‘EZ]'L (c+d x)
) . - 1 1 3 )
1+t (@80, (L1 e?i€) 142t (90 Hypergeometric2F1[- =, =, =, —e?* (<40
4> 2 4

(esec[c+dx])*? (a+iaTan[c+dx])> /

(Sd (-1+e**¢) sec[c+dx]®? (Cos[dx] +jSin[dx])3) +

1

Cos[c+dx]* (eSec[c+dx])>?
d (Cos[dx] +iSin[dx])?

2 . 2 . 22 22
—71Cos[3c]—751n[3c1)+Cos[dx1 Csc[c] (*Cos[3c]—f151n[3c] +

(Sec[c+dx]3
7 7 5 5

2 2
— 1 Cos[3 ] +f51n[3c]] +
15 15

Sec[c] Sec[c+dx] (20Cos[c] +91iSin[c])

Sec[c] Sec[c +dx]? (—ECOS[3C] +giSin[3c]] Sin[dx}) (a+iaTan[c+dx}>3
5 5

Problem 205: Result unnecessarily involves higher level functions.

dx

J(a+jaTan[c+dx})3
\VeSec[c+dx]

Optimal (type 4, 124 leaves, 5steps):

. . 1
26 i a3 14a3E111pt1cE[;(c+dx),2] 6a3Tan[c +dx] 21a3Tan[c+dx]?2
- +

3dveSec[c+dx] d+Cos[c+dx] VeSec[c+dx] d+eSec[c+dx] 3d+eSec[c+dx]

Result (type 5, 109 leaves):

ia’Sec[c+dx]2[-35-33C0s[2 (c+dx)]+21e2i(crdX) (1, g2t (crdx))3/2

, —e2i (@0 ] 494 sin|2 (c+dx)]))/(3dm)

)

N =

N
-
»Jw

Hypergeometric2F1 |-
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Problem 207: Result unnecessarily involves higher level functions.

dx

J(a+iaTan[c+dx})3

(esec[c+dx])®>?

Optimal (type 4, 111 leaves, 4 steps):

61 a3 6a3E11ipticE[i(c+dx),2] 4ia(a+iaTan[c+dx])?
5de2+/eSec[c+dx] 5de2+/Cos[c+dx] eSec[c+dx] 5d (eSec[c+dx])®?

Result (type 5, 1101leaves):

—([41‘1a3 (_3_2‘ezi(c+dx) +e41‘1(c+dx) +3 1+eZJ’1(c+dx)

Hypergeometric2F1 |-

N R

—, —estlerax 5de” (1+ et (cHdx eSec[c+dx
,3, 2~(d>]])/( 2( 2'(d>)\/ﬁ)]
4

FNQN
.

Problem 209: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(a+iaTan[c+dx])3

dx

(esec(c+dx])®?

Optimal (type 4, 124 leaves, 4 steps):

2a3EllipticE[§ (c+dx), 2] 21 (a+1‘1aTan[c+dx])3 4i (a®+ia*Tan[c+dx])

15de*~/Cos[c+dx] \eSec[c+dx] 9d (eSec[c+dx])®? 15de? (eSec[c+dx])*?

Result (type 5, 371 leaves):
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(ei (c+d x)
2]']_4/2 efi (4 c+d x)
1+ eZJ'l (c+d x)
) . ) 1 1 3 )
(1+ceZJl (@) 4 (14 e2¢) /142t (e Hypergeometric2F1[-~, =, =, —e?* (<40
4> 2 4

Sec[c+dx]*? (a+iaTan[c+dx])> /

(15d (-1+e2'¢) (eSecc+dx])*? (Cos[dx] +:|iSin[dx])3) + |secc+dx]?

[—ijCosde} +Cos[dx] Csc[c] (12Cos[c] +11]’LSin[c]) [7iCos[2c] + iJisin[2c]) +
45 90 90

1 1 . 23 23 . .
Cos[5dx] |-— 1 Cos[2cC] +—51n[2c]] + (—Cos[Zc] 7—]'151n[2c]] Sin[dx] +

18 18 920 920

(a+jaTan[c+dx})3]/

8 1 1
— Sin[3dx] + (7COS[2C] + fjsin[ZC}) Sin[5d x]
45 18 18

(d (esec[c+dx])%? (Cos[dx] +JiSin[dx])3)

Problem 211: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

(a+1‘1aTan[c+dx}>3
J dx
(esec[c+dx])¥?

Optimal (type 4, 155leaves, 5steps):
142’ E1lipticE[ (c+dx), 2] 1423 Sin[c + d x]

+ —

39deS+/Cos[c+dx] VeSec[c+dx] 117de® (eSec[c+dx])*?

21 (a+1’1aTan[c+dx})3 281 (a®+ia’Tan[c+dx])

13d (eSec[c+dx])*? 117de? (eSec[c+dx])®?

Result (type 5, 437 leaves):
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e]i (c+d x)

1414/2 (Eﬂi (4 c+d x) -
1+ eZiL (c+d x)

(1 +e? (a0 L (L1 4 e?tC) 142t (9% Hypergeometric2Fl|-

N |

21 (c+dx) ]

N R
N |w

Sec[c+dx]”? (a+iaTan[c+dx])> /

(39d (-1+e2'¢) (eSecic+dx])*? (Cos[dx] +1’LSin[dx])3> .
1

d (eSec[c+dx])™? (Cos[dx] +iSin[dx])?

31
Sec[c+dx]*|-——1Cos[3dx] +Cos[5dx]

234

25 25
-—1iCos[2c] +f51n[2c]) +
468 468

Cos[3c] 1Sin[3 ] ]
- + +

Cos[dx] Csc[c] (253 +419Cos[2c] +185i Sin[2c])

1872 1872

1
Cos[7dx] |-—— 1 Cos[4c] + Sin[4c})+

104 104

. 1 1 . .
(419 Cos[c] + 1851 Sin[c]) (*Cos[3 c] - —1iSin[3 c]] Sin[dx] +
936 936
31 25 25 . .
—Sln[3dx]+(7Cos[2c]+ jSln[ZC]]Sln[SdX]Jr
234 468 468
1 1

(7Cos[4c} + JiSin[4c]) Sin[7dx]) (a+1’1aTan[c+dx})3
104 104

Problem 213: Result unnecessarily involves higher level functions.

J(eSec[c+dx])3/2 (a+iaTan[c+dx])*dx

Optimal (type 4, 215leaves, 7 steps):

22a%e? EllipticE[i (c+dx), 2] 22 at (eSecfc+dx])®?
.

3d+/Cos[c+dx] \/eSec[c+dx] 9d '
22a%e+/eSec[c+dx] Sin[c+dx] 2ia(eSec[c+dx])>? (a+iaTan[c+dx])?
3d : 9d "
101 (eSec[c+dx])*? <a2+jazTan[c+dx])2+22i1 (esec[c+dx])>? (a*+ia*Tan[c+dx])
21d

21d
Result (type 5, 414 leaves):
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ei (c+d x)
_ 2214/2 (efj'l(SCerX)
1+®21 (c+d x)
) . ) 1 1 3 )
1+t (804 (L1 e?i€) (142t (00 Hypergeometric2F1[-~, =, =, —e?* (<40
4> 2 4

(esec[c+dx])*? (a+iaTan[c+dx])* /

(3d (-1+e?') Secc+dx]*™2 (Cos[dx] +iSin[dx])4> N

1 3/2

Cos[c+dx]® (eSec[c+dx])
d (Cos[dx] +iSin[dx])*

(Sec[c] Sec[c+dx]? (36Cos[c] +71iSin[c]) (—ijCosMc] - iSin[4c]) +
63 63
22 22 . .
Cos[dx] Csc[c] (*Cos[4c] - fj151n[4c]] +Sec[c] Sec[c+dx] (24Cos[c] +131‘151n[c})

3 3
2 2
—1Cos[4c] +—Sin[4c]
9 9

+Sec[c] Sec[c+dx]*

2 2
—Cos[4c] 7*]'lSin[4C]] Sin[dx] +
9 9

Sec[c] Sec[c +dx]? (7§Cos[4c} +§jsin[4c]] Sin[dx]) (a+iaTan[c+dx])*
9 9

Problem 215: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

(a+iaTan[c+dx])*
J dx

\eSec[c+dx]

Optimal (type 4, 178 leaves, 6 steps):
154 a* E1lipticE[ > (c+dx), 2]

5d+/Cos[c+dx] ‘/eSec[c+dx]
1541‘1a4(e5ec[c+dx})3/2 154 a*+/eSec[c+dx] Sin[c+dx]

15 d e? 5de
4ia (a+1‘1aTan[c+dx])3 22i (eSec[c+dx]>3/2 (a*+ia*Tan[c+dx])
d+veSec[c+dx] 5de?

Result (type 5, 370leaves):
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(e]l (c+d x)
1541 /2 et 34X
1+ eZJ'l (c+d x)
21 (c+dx) 2ic 21 (c+dx) s 1 1 3 21 (c+dx)
l+e +(-1+e? ) \J1+e Hypergeometric2F1[-—, =, =, -e ]
4" 2" 4

(a+iaTan[c+dx])* /

(Sd (-1+e**¢) sec[c+dx]7?+eSec[c+dx] (Cos[dx] +]iSin[dx])4) +

1
dVeSec[c+dx] (Cos[dx] +iSin[dx])*

Cos[c+dx]3

Cos[dx] Csc[c] (77Cos[c} 737JiSin[c]) 7%Cos[3 cl + EJ'LSin[3 c}) +

5 5

Sec[c] Sec[c+dx] (20Cos[c] +31iSin[c]) (—ijCosMc] - iSin[4c}) +
15 15

(16 Cos[3c] -161iSin[3c]) Sin[dx] +

Sec[c] Sec[c+dx]? (ECosMc} —Eisin[4c1) Sin[d x] (a+1‘1aTan[c+dx])4

5 5

Problem 217: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

J(aﬂiaTan[Cerx})4

(esecfc+dx])®?

Optimal (type 4, 156 leaves, 5 steps):

. . 1
42at Elllptl':Eb (c+dx), 2] 42 a* /e Sec[c+dx] Sin[c+dx]
+
5de2~/Cos[c+dx] VeSec[c+dx] 5de’

41ia (a+1’1aTan[c+dx])3 281 (a*+ia*Tan[c+dx])
+
5d (eSec[c+dx])*? 5de2/eSec[c+dx]
Result (type 5, 341 leaves):
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ei (c+d x)

_ 4214/2 (efj'l(SCerX)

1+ eZiL (c+d x)

_R21i (c+dx)}

N w

1+t (@904 (L14+e?i¢) y/1+e?t (©9% Hypergeometric2F1[-

FNQEN
.
N =

(a+iaTan[c+dx])* /

(5d (-1+e?'¢) Secic+dx]>? (esec[c+dx])¥? (Cos[dx] +iSin[dx}>4) +

4 4Sin[c]
-—1Cos[c] - ———
5 5

(Cos[c+dx] Cos[3dx] +

L. 14 14 .
Cos[dx] Csc[c] (3Cos[c] -iSin[c]) |—Cos[3c]-—iSin[3 c]) +
5 5

4Cos[c] 4 . .
7—7151n[c}) Sin[3dx]
5 5

Sin[d x] +

28 28 )
[—*Cos[3c] +— 1Sin[3 c]
5 5

(a+iaTan[c+dx])4]/ (d (esec[c+dx])®? (Cos[dx] +iSin[dx])4)

Problem 219: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

J(a+jaTan[c+dx})4

(esec[c+dx])??

Optimal (type 4, 125leaves, 4 steps):
2a4E11ipticE[i (c+dx), 2] 41ia <a+iaTan[c+dx})3 41 (a*+ia*Tan[c+dx])

- +

15de*~/Cos[c+dx] eSec[c+dx] 9d (eSec[c+dx])?? 15de? (eSec[c+dx])>?

Result (type 5, 383 leaves):
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(e]l (c+d x)
_ 2]'14/2 efi (5 c+d x)
1+ e21'1 (c+d x)
21 (c+dx) 2ic 21 (c+dx) s 1 1 3 21 (c+dx)
l+e +(-1+e? ) \1+e Hypergeometric2F1[-~, =, =, -e ]
4 2 4

VSec[c+dx] (a+iaTan[c+dx])* /

(15d (-1+e2'¢) (eSecc+dx])*? (Cos[dx] +:|iSin[dx])4) N

1

d (eSec[c+dx])?? (Cos[dx] +1iSin[dx])*

7 . 7Sin[c]
-—1Cos[c] - 7J +Cos[5dx]
45 45

Sin[c]

1.
-—1Cos[c] +
9 9

Sec[c+dx] [Cos[3dX]

+

Cos[dx] Csc[c] (3Cos[c] -iSin[c]) (iCos[E c] - iJiSin[3 c]) +
45 45

4 4 . 7 Cos[c] 7 . .
(—*Cos[Sc}+—1$1n[3c])51n[dx]+ 77f151n[c})51n[3dx}+
45 45 45 45
Cos|[c] 1 . . . a4
(7+7151n[c]]51n[5dx] (a+iaTan[c+dx])
9 9

Problem 221: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

J(a+iaTan[c+dx}>4

(esec[c+dx])*?

Optimal (type 4, 156 leaves, 5steps):
2a* E1lipticE[ S (c+dx), 2] 2a%sin[c+dx]

+ —

39def+/Cos[c+dx] VeSec[c+dx] 117de® (eSec[c+dx])>?

41ia (a+1’1aTan[c+dx])3 41 (a*+ia*Tan[c+dx])

13d(eSec[c+dx])13/2 117 de? (eSec[c+dx}>9/2

Result (type 5, 435leaves):
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21\/—9 (5 c+d x)

(1 +e? (a0 L (L1 4 e?tC) 142t (9% Hypergeometric2Fl|-

1 1 i _621(c+dx)}
4 2 4
Sec[c +dx]®? (a+jaTan[c+dx])4/
(39d (-1+e2'¢) (eSecic+dx])*? (Cos[dx] +fLSin[dX])4> .
1
Sec[c+dx]3
d (eSec[c+dx])*? (Cos[dx] +1iSin[dx])*
59 | 59Sin[c] 37 . 37Sin[c]
(Cos[3dx1 -—1iCos[c] - 7J +Cos[5dx] (—71COS[C] + 7) +
468 468 468 468
1 1
Cos[dx] Csc[c] (24Cos[c] +31iSin[c]) [-——Cos[3c]+——iSin[3 c}) +
468 468
1 55 . .
Cos[7 dx] —ijos[3c]+f51n ) fCos 3c1—f1'1$1n[3c1)51n[dx1+
52 468 468
59 Cos [c] 59 . 37 Cos | 37 .
(7——1$1n[ ]]Sln [3dx] [ [c})51n[5dx}+
468 468 468

(*Cos[3c] + iJiSin[Bc}) Sin([7 d x]
52 52

(a+1’1aTan[c+dx})4

Problem 223: Result unnecessarily involves higher level functions
J(eSec[c+dx])n/2

a+i1aTan[c+dx]

dx

Optimal (type 4, 136 leaves, 5steps):
6 e EllipticE [i (c+dx), 2]

2ie? (eSec[c+dx])’?

N
5ad+/Cos[c+dx] VeSec[c+dx] 7ad
6e’+eSec[c+dx] Sin[c+dXx] 2e3 (eSec[c+dx1)5/2Sin[c+dx]

N
S5ad

S5ad
Result (type 5, 128 leaves):

e* (esec(c+dx])??

- -36-28Cos |2 (c+dx)] +
70ad

21 @21 (cvdx) (1 4 @2t (crdx) >5/2 Hyper‘geometr‘1c2F1[ , —, —e?ilcdx ] +

-P\I—‘
M jw

1
2
7iSec[c+dx]Sin[3 (c+dx)]|+27iTan[c+dx]| (i+Tan[c+dx])

| 43
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Problem 225: Result unnecessarily involves higher level functions.

(eSec[c+dx])7/2
J dx

a+iaTan[c+dx]
Optimal (type 4, 101 leaves, 4 steps):

. . 1
2e4E111pt1cE[; (c+dx), 2] 2ie? (eSec[c+dx])*? 2e*+/eSec[c+dx] Sin[c+dx]
+

ad+/Cos[c+dx] VeSec[c+dx] 3ad ad

Result (type 5, 101 leaves):

1
2e’+eSec[c+dx] (Cos[c]-1iSin[c]) (Cos[dx] -iSin[dx])
3ad
: . 21 (c+dx) . 1 1 3 21 (c+dx)
2i-3i+1l+e Hypergeometric2F1[-~, =, =, -e | + Tan[c+dx]
4 2 4

Problem 227: Result unnecessarily involves higher level functions.

(esec(c+dx])>?
J dx

a+i1aTan[c+dx]
Optimal (type 4, 70leaves, 3 steps):
21 e2 2e?EllipticE[; (c+dx), 2]

+

adveSec[c+dx] ad+/Cos[c+dx] “eSec[c+dx]

Result (type 5, 74 leaves):

1 . -
—2iee (@40 \[1, 2! (X Hypergeometric2Fl|-
ad

N |

, —e?i@d ] \Jesec c+dx]

I
.
M w

Problem 229: Result unnecessarily involves higher level functions.
J 1
VesSec[c+dx] (a+iaTan[c+dx])

dx

Optimal (type 4, 80leaves, 3 steps):

6 EllipticE [ (c+dx), 2] 21

N
5ad~/Cos[c+dx] VeSec[c+dx] 5d+/eSec[c+dx] (a+iaTan[c+dx])

Result (type 5, 98 leaves):

-e +

- ( [ (2+ 2Cos[2 (c+dx) ] -6+/1+e?!(©*9%) Hypergeometric2F1|-

N |

21 (c+dx) ]

) E

R

3
Z)
3iSin[2 (c+dx)]) <i+Tan[c+dx]))/ (Sad\/eSec[c+dx} )]
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Problem 231: Result unnecessarily involves higher level functions.
1

J dx
(esec[c+dx])®?

(a+iaTan[c+dx])

Optimal (type 4, 114 leaves, 4 steps):
14 E1lipticE[ > (c+dx), 2]

+

15ade?2+/Cos[c+dx] veSec[c+dx]

14 Sin[c +dx] 21
+

9d (eSec[c+dx])*? (a+iaTan[c+dx])

45ade (eSec[c+dx])>?
Result (type 5, 123 leaves):

—([(62+64Cos[2 (c+dx)]+2Cos[4 (c+dx)] -

: 11 .
168 /1 +e** (<*9% Hypergeometric2F1[-~, =, =, -e?*(©9¥ ] 198§ Sin[2 (c+dX) |+
4" 2

3
4:
71i5Sin[4 <c+dx)]) <J‘1+Tan[c+dx]))/ (180ade2\/eSec[c+dx] ))

Problem 233: Result unnecessarily involves higher level functions.

J (esec[c+dx])®?
(

a+1’1aTan[c+dx}>2

dx

Optimal (type 4, 183 leaves, 6 steps):
22 e® E1lipticE[} (c+dx), 2]

+

15a2d+/Cos[c+dx] “eSec[c+dx]

22e7/eSec[c+dx] Sin[c+dx] 22e° (eSec[c+dx])>?Sin[c+dx]
+ +
15a%d

45a%d
22e* (esec[c+dx])”?sin[c+dx] 4ie? (eSec[c+dx])™/?

63 a2d 7d (a?+ia’Tan[c+dx])

Result (type 5, 285leaves):
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1

15dSec(c+dx]*/2 (a+iaTan[c+dx])?

1 ) e]'l (c+d x)
(esec[c+dx])™? (Cos[dx] +iSin[dx])? |- ————221+/2 e (©90 | —
,1+e21'1c 1+e21’1(c+dx)
21 (c+dx 2ic 21 (c+dx s 1 1 3 21 (c+dx
1+t (@804 (L14+e?t9) \[1+e?t (©9% Hypergeometric2F1[- =, —, =, -2 (@40 ]
4 2 4

1
—— Csc[c] Sec[c+dx]%? (Cos[2c] +iSin[2c])
168

(1260Cos[dx] +1050Cos[2c+dx] +1078Cos[2c+3dx] +77Cos[4c+3dx] +

231Cos[4c+5dx] +7201 Sin[dXx] —720]‘15in[2c+dx])

Problem 235: Result unnecessarily involves higher level functions.

] )11/2

dx

J (esec[c+dx
(

ariaTan[c+dx])?

Optimal (type 4, 152 leaves, 5steps):
14€° EllipticE[% (c+dx), 2] 14e5+/eSec[c+dx] Sin[c +dx]
+

+

5a2d+/Cos[c+dx] VeSec[c+dx] 5a’d
14e* (eSec[c+dx])*?sin[c+dx] 4ie? (eSec[c+dx])’"?
15a2d 3d (a*+ia’Tan[c+dx])

Result (type 5, 263 leaves):

1 ) e]'l (c+d x)
(eSec[Cerx])ll/2 (Cos[dx] +JiSin[dx1>2 1412 et (e | —
71+e211c 1+eZJL(c+dx)
21 (c+dx) 21ic 21 (c+dx) . 1 1 3 21 (c+dx)
l+e + -1+ ) \1+e Hypergeometric2F1[- =, =, =, -e 1|+
4’ 2" 4

1
—Csc[c] Sec[c+dx]*? (Cos[2c] +1iSin[2c])
6

(36 Cos[dx] +27Cos[2c+dx] +21Cos[2c+3dx] +20iSin[dx] -20iSin[2c+dx]) /

(5dSec[c+dx]7/2 (a+1’1aTan[c+dx])2)

Problem 237: Result unnecessarily involves higher level functions.

} >7/2

dx

J (eseclc+dx

(a+1’1aTan[c+dx})2
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Optimal (type 4, 115leaves, 4 steps):

. . 1
6e4E111pt1cE[;(c+dx),2] 6e>/eSec(c+dx] Sin[c+dx] 4ie? (eSec[c+dx])>?
- +
a2d+/Cos[c+dx] veSec[c+dx] a’d d(a?+ia’Tan[c+dx])

Result (type 5, 80leaves):

1
a?d
i - 1 1 3 )
21edet(¢rdX) (—1+3 1+e?t(<9% Hypergeometric2Fl[- =, =, =, -e*! (“4¥ ]| +/eSec[c+dx]
4> 2 4

Problem 239: Result unnecessarily involves higher level functions.

dx

J (esec[c+dx])??
(

a+JiaTan[c+dx}>2

Optimal (type 4, 90 leaves, 3 steps):

2e? EllipticE[i (c+dx), 2] 4 e?

N
5a®d+/Cos[c+dx] JeSec[c+dx] 5d+veSec[c+dx] (a?+ia’Tan[c+dx])

Result (type 5, 102 leaves):
1

5a%d

-31 (c+dx)

iee

21 +d
, —e i(c x)]

)

(1 w2t () g g2l (crdx) ([q 4 21 (¢+dX) Hypergeometric2Fl|-

\eSec[c+dx]

N |
Sjw

1
4

Problem 241: Result unnecessarily involves higher level functions.
J 1
VveSec[c+dx] (a+1‘1aTan[c+dx])2

dx

Optimal (type 4, 116 leaves, 4 steps):
2E1lipticE[ S (c+dx), 2]

+

3a2d+/Cos[c+dx] VeSec[c+dx]

2eSin[c+dx] 41 e?

.
9a%d (eSec[c+dx])>? 9d (eSec[c+dx])¥? (a2+ia?Tan[c+dx])

Result (type 5, 124 leaves):
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(Cos[2 (c+dx) ]| -iSin[2 (c+dx)])

24 i e?! (¢*4%) Hypergeometric2F1| - i, i, i, -e?i (cvdx) ]

4i-8iCos[2 (c+dx)]+

+

1+ eZJ'l (c+d x)

10Sin[2 (c+dx)]

]/ (18a2d\/e5ec[c+dx1 )

Problem 243: Result unnecessarily involves higher level functions.
1

J dx
(esec(c+dx])*? (a+iaTan[c+dx])?
Optimal (type 4, 150 leaves, 5 steps):

425111ptic5[§ (c+dx), 2] 2eSin[c+dx]

+ +
65a2de2+/Cos[c+dx] “eSec[c+dx] 13 a%d (eSeC[c+dx})7/2

14 Sin[c +d x] 4] e?

.
65a2de (eSec[c+dx])3/2 13d (eSec[c+dx])9/2 (a?2+ia?Tan[c+dx])

Result (type 5, 149leaves):
(Cos[2 (c+dx)]-1iSin[2 (c+dx)]) {881-256“05[2 (c+dx)] -

672 1 @2t (¢+dX) Hypergeometric2F1 [f i, i 3 _g2i (cxdx) ]

8iCos[4 (c+dx)]+

1+ eZJi (c+d x)

31651n[2(c+dx)]+1851n[4(c+dx)]J /(szeazdezx/eSec[mdx] )

Problem 245: Result unnecessarily involves higher level functions.

dx
3

J (esecfc+dx] )™
(

a+iaTan[c+dx])

Optimal (type 4, 178 leaves, 6 steps):
22 e® E1lipticE[ (c+dx), 2]

5a3d+/Cos[c+dx] VeSec[c+dx]
22ie* (eSec[c+dx])”* 22e7+eSec[c+dx] Sin[c+dX]
+
21a3d 5a3d

22e% (esec[c+dx])*?sin[c+dx] 4ie? (eSec[c+dx])™?

+

15a3d 3ad(a+jaTan[c+dx})2
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Result (type 5, 128 leaves):

e® (eSec(c+dx])>?|-116-308Cos[2 (c+dx)] +

210 a*d
-2i (c+dx) 2i (c+dx))5/2 113 21 (c+dx)
231e (1+e ’)>"* Hypergeometric2F1[- =, =, =, -e |+
4’2" a
77 iSec[c+dx] Sin[3 (c+dx)]+17iTan[c+dx]| (i+Tan[c+dx])

Problem 247: Result unnecessarily involves higher level functions.

(esec[c+dx])™?
J dx
(a+iaTan[c+dx])?
Optimal (type 4, 141 leaves, 5steps):
14e6E111pticE[§ (c+dx), 2] 147 e* (esecic+dx])>?
+ _
a3d~/Cos[c+dx] VeSec[c+dx] 3ad
14e+/eSec[c+dx] Sin[c+dx] 41ie? (eSec[c+dx])7/2
+
a’d ad (a+iaTan[c+dx])?

Result (type 5, 101 leaves):

1
2e’+/eSec[c+dx] (Cos[c]-iSin[c]) (iCos[dx] +Sin[dx])
3a3d
21 (c+dx) 1 1 3 21 (c+dx) .
-8+21l+/1l+e Hypergeometric2F1[- =, =, =, -e | +iTan[c+dx]
4’2" a

Problem 249: Result unnecessarily involves higher level functions.

(esec[c+dx])’?
j( dx

a+JiaTan[c+dx1>3
Optimal (type 4, 116 leaves, 4 steps):
6 i o 6e*EllipticE| (c+dx), 2] 4ie? (esecic+dx])>?
N

5a*d-/eSec[c+dx] 5ad+Cos[c+dx] VeSec[c+dx] 5ad(a+iaTan[c+dx])?

Result (type 5, 117 leaves):

6 21 (¢+dX) Hypergeometric2F1 {— 1,2
. 4’ 2° 4

21 (c+dx)

ze(ef]ldx

B _(EZJi(c+dx)] ]

l+e

(eSec[Cerx])S/2 (Cos[c+2dx] +iSin[c+2dx])

/(5a3d (—1'1+Tan[c+dx])3)
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Problem 251: Result unnecessarily involves higher level functions.

J>3/2

dx

J (eSec[c+dx

(a+1‘1aTan[c+dx1)3

Optimal (type 4, 132leaves, 4 steps):
2e?EllipticE [i (c+dx), 2]

+

15a3d+/Cos[c+dx] VeSec[c+dx]
41 e? 21ie?

N
9ad+eSec[c+dx] <a+1‘1aTan[c+dx})2 45d+/eSec[c+dx] (a®+ia’Tan[c+dx])

Result (type 5, 1401leaves):

|

e i9%Seclc+dx]2 (eSec[c+dx])3/2 (Cos[dx} +J'LSin[dX]>

(8 +8Cos[2 (c+dx)] +6e?t (<9 /142! (44X Hypergeometric2Fl |-

)/ (45a3d (711+Tan[c+dx])3))

|
-
-

2

, —e2t (9] 1 358in[2 (c+dx)]

3
4

Problem 253: Result unnecessarily involves higher level functions.
J 1
VeSec[c+dx] (a+1‘1aTan[c+dx])3

dx

Optimal (type 4, 152 leaves, 5 steps):

14 E1lipticE[ S (c+dx), 2] 14esSinfc+dx]
N +

39a3d+/Cos[c+dx] VeSec[c+dx] 117a*d (eSec[c+dx])>?

21 28 1 e?
+

13d+/eSec[c +dx] (a+1‘1aTan[c+dx])3 117d (eSec[Cerx])S/2 (a®>+ia’Tan[c+dx])

Result (type 5, 145leaves):
Vesec[c+dx] (iCos[3 (c+dx)]+Sin[3 (c+dx)])

468 ade

62+8Cos[2 (c+dx)| -54Cos[4 (c+dx)] +168e?" (19X (/142! (c1dX)

Hypergeometric2F1 |- , —e2H @@ ] 425 Sin[2 (c+dx) ] -63iSin[4 (c+dx)]

3

N |

PN
-
M lw

Problem 255: Result unnecessarily involves higher level functions.

] )15/2

dx

J (esecfc+dx

(a+iaTan[c+dx])*
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Optimal (type 4, 192 leaves, 6 steps):

. . 1
154 e E1lipticE [ (c+dx), 2] 154 e7 \/eSec[c + dx] Sin[c+dX]

5a*d

5a*d+/Cos[c+dx] VeSec[c+dx]
154 e (eSec[c+dx])>?Sin[c+dx]

4ie? (eSec[c+dx])*?
15a%d

+

44 i e* (eSec(c+dx])’?
.

ad(a+iaTan[c+dx])> 3d(a*+ia*Tan[c+dx]|

Result (type 5, 135leaves):

[32 ie7 @7t (erdx) [ 111 _ 176 21 (€+dX) _ 77 @41 (cxdx)

| =

231 (1+ @2 (<192) %2 hypergeometric2Fl |

(15a4d (142t (crd))® (—1+Tan[c+dx])4)

- ) B

N |

, —e?ted0 ]l \Jesec c+dx]

/

I
5w

Problem 257: Result unnecessarily involves higher level functions.

J (esec[c+dx])™?
(

a+1’1aTan[c+dx})4

dx

Optimal (type 4, 163 leaves, 5steps):
42e° EllipticE[i (c+dx), 2] 42e5+/eSec[c+dx] Sin[c+dx]
+
5a*d
281 e* (eSec[c+dx})3/2

5ad(a+iaTan[c+dx])> 54 (a*+ia*Tan[c+dx])

5a*d+/Cos[c+dx] VeSec[c+dx]

41 e? (eSec[c+dx})7/2

+

Result (type 5, 106 leaves):

_ 21 e5 (6731'1 (c+d x)
5a*d

. , , 1
—2-7¥t(edN) 4 0] @2t (¢dX) ([ 4 @2F (€dX) Hypergeometric2Fl |- —

4
\VeSec[c+dx]

Problem 259: Result unnecessarily involves higher level functions.
J (esecc+dx])"?

(a+iaTan[c+dx])*

dx

Optimal (type 4, 132leaves, 4 steps):
2 e* EllipticE [% (c+dx), 2]

+

15a*d+/Cos[c+dx] “eSec[c+dx]

4ie? (eSec[c+dx])*? 4iet

9ad (a+iaTan[c+dx])> 15d+/eSec[c+dx] (a*+ia*Tan[c+dx])
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Result (type 5, 149 leaves):
el et9%Sec[c+dx]*VeSec[c+dx]

~7-7Cos|2 (c+dx)] +

21 d 21 d
Gen(ux) 1+en(c+x) B

Hypergeometric2F1 |-

N |

, —e2 (@40 ] 135 8in]2 (c+dx) ]

Bk
.
njw

(-iCos[c+2dx] +Sin[c+2dx]) /(45a4d (—1’1+Tan[c+dx})4)

Problem 261: Result unnecessarily involves higher level functions.

dx

J (esec[c+dx])??
(

a+1’1aTan[c+dx}>4

Optimal (type 4, 163 leaves, 5steps):

2 e? EllipticE[ (c+dx), 2] 2e3sin[c+dx]

+

.
39a*d+/Cos[c+dx] VeSec[c+dx] 117a*d (eSec[c+dx])*?

41 e? 41 et
+

13ad+/eSec[c+dx] (a+iaTan[c+dx])3 117d (eSec[c+dx])5/2 (a*+ia*Tan[c+dx])

Result (type 5, 142 leaves):

ie*9sec[c+dx]? (eSec[c+dx])*? (Cos[dx] +iSin[dx])

24 ¢*1 (<90 Hypergeometric2F1[- 7, 7, 2, —e?! (<9 |

{28+49Cos[2(c+dx)]+ +
1+er(c+dx)

22115in[2(c+dx” /(234a4d<—j+Tan[c+dx])4)

Problem 267: Result more than twice size of optimal antiderivative.

J(dSec[eﬂcx])S/i‘ (a+iaTanfe+fx])*dx

Optimal (type 5, 71 leaves, 4 steps):
11

. 55/6 42 . B 1 5
12 i 2°/6 a% Hypergeometric2F1| , =,
6 6 6

N |-

(1-iTan[e+fx])] (dSec[e+fx})5/3)/

(S-F (1+J‘1Tan[e+fx}>5/6)

Result (type 5, 264 leaves):
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1

16 f Sec[e + f x]/3 (Cos [fx] + i Sin[fx])?

1 ) el (e+fx) 2/3
(dsecle+fx])>? |- ————33i223etCef0 | ——
~1+e2te 14+ @2t (esfx)
21 (e+fXx) 2ie 21 (e+fx)|2/3 . 1 2 5 23 (e )
l+e +(-1+e*'¢) (1+e ) #® Hypergeometric2F1[- =, —, =, -e I+
6 3 6

3
—Csc[e] Sec[e+fx]®> (Cos[2e] -iSin[2e]) (90 Cos[fx] +75Cos[2e+Fx] +
20

55Cos[2e+3fx] -64iSin[fx] +64iSin[2e+fx]) (a+1‘1aTan[e+-Fx])2

Problem 278: Result more than twice size of optimal antiderivative.

1
J(dSec[erFx])S/3 (a+iaTan[e+fx])?

dx

Optimal (type 5, 71 leaves, 4 steps):
, , 5 23 1 1 , , 5
—([31Hyper‘geometr‘1c2F1[——, —, =, —(1-iTan[e+fx])]| (1+iTan[e+fx]) ]/
6 6 6 2
(20 25/6a2F(dSec[e+~Fx])5/3))

Result (type 5, 143 leaves):

[31’15ec[e+fx]4

|/

Problem 296: Result more than twice size of optimal antiderivative.

JSEC[C+dX}2 (a+iaTan[c+dx])¥?dx

Optimal (type 3, 29 leaves, 2 steps):
2i (a+iaTan[c+dx])>?

5ad

Result (type 3, 69 leaves):

1
—2asSec[c+dx]? (Cos[dx] -iSin[dx])
5d

(-iCos[2c+3dx] +Sin[2c+3dx])Va+iaTan[c+dx]
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Problem 309: Result more than twice size of optimal antiderivative.

JSec[c+dx]2 (a+iaTan[c+dx])>?dx

Optimal (type 3, 29leaves, 2 steps):

21 <a+jaTan[c+dx})7/2

7ad

Result (type 3, 73 leaves):

(ZaZSec[c+dx]3 (-iCos[3c+5dx] +Sin[3c+5dx]) va+iaTan[c+dx] )/
(7d (Cos[dx] +JiSin[dx])2)

Problem 322: Result more than twice size of optimal antiderivative.
JSec[c+dx}2 (a+iaTan[c+dx])”?dx
Optimal (type 3, 29leaves, 2 steps):

2i (a+iaTan[c+dx

9ad

J>9/2

Result (type 3, 73 leaves):

(2a3Sec[c+dx]4 (-iCos[4c+7dx] +Sin[dc+7dx])Va+iaTan[c+dx] )/
(9d (Cos[dx] +JiSin[dx])3)

Problem 329: Result more than twice size of optimal antiderivative.

JCOS[C+dX]5 (a+iaTan[c+dx])”?dx

Optimal (type 3, 35leaves, 1 step):

2iaCos[c+dx]® (a+iaTan[c+dx])>?

5d

Result (type 3, 73 leaves):

(ZaE’Cos[c+dx]3 (-iCos[2c+5dx] +Sin[2c+5dx]) Va+iaTan[c+dx] )/
(5d (Cos[dx] +JiSin[dx])3)

Problem 394: Result more than twice size of optimal antiderivative.

J(eSec[c+dx])3/2\/a+jaTan[c+dx] dx

Optimal (type 3, 524 leaves, 12 steps):
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. 4/ a-1 +d
ia*2e¥2ArcTan|1 - V2 Ve yaiaTanicidx] | secc+dx]
“Jfa +/eSec[c+dx]

d+a+iaTan[c+dx] \/?d\/a—jlaTan[Cerx] Va+iaTan[c+dx]

. 2 -1aT d
ia%2e¥2ArcTan[1+ V2 Ve ya-iaTan(crdx) | sec[c+dx]
\Ja +/eSec[c+dx]

\Ed\/a—jaTan[c+dx] vJa+iaTan[c+dx]
V2 a e VJa-iaTan[c+dx]
veSec[c+dx]

Sec[c+dx})/ (Z\Ed\/afjaTan[Cerx] Va+iaTan[c+dx] )7

ia(eSec[c+dx])>?

(ia”zei‘/zLog{a +Cos[c+dx] (a-iaTan[c+dx])]

V2 a e Ja-iaTan[c+dx]
veSec[c+dx]

/(Zﬁd\/a—jaTan[c+dx] vJa+iaTan[c+dx] )

{J‘la3/2e3/2Log[a+ +Cos[c+dx] (a-iaTan[c+dx]) ]

Sec[c +dX]

Result (type 3, 1530 leaves):

(Cos[c+dx} (esecc+dx])>?

(JiCos[c+dx} \Cos[dx] +iSin[dx] ++/Cos[dx] +15in[dx] Sin[c+dx]

vJa+iaTan[c+dx] )/(dVCos[dx} +15in[d x] )+

(-1)** (Cos[i]—isin[i]) Ji+Tan[d7X]
(1+1) |ArcTan] |+

dx}

Ji—Tan[?

V=1+i (cos[¢]-isin[<]) W

2

i ArcTan Cos[c+dx]? (eSec[c+dx]
[ ] ( )

N-1-1 iL—Tan[dT"]

dx
i+Tan[~—] Va+iaTan[c+dx]
2

(Cos[g} +jSin[£]) (i Cos[c] +Sin[c])
2 2

1 1
(—\/COS[dX] +1Sin[dx] - —i+/Cos[dx] +1Sin[dx] Tan[c +d x]
2 2

/

| 55
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—1)v Sl -isin|¢ i+Tan[9x
d\/zjoan[d—X] [l+j_) ArcTan[< D esl] isnly) el ] +
2 4 4
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{\/ZiZTan[de] \/J‘HTan[dT] }+
. (-1)** (cos[¢] -isin[£]) [i+Tan[®X]
(—+—] ArcTan | ] +
2 2
JifTan[dTX}
m(Cos[i]ijin[ﬂ) ]'1+Tan[dTX}
i ArcTan | ] Sec{dTX}z
N-1-1 i—Tan[dTX}
d x

(Cos[g] +iSin[£}] (i Cos[c] +Sin[c]) \/Cos[dx] +iSin[dx] |i+Tan[—]
2 2

d x

c c
3/2 1 ; 2 2
(21-2Tan[7] + (

(-1)¥* (Cos[ | -isin] }) i+Tan|

2

/

1
—_— —) ArcTan |
2 2 dx]
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T [eos(s] - asin(s]) (2] |
i ArcTan| } (Cos[i]qsm[i}]

V-o1-1 j_Tan[dTX}

(i Cos[c] +Sin[c]) (iCos[dx] -Sin[dx]) 1’1+Tan[d—x] /
2

2

\/Cos[dx] +i Sin[dx] \/21-2Tan[dx} J+

(1+1) (Cos[g] +iSin[£}] (i Cosfc] +Sin[c]) v/Cos[dx] +i Sin[dx]
2 2

d x . mSec[%"]z(Cos[ﬂ—jSin[i])

1'1+Tan[f] i +

’ 4mJiTan[dzx] JjJrTan[de]

dx
2

V-1+1i Sec|

J* [cos[ 5] - sin[ )] jnan[d?x}

/(4m

1-

+

i (cos[<] ~isin[<])’ (J‘L+Tan[dTX])]
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J'l(COS* ﬂlslni) (JHTanTX) . d x
1+ I_Tan[%} / 21—2Tan[7]

Problem 395: Result more than twice size of optimal antiderivative.

J\/eSec[Cerx} Va+riaTan[c+dx] dx

Optimal (type 3, 323 leaves, 10 steps):

. +1 +
iv/2 va Ve ArcTan|1- V2 Ve ariaTanicrdx] ]
\Ja +/eSec[c+dx]

d
. +1 nic+dx
i4/2 \/a \/e ArcTan |1 Y2 /e a[ariaTenicrdx) |
“Ja +/eSec[c+dx] 1
d A2 d
2 iaT d
i\/?\/?Log[a—\/—ﬁﬁ\/aJrla anfc+dx] +Cos[c+dx] (a+iaTan[c+dx])]+
\eSec[c+dX]
2 iaT d
i\/?\/?Log[a+\/—\/?\/?\/a+la anfc+dx] +Cos[c+dx] (a+iaTan[c+dx])]

V2 d \eSec[c+dx]

Result (type 3, 1344 leaves):
(-1)* (Cos[i] —jSin[ﬂ) 1'1+Tan[dTX}
(1+1) |ArcTan| | -

1—Tan[7"]

m(Cos[i]—iSin[i]) 1‘1+Tan[d7x]
iArcTan| || Vesecic+dx]
V-1-1i [i-Tan[%*]

2

(Cos[g] 7jSin[£]] v2Cos[dx] +21Sin[dx] ]i+Tan[d—X] va+iaTan[c+dx] /
2 2 2
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[d i-Tan[—]

e
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2 4 4

Ji—Tan[dTX]

m(Cos[i]ijin[i]) 1'1+Tan[d7x]
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V-1-1i [i-Tan[9¥]

dx,2
Sec| —
7]

(Cos[s} —J‘LSin[E]) \/2Cos[dx] +21Sin[dx]
2 2

. (71)1/4 (Cos[ﬂfjsin[i]) 1'L+Tan[d7"]
[Z+Z) ArcTan | - ] -
i-Tan| %X
m(Cos[i]—iSin[i]) Ji+Tan[dT"] iy s
i ArcTan| || sec[—]
N-1-1 Jl—Tan[dTX]
(Cos[; —J‘LSin[g]) \J2Cos[dx] +21Sin[dx] 1‘1+Tan[d7x} J/(lTan[dZX] "
. (-1)%* (Cos[ﬂ—isin[i]) i+ Tan[9X]
[(i+2) Ar‘cTan[ ]—

Jl—Tan[dTX]

m(Cos[i]ijin[i]) i+ Tan[2X]
J'lAr‘cTan[ ]

V-o1-d ]‘LfTan[dTX]

~
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c c d x

Cos[=] -isin[=]| (21 Cos[dx] - 25in[d i + Tan| —
(05[2} i 1n[2])( i Cos [d x] infdx]) [i+ an[z] /

- d x 1
V2Cos[dx] +2iSin[dx] [i-Tan[—] |+
2
j—Tan[dTX]
(1+1) [COS[E] -iSin[E}] VZCos(dx] s2isin[dx] | i+Tan[X]
2 2 2

| 2o sec[S]" [cos[£] -isin[]]) +[msec[

4mJ1Tan[dzx] \/1‘1+Tan[ x]

dx
2

N

}2

N‘Q'

/(4m [J’l—Tan[de}

[cos[£] -isin[ ]| i e tan[ 2] .
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Problem 400: Result more than twice size of optimal antiderivative.

J(eSec[c+dx])5/2 (a+1‘1aTan[c+dx]>3/2d1x

Optimal (type 3, 453 leaves, 13 steps):
7 i a3/2 e5/2 ApcTan [1 - ﬁﬁ\/m}
\a +/eSeclc+dx]
82 d

7 i a3/2 5/2 ArcTan [1 . \E\E\/m]
Va Jesecicidx] 1 s 52

- 71a“e
82 d 16+/2 d
2 iaT d 1
Log[a—\ﬁ\g\g\/aHla anfc+dx] +Cos[c+dx] (a+1’1aTan[c+dx]H+7
“JesSec[c+dx] 162 d
2 iaT d
7ja3/2e5/2Log[a+\ﬁ\E\E\/a+la anfc+dx] +Cos[c+dx] (a+iaTan[c+dx])]+
\JeSec[c+dx]
7ia? (eSec[c+dx])”? 7iae?+/eSec[c+dx] \Ja+iaTan[c+dx]
- +
12d+/a+1iaTan[c+dx] 8d

ia(eSec[c+dx])**a+iaTan[c+dx]

3d

Result (type 3, 1537 leaves):

5/2

Cos[c+dx]* (eSec[c+dx]) Sec[c+dx] |-—1Cos[c] -

8 8

7 7Sin[c])
- | +

Sec[c+dx]3

1, Sin[c] > (7. 7 .
—1Cos[c] + +Sec[c+dx] (*1C05[2c+dx]+—Sln[2c+dx]
3 3 12 12

(a+iaTan[c+dx])3/2]/ (d (Cos[dx] +isSin[dx])) +

T (-1)* (cos[ﬂ—jsin[ﬂ) i+ Tan[9X]
[g* ?] Ar‘cTan[ } )
i-Tan|

VETT (cos[5] ~istn[g]) 1 Tan[ %]

i ArcTan| |

N-o1-d Ji—Tan[dT"]

Cos[c+dx]?3 (eSec[c+dx])5/2 (Cos[B—c] —jSin[B—c]]
2 2

7 7
(—Cos[c} v/Cos[dx] +1Sin[dx] - — 1 Sin[c] v/Cos[dx] + i Sin[dX]
16 16
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d—x} (a+iaTan[c+dx])?? /

11+Tan[
2

d x
d (Cos[dx] +iSin[dx]) \/Zi—ZTan[T]

Q.

(—1)1/4 (Cos[9 | -isin| i+ Tan[%*

7 71
[— + —) ArcTan [
32 32

]

Jl—Tan[

N|Q'

Q.

V-1+1 (Cos[ —nsln 11+Tan 7

i ArcTan| Sec|

V-1-1 1—Tan[7x}

\/uzTan[de} \/jman[dzx}

(-1)** (Cos[g}—jsin[ﬂ) Ji+Tan[d7X}

7 71
(— + —] ArcTan | | - iArcTan|
16 16

Cos[—] -

+

151n[3 ”\/cos [dx] +1Sin[dx] /
2

Ji—Tan[dT"]

YT (Cos[ﬂ —iSin[ﬂ) [i+Tan|¢

o2
X
(@]

V-1-i [i-Tan[%X]

v/Cos[dx] + 1 Sin[dx] 11+Tan[d—x] /(Zj—ZTan[—
2
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- (—1>1/4 (Cos[ﬂ—jsin[ﬂ) Ji+Tan[d7X}
(—+—1] ArcTan | ] -
16 16
Ji—Tan[dT"]
N-1+d (Cos[i]fjsin[ﬂ) ]1+Tan[d?x}
i ArcTan| ]
V-1-i i—Tan[dTX}
(Cos[%]—jsin[?]] (i Cos[dx] -Sin[dx]) ]1+Tan[d7x} /

2

\/Cos[dx] + i Sin[dx] \/21_2Tan[d_x} ]+

cosf_c} _jsin[B—c}) VCos[dx] +1i Sin[dx]
2 2

mSec[de]z (Cos[ }—J'lSin[c]) )

< <
2 2
d

4m\/i—Tan[dz—x] J1+Tan[7"]

- 1

mSec[dTX]z (COS[? —jSin[%]J Ji+Tan[d_X}

2

/(4m

[JifTan[—} 1-

i-Tan[9*]

i (cos[<] -1 sin[<])* (i +Tan[2*]] ]] )

(—1)1/4Sec[d7"]2 (Cos[i] —jSin[i])

4\/1’1—Tan[dTX] \/i+Tan[dz—X]

+ (—1)1/4Sec[d7x]2
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2 2

[cos[£] -1 sin[ ] i+ Tan[ 22 /{4(1’1—Tan[d—x]

i - Tan

1+i(Cos[§}—151n g[zz}(iJrTan[dTX])] / \/Zj-ZTan[dTX]

Problem 401: Result more than twice size of optimal antiderivative.

J(eSec[Cerx])s"/2 (a+iaTan[c+dx])>?dx

Optimal (type 3, 571 leaves, 13 steps):

. A\ i +
5, S5ia’? e3/2Ar‘cTan[1 V2 Ve yaiaTanicedx) ]Sec c+dx]
5ia? (eSec[c+dx]) Va fesecicidx]
- +
4d~/a+iaTan[c+dx] 4+/2 dv/a-1aTan[c+dx] va+1iaTan[c+dXx]

5ia%2e¥2ArcTan|1 + V2 e yJa-iaTanicidx]
+/a +/eSec[c+dx]

4~/2 dJa-iaTan[c+dx] Va+iaTan[c+dx]
(Sias/ZGS/ZLOg[a V2 Va Ve Va-iaTan[c+dx]
VeSec[c+dx]

]Sec c+dx]

+Cos[c+dx] (a-iaTan[c+dx]) |

Sec[c +dX]

/(8\/7d\/a—j1aTan[c+dx] vJa+iaTan[c+dx] )—

(51a5/2e3/2Log[a+ V2 va e VJa-iaTan[c+dx]
\JeSec[c+dx]

Sec[c+dx}J/ (S\Ed\/a—jaTan[Cerx] vVa+iaTan[c+dx] )+

+Cos[c+dx] (a-iaTan[c+dx]) |

ia(eSec(c+dx])**+a+iaTan[c+dx]

2d

Result (type 3, 5861 leaves):

Cos[c+dx]*® (eSec[c+dx])>?

5 5
—1Cos[2c+dx] + —Sin[2c+dX]
4 4

(a+jaTan[c+dx])3/2]/ (d (Cos[dx] +isSin[dx])) +

Sec[c+dx]? (1 iCos[c] + >inicl

)+Sec[c+dx]
2 2




Mathematica 11.3 Integration Test Results for 4.3.1.2 (d sec)™m (a+b tan)”n.nb | 65

1
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8d (Cos[dx] +iSin[dx])??
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dx dx dx
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c
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2
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=

2

/
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+
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2
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)
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2
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Sln
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2
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2 2

A2 /1+Sin[c] Tan[”]+2ij-Tan[dx} \/jﬂan[
2 2
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c
2

+Cos[f} [\/7\/1+Sin[c} +
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2

/

Cos|[°] +Sin[§]]
+Sin
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Cos[g] [—1+Tan[d7x]] +
ieT
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| Virsiniel |iTan[7X] |-
2

(1+1) Cos[2c]?Cos[dx] Sec[c+dXx]

Cos[%] ﬂisin[;)

(Cos[dx] +iSin[dx])



Mathematica 11.3 Integration Test Results for 4.3.1.2 (d sec)™m (a+b tan)”n.nb | 67

(1+1) [cos[i]_ism[i}] i-Tan[SX] -
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1 i
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2
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A/ 2

m(Cos[i]—jSin[i]) 1‘1+Tan[d7x]
Ji\/?Ar‘cTan[ ]
V-1-1 1—Tan[TX]

- [£+ 3) Sec[d—x}2 (Cos[g} —iSin[E]) Sin[2c] v/Cos[dx] + 1 Sin[d x]
2 2

(1+14) (Cos[g]fjsin[g]) JlfTan[ } \/_Ar‘cTan[

2 2 2

(—1)1/4 (Cos[ | -isin] [ i+ Tan| TX
Sln 1+Tan
/1—Tan 7"
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m(Cos[ | -isin] }) 11+Tan[d7x}

< <
2 2

i+/2 ArcTan [ }

Sin[c]

V-1-1i [i-Tan[9¥]

2

3/2

]'1+Tan[d—x} /[jfTan[d—X}

2 2

(-1)** (cos[¢] - isin[S]) [i«Tan[%X]
Ar‘cTan[ ]Sin[c}
jfTan[dTX]
V-1+i (Cos[i] 7jSin[§]) 1’1+Tan[d7"]
1+Tan[d—x} +1+/2 ArcTan| ]

Sin[c]

1

Ji—Tan[dTX}

2

V-1-1 J'l—Tan[dX]

2

v/Cos[dx] +1Sin[dx] Ji—Tan[de]
2

J'1+Tan[d7x} /

(1+1) [Cos[g} —jSin[E}) Sin[2c] V/Cos[dx] + i Sin[dx]
2 2
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g seel gl feoslg] -asmnlg)) |

(-1)** (Cos[i]—isin[i]) Ji+Tan[dTX]

] Sec[dfx}zsin[c] /

[ i-Tan[9X] ’

d x m(Cos[i]fjsin[i]) i+ Tan[9x]
1'1+Tan[_] JJr J'lAr'cTan[ ]

2
V-o1-id JifTan[dX}

+1+/2 sin[c] i+Tan[dfx}

22 i+Tan[d—X]

2

Sec{dfx}zsin[c] /

2

VIVE sec[ %] [cos[ 5] -isin[ ) ax

2

" [cos[ ] -

2

2 +[\/1+J'1 Sec[
4m\/jTan[dzx} J11+Tan[dzx]

/[m/ﬁ (j—Tan[de]

2
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/(4 [J’l—Tan{d?X}

|4

>J (a+iaTan[c+dx])??

Problem 402: Result more than twice size of optimal antiderivative.
J\/eSec[c+dx} (a+iaTan[c+dx])*>?dx

Optimal (type 3, 364 leaves, 11 steps):

. A/ a+1i + . NEER +
31a3/2\EAr‘cTan[1— V2 Ve yjariaTanicrdx] ] 31a3/2\EAr‘cTan[1+ V2 Ve \JariaTanc+dx] }

\Ja +/eSec[c+dx] “Ja /eSec[c+dx]
V2 d V2 d
2 iaT d
31133/2\EL0g[af\/7\5\E\/a+1a anfc+dx] +Cos[c+dx] (a+jaTan[c+dx}>]+
2+/2 d \JeSec[c+dX]
2 iaT d
3133/2\EL0g[a+r\5@\/a+la anfc+dx] +Cos[c+dx] (a+jaTan[c+dx])]+
2+/2 d Jesec[c+dx]
ia+veSec[c+dx] “a+iaTan[c+dx]
d

Result (type 3, 1488 leaves):

(Cos[c+dx] VeSec[c+dx] (Ji Cos[c] VCos[dx] +1iSin[dx] +Sin[c] +/Cos[dx] + 1 Sin[dX]

(a+iaTan[c+dx])3/2)/(d (Cos[dx] +iSin[dx])3/2) +

(-1)** (Cos[i]—isin[i]) 1+Tan[7"]
(3+31) |ArcTan| ] -

Jl—Tan[dTX]

m(cos[S},jsin[i]) j+Tan[d7x]
i ArcTan| ]

N-1-1 1—Tan[d7]

Cos[c+dx] VeSec[c+dx]

Cos[B?c] _ism[%c]]
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3 — R —=
(—Cos[c] v/Cos[dx] +1Sin[dx] - — i Sin[c] v/Cos[dx] + 1 Sin[dx]
2 2

1+Tan[dl} (a+1‘1aTan[c+dx])3/2/ d (Cos[dx] +iSin[dx])
2

. (-1)** [cos[S] -isin[$]] [i+Tan[%X]
\/21‘1—2Tan[d—x] [i+3—1] ArcTan | ( ) ] -

2 4 4
i-Tan[9X]
2

V-1+d (Cos[i]—isin[ﬂ) Ji+Tan[d7X} ix
i ArcTan | || sec|—]

V-1-1 [i-Tan[%*]

\/ZjZTan[dTX} \/]’1+Tan[d7x}

jSin[B—c}] v/Cos[dx] + 1 Sin[dx] /
2

3 33 (—1)1/4(Cos[§]—isin[§]) 11+Tan[d?x]
(;+7] ArcTan | |-
Ji—Tan[dTX}
m(Cos[i]_jSin[ﬂ) i+ Tan[ 9] o
i ArcTan | || sec [7}

a

V-1-1 Ji—Tan[ X}

> |

3c 3cC d x
Cos|—] -1Sin[—]| +/Cos[dx] + 1 Sin[d X i+ Tan| —
[° 5] ~isin[ =] | VCos[dx] - isin(dx) [i+Tan[X] | /

) (-1)** (cos[¢] - isin[£]) [+ Tan[®X]
— + —1] Ar‘cTan[ } -

dx]

j—Tan[T
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< <
2 2

i1 ArcTan [

m(Cos[ | -isin| ” Ji+Tan[d7X} }
N-1-1 Ji—Tan[dTX}

cos[S—c]—ﬂSin[Lc]](“05[”1*51”[“}) ]'l”a”[d_x} /
2 2 2

Vfosmx]+1sinmx]’J212TmﬂdX}J+
2

cOs[ifj -isin[ifﬁJ V/Cos[dx] + i Sin[dx] i+Ta”[2§1
2 2 2

M3+31)

{

N

1

mSec[dTX}z (Cos{ }—isin[c}) )

<
2
]

a

4V11/J1TanP;](Jj+Tan[

N

dx
2

V-1+i Sec|

J* [cos[ 5] - sin[ )] jnan[d?x}

/(4m

)
]

Ji—Tan[

_i(Cos[ﬂ—iSin[ﬂ 2(1+Tan[dzx])]]+
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i-Tan[ ]

1+j(Cos[;}jSin;Z (“Ta"[dzx])] /szZTan[dzx]

Problem 403: Result more than twice size of optimal antiderivative.

J>3/2

(a+iaTan[c+dx
J dx

\VeSec[c+dx]
Optimal (type 3, 520leaves, 12 steps):

. V2 e Ja-1 +
i+/2 a®2ArcTan|1- a-iaTan[e+dx] | secic+dx]
Va +/eSec[c+dx]

d\E\/a—jaTan[Cerx] Va+iaTan[c+dx]

. V2 i +
i+/2 a2 ArcTan|1 + a-iaTan[c:dx] | sec[c+dx]
A\/a +/eSec[c+dx]

d\/?\/a—jaTan[c+dx} Va+iaTan[c+dx]
2 W/a e Va-iaTan[c+dx]
\eSec[c+dx]

Sec[c+dx})/ (\Ed\@\/afjaTan[Cerx] Va+iaTan[c+dx] )+ [jaS/Z

(iaS/zLog[a— +Cos[c+dx] (a-iaTan[c+dx]) ]|

2 W/a e Va-iaTan[c+dx]
\eSec[c+dx]

(\/Td\/?\/a—jaTan[Cerx] Va+iaTan[c+dx] )—

+Cos[c+dx] (a-iaTan[c+dx])]Sec[c+dx]

/

Log[a +

4ia~a+iaTan[c+dx]

d+eSec[c+dx]

Result (type 3, 5881 leaves):

41 Cos[c]Cos[c+dx] (a+iaTan[c+dx 4Cos[c+dx]Sin[c] (a+iaTan[c+dx

d+eSec[c+dx] (Cos[dx]+iSin[dx]) d+eSec[c+dx] (Cos[dx]+iSin[dx])

1

dveSec[c+dx] (Cos[dx]+iSin[dx])>? [i-Tan[%X]

2

]>3/2 ])3/2

(1+1) Cos[c] Cos[c+dx] (Cos[i] - jSin[E]J Sin[c]
2 2

Cos[g] (2-214) [i-Tan| 2} ~/2 Log[| (1+1) (272]1c°t[§])51n[5]2
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\/7\/—1+Sin[c} +\/7\/—1+Sin[c} Tan[dfx}—z Ji—Tan[de]

2 2

V2 Vivsin(e] +2 V-T1+sin(e] Tan[ ).

dx C
1+ T — Cot| —
i+ an[z} +o[2]

zJjTan[%"} \/]‘1+Tan[d7x]

[ 1+Tan[d ]J+Cos[:] [1+Tan[d

c c
[Cos + Sln

Sln
V-1+Sin| i+ Tan +1/2 Log

(2-21) [Cos[ | +isin|[— })

2 A/1+Sin[c] -2 v/1+Sin[c] Tan[d—x}+2j1 i—Tan[d—X]

Sln[ ] A 5

2 v/1+Sin[c] +v2 V1+Sin[c]

11+Tan[d—x]
2

Tan[de]Jij\/jTan[dzx] JuTan[dzx}] J/

cOs[C} ( 1+Tan[dzx})+sln[; (1 Tan[dZX]J])]]

+Cos[ ]

(Cos[i] —Sin[g})

2 2

(cos[c] +smm

\V1+Sin[c 1+Tan

V2 Log|

—Sln 2+21> i- Tan[d ]

V2 A/-1+sin[c] ++/2 /-1+Sin[c]

(1+1) (2-21Cot[§]) sln[z]

2

Tan[dx]z\/jTan[de] \/1‘1+Tan[dzx] +Cot[§} [\EW*

2 A/-1+Sin[c] Tan[d—x}+2\/i—Tan[d—x] \/J‘HTan[d—x}
2 2

2

/

[cos[ ] ~sin[ 7] [cos[ 7] +sin[ S]] [-sin| ] (—1+Tan[d7x}) .

2 2 2
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Cos[g] (1 Tan[ }] \/—1 Sin[ 11+Tan \/7Log
{[(221) (COS[%]-%—J'].Sin[%]] Sln[ | |[v/2 V1+Sin[c] -v2 v/1+Sin[c] Tan|

\E\/lJrSin[c] +

+Cos[£]
2

d x dx d x
“21+2i |i-Tan[—] |i+Tan[—
2}+ 1\/1 an[z]\/1+ an[z]

A2 /1+Sin[c] Tan[d—x]+2i\/i—Tan[d—X} \/1+Tan[d—x]
2 2 2

/

dx

=)

c
Cos -1+ Tan

(Cos[c}—Sm[C]J (Cos[c}Jrsln C J

2 2
Sin[g][ +Tan[ }) ] m i+Tan|

Cos[%} -

(a+iaTan[c+dx])>?+ | (1+1) Cos[2c]?Cos[dx]

i

Sin[i})

(1+4) [cos[ 5] - isin[ ]| i-Tan[2X] .

2
( 1)1/4 (COS[Q]fllSln[g]) ]HTan[d?X]
ArcTan | ]
i Tan[d?}
Sin[c]
Ji+Tan[d—X] +
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VoTe1 [cos[] - isin[€]] [+ Tan[<X]
iV/2 ArcTan]| ]
V-o1-d i—Tan[dTX]
. . dx
Sin[c] 1+Tan[7]

(a+iaTan[c+dx])?? / d

\eSec[c+dx]

v/Cos[dx] + 1 Sin[dXx]

Jl—Tan[de}
2

1 i dx,2 C C
- —+—| C 2 S — C —| -1Sin|—
[ + ) 0s[2c] ec[z} (os[z] i 1n[2})

v/Cos[dx] + 1 Sin[dx] (1+1) (Cos[g]—jsin[g]] l—Tan[dl] +
2 2 2
(-1)** (Cos[i]—isin[ﬂ) 11+Tan[d?x}
V2 ArcTan| | sinfc] 1+Tan{d—x} +
2

i—Tan[dTX]
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V-1+1 (Cos{ﬂ—jSin[in Ji+Tan[dTX}
i+/2 ArcTan]| ]
V-1-i _|i-Tan[%X]

2

d x 3/2

dx
Sinfc] [i+Tan|[—] /[jfTan[T}
2

(1 i
Z L=
2 2

c c
Cos[2c] (Cos[ﬂ 7151”[*]) (i Cos[dx] -Sin[dx])
2 2

(-1)** (Cos[S | -isin| |i+Tan| 7"
Ar‘cTan[ Sln 1+ Tan +1 \/7
IJL—Tan d?

V-o1+id (Cos[ | -isin| [i+Tan| d?
ArcTan | | sing i+Tan|

N-1-1 1—Tan[7x}

- d x 1
VCos[dx] +iSin[dx] |[i-Tan[—

2

]

dx]

j—Tan[T

(1+1) Cos[2c] (Cos[c] - iSin|[— ]] v/Cos[dx] +1Sin[dx]
2 2
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: 4\/1—Tan{d7x} \/J‘HTan[dT]
(71)1/4Sec[d?x]2(Cos[;]fjsin[i]) ]-HTan[d?X} /
X .1\3/2 i [Cos[*] JlSln[;] 2 1+Tan[d7]
(4 (J’L—Tan[d?] ]JJ/[1+ ( lTan[‘)jz]( )] .
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1
d+veSec[c+dx] (COS[dX]+jSin[dX])3/2
1
Cos ([
C+
d
X]
1 1 i C L. C 2
—(—+— Cos[2c] (Cos[—}—nSm[—])\/Cos[dx]+1Sln[dx]
2 2 2 2
i Tan[%"]
[Cos[c] (-2+21) i—Tan[d—X] +V2 Log| (2+2i)Cos[d—X} (1—1’1Cot[£]]
2 2 2 2

2

Sln[ ] [\/7\/1 +Sin[ \F\/—1+Sin[c] Tan[dfx]—

2 j—Tan[de] j+Tan[dl] +Cot[£] —\E\/—lJrSin[c] +
2 2 2

\/Tx/mhn[dzx}+2\/j—Tan[dzx] \/1+Tan[dzx} ]]]/

Cos < —Sln Cos[l(c+dx)]+51n[

A (c+dx>]

N |

/]

(2- 21)Cos[zx] (Cos[ | +isin|— })

Cos c +Sln[c]]

V-1+Sinj[c 1+Tan \/_Log

\/—\/1+Sll’l \/_\/1+Sin[c} Tan[dfx}+

2
d x dx
2i |[i-Tan[— i + Tan|—
J an{z}\/“an{z}

A2 /1+Sin[c] Tan[d—x]+21\/1—Tan[d—x} \/i+Tan[d—X]
2 2

2

Sln[ ]

2

+Cos[ <] [\/?\/71+Sin[c} .

/

(c+dx>]

Cos[% (c+dx)]-sin]

(cos[i} —Sin[g]] (cos[i] +Sin[£]]

2 2

N |

/]
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+Sin[§] {(2+21’1) Ji—Tan[dTX] +

- , dx
V1+Sin[c] [i+Tan|[—]
2
d x

V2 Log| V2 A/ -1+Sin[c] +

(2+21) cos[ 7] (1-iCot[§]) Sin[%]z

A2 A/-1+Sin[c] Tan[d—x]—z\/i—Tan[d—X} \/i+Tan[d—X] +Cot[£}

2 2 2 2
/2 \/-1+Sinf[c] ++/2 V-1+Sin[c] Tan[dTX}+2 Ji—Tan[d%]
]1+Tan[d7x] ]/ (Cos[g]—sin[i}] (Cos[£]+sin[g})

2 2 2
]]x/flJrSin[c] ]‘HTan[d—X} +
2

Cos[% (c+dx)] +Sin[§ (c+dx)]

V2 Log|

(2-21) COS[dTX] (Cos[i} +j$in[§])

Sin[g} [ﬁm

+

\E\/1+Sin[c] Tan[dx]+21'1\/1'1Tan[dX} \/]’1+Tan[dx]

2 2 2
Cos[g] \/TWJr\EmTan[d?X]JfZi Ji—Tan{d%}
J'L+Tan[d7x] ]/ (Cos[g]_sm[g}] (Cos[£]+sin[£})

(c+dxH

2 2 2
]]\/1+Sin[c} '+Tan[dl]
2

Cos[g} —JiSin[E]) Sin[2¢]? (Cos[dx] +1iSin[dx])
2 2

Cos[% (c+dx)]-sin]

N |

(1+1) Cos[dx] Sec[c+dXx]
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ax;

(1+1) [Cos[g]—jsin[g}] i-Tan] A

2 2

(-1)%* (Cos ] -isin] [i+Tan[9X]
/2 ArcTan| | sin i+Tan|
[1- Tan —X
2

V-1+1 (COS[i]—iSin[i]) Ji+Tan[d7"]
jl\/?Ar‘cTan[ ]
N-1-i [i- Tan[dx]

2

4 4

(1+1) (Cos[i]—isin[E]J i- Tan[ } +V/2 ArcTan|

2 2 2

(—1)1/4 (Cos [€] -isin] i+Tan| —X
2 dx
Sln 11+Tan
d

V-1+1 (Cos[ﬂ ﬂisin[ﬂ) ]’1+Tan[d7x}
i+/2 ArcTan| ]
V-1-1 |- Tan[TX]




J'l—Tan[

Sin[c]

(1+1) (Cos[

(—1)1/4 (Cos[i]—jsin[i]) 1‘1+Tan[dx]

1+Tan[d—x} /[J’L—Tan[d—x}

2]

2
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3/2

2

i C
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2
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2 2

2

ArcTan |

| sin[c)

J‘l—Tan[dTX]

VT [cos[£] -isin[g]) 1+ Tan[%2]

2

i+Tan{d—X} +Ji\/7Ar‘cTan[ ]

. dx
Sin[c] 1'1+Tan[f} /

1
dx}

2

(3 + &) secl

2

dx
2

V-1-i _|i-Tan[%X]

2

v/Cos[dx] + 1 Sin[dX] Ji—Tan[de]
2

2

(1+1) [cOs[S} —jSin[E}) sin[2c] v/Cos[dx] + i Sin[dx]

2 2

)? (Cos[i] —J'lSin[g])

j—Tan[

+ |ArcTan [

d
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(-1)** (cos[$] - isin[S]) [i«Tan[%x]

]Sec[dfx}zsin[c]
2

1- Tan[d?]

V-1+ Cos -1 Sln 1+ Tan d—

i ArcTan |

d x
1+ T —
i+ an[z]JJr

dx-2
Sec[T} Sinfc]

2\/— 1+ Tan[ ] +

V-o1+d Sec[dTX]z(Cos[ | -isin[¢

4m\/jTan[dx}J Tan[d?]

2

=

jSin[E}] i+Tan| A

2

/[4m (J’l—Tan[d7X

i

\/_ Sin| i+ Tan

2

{1_ i (Cos[i] iSin|

)2(1 Tan d— J
Tan[d?]

(- )1/4Sec[d7] (Cos[g] —J'lSin[i])

4\/1 Tan[dz}J Tan[d?]
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1+]'1(COS[§]7J'lSin § (1+Tan[7"]> v

d_] (a+iaTan[c+dx])
2

i-Tan|

Problem 408: Result more than twice size of optimal antiderivative.

J(eSec[c+dx])3/2 (a+iaTan[c+dx])*?dx

Optimal (type 3, 612 leaves, 14 steps):

. A i +
,, 15ia’/2e¥2ArcTan|1- V2 Ve yaiaTanicidx] | seclc+dx]
151 a® (eSec[c+dx]) Va +Jesec[cidx]

8d+/a+iaTan[c+dx] S\Ed\/a—jaTan[c+dx] Va+iaTan[c+dx]

151 a’/2e*2 ArcTan|1 + V2 e [aiaTanicidx)
Vo fesecicran

8+/2 dva-iaTan[c+dx] ~Ja+iaTan[c+dx]
V2 W/a e vJa-iaTan[c+dx]
\eSec[c+dxX]

Sec[c+dx}J/ (16ﬁd\/afiaTan[c+dx} Va+iaTan[c+dx] )7

| secic+dx]

{151‘1a7/2e3/2Log{a— +Cos[c+dx] (a-iaTan[c+dx])]

2 a e Va-iaTan[c+dx]
\eSec[c+dx]

/(16ﬁd\/a—iaTan[c+dx} Va+iaTan[c+dXx] )+

{15]‘1a7/2e3/2 Log|a +Cos[c+dx] (a-iaTan[c+dx])]

Sec[c +dx]

3/2 3/2

3ia? (eSec[c+dx])¥?+a+iaTan[c+dx] ia(eSec[c+dx])
+

4d 3d

(a+iaTan[c+dx])

Result (type 3, 5917 leaves):

3/2

Cos[c+dx]* (eSec[c+dx]) Sec[c+dx]?

17 | 17 .
— 1Cos[2C] +—Sln[2c]) +
12 12

Sec[c+dx]3

1 1
-—1Cos[3c+dx] 7—Sin[3c+dx]) +
3 3

15 15 .
— 1Cos[3c+dx] +—Sin[3 c+dX]
8 8

Sec[c +dXx]

(a+iaTan[c+dx})5/2)/

1

(d (Cos[dx] +iSin[dx] )2) * s 5/2
16d (Cos[dx] +iSin[dx])

15Cos[c+dx]* (eSec[c+dx])>?
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4+/-1- 1\/1 Tan| 2| \/]L+Tan[d2]

2 2

[mSec[dzx]z[Cos[c]jSin[C” 1'1+Tan[d—x

(i—Tan[dTX]




(a+iaTan[c+dx])

1
Cos |
C+
d
x]?
1 (1
dx 2
1—Tan[T]
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i-Tan[—]

( dx
2

g /{lj(@s[i]iSin[i])z(“Tan[%})J

1

2d+eSec[c+dx] (Cos[dx] +iSin[dx])®?

5/2 +

1
+ —

Cos[c] (-1+2Cos[2c])
2

Cos[ <] - isin[ ]
2

2

v/ Cos[dx] +1Sin[dx]

Cos[%]

V2 Log|

(-2+21) i—Tan[d—X] +

2

2 2

(2+21)Cos[d—x] (1-jCot[5])Sin[§]2 {\/7\/1+Sin[C] +

A2 \/-1+Sin[c] Tan[d—x]—z\/i—Tan[dTX] \/i+Tan[d—X] +Cot[£}

2 2 2

-2 \/-1+Sinf[c] ++/2 V-1+Sin[c] Tan[d—x}+2 j—Tan[d—X]

2 2
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1'1+Tan[f

(Cos[i] —Sin[g}] (Cos[i] +Sin[£})

2 2

‘LX},

Cos | (c+dx)]+sin[ 5

(c+dx”

N |

]]\/—1+Sin[c] J'L+Tan[

N |

V2 Log| A2 A/1+Sin[c] -

2 2

(2-21) COS[dTX] (Cos[g} +i$in[5]) [Sin[z}

\Emnn[dx]uj\/jmn[dx} \/jﬂan[dx] ]+
2 2 2

A2 A/1+Sin[c] ++2 v/1+Sin[c] Tan[d—x]+2j1 i—Tan{d—X}

Cos[ ] A 5

1+Tan[dx]

2

(Cos[c

2] Sln[c}] (Cos < | +sin| c )

\/ +Sin| 1+ Tan

(2+21) Cos[ 5 ] (1 1Cot[2}]

]/

Cos[ (c+dx)] - Sln[ (c+dx)]

Sin[i}

(2+21) [i- Tan[z] \/_Log[

2 2

Sln[ ] [\/7\/1 +Sin[ \F\/—1+Sin[c] Tan[dfx]—

2 j—Tan[de] j+Tan[dl] +Cot[£] —\E\/—lJrSin[c] +
2 2 2

A2 v/-1+Sin[c] Tan{dx}+2\/j—Tan[dx] \/1+Tan[dx}
2 2 2

/

Cos c Sln (c+dx>]

Cos[% (c+dx)] +Sin|

N |

/]

(2-21) Cos| ZX] [Cos[ | +isin|— })

Cos +Sln[c]]

V-1+Sinj[c 1+Tan \/_Log
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2 A/1+Sin[c] -2 /1+Sin[c] Tan[d—X}Jr

2
dx dx
2i [i-Tan[~—] |i+Tan[—
1\/1 an[z}\/1+ an[z}

\E\/1+Sin[c] Tan[dx]+21'1\/jTan[dX} \/]’1+Tan[dx]
2 2

2

Sln[ ]

+Cos[£} [\/7\/1+Sin[c] +
2

/

(Cos[c}—Sm[C]J (Cos[c]+51n C Cos 1 (c+dx)] -

2
\/ +Sin| 1+ Tan ]

(1+1) Cos[dx] Sec[c+dx] (Cos[i} —iSin[E]) Sin[3c]?
2 2

Sln[ (c+dx)

(Cos[dx] +1iSin[dx])

ax,

(1+1) [COS[E]—jSin[S}] i-Tan| A

2 2

(-1)%* (Cos ] -isin] [i+Tan[9X]
/2 ArcTan| | sing i+Tan|
[1- Tan —X
2

V-1+1 (Cos[i]—isin[i]) Ji+Tan[dT"]
jl\/?Ar'cTan[ ]
N-1-i [i- Tan[dx]

2

. . d x i dx
Sinfc] [i+Tan|[—] / 1—Tan[7]
2
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- [1+7) Sec[dfx}z (Cos[g} —J‘LSin[E]) Sin[3c] v/Cos[dx] + i Sin[d x]
2 2

(1+1) (Cos[%]—iSin[%]) Ji—Tan{df} +V/2 ArcTan|

(-1)v4 (cOs[i] msm[g}) [i+Tan[ 2]
| sinfc] 1'1+Tan[d?x} +
/jfTan[de]

Neryws (COS[S} ,jsin[i}) ]1+Tan[dTX}

2

Ji\/?Ar‘cTan[ ]
V-1-1 Ji—Tan[de]

3/2
Sin[c] J'1+Tan[d7x} /(J’l—Tan[d?X} -

1 i C C

(—+ —] (Cos[—] —iSin[—]) Sin[3c] (iCos[dx] -Sin[dx])

2 2 2 2

(1+4) (cos[ ] - i sin[ ]| i-tan[2X] LT

2 2 2

(-1)%* (Cos[i]—isin[i]) i+ Tan[ 9]

ArcTan | | sin[c)
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m(Cos[i]—jSin[i]) Ji+Tan[d7x]

Ji+Tan{de} +i+/2 ArcTan| ]
2

VA j—Tan[dX]

2

v/Cos[dx] + 1 Sin[dx] jfTan[d—X]
2

dx
Sinfc] [i+Tan|[—] /

2

1

(1+1'l>

Cos[g} —jSin[E}) Sin[3 ] \/Cos[dx} +1Sin[dx]
2 2
dx}

j—Tan[T

[ s] el 5" [eos

]

(_1>1/4 (Cos[i]—iSin[S]) jl+Tan[de]

~isin[<]]

+ |ArcTan [

2+/2

] Sec[dfx}ZSin[C] /

2

2
Ji—Tan[dTX]

d VEIOT (cos[g] - asin[g]) o Tan[ 4]
1‘1+Tan[fx] JJr JiAr‘cTan[ ]

2
V-1-1i Ji—Tan[de}

dx
+ |12 sin[c] [i+Tan[—]
2

22 i+Tan[d—X]

2

Sec{d—X}ZSin[C] /

2

VT see 91 fcon (<] - 15105

2

+[m5ec{dzx}2(@5{;
4m\/j—Tan[dX} Jﬂﬂan[‘“]

2 2
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isin[*]] Ji+Tan[d7x]

[1_]‘1(Cos[§]—15in[§]) (i+Ta”[d7x])]+ \/?sin[C]\/m
jl_Tan[dTX] ’

/[4m [i—Tan[dTX]

1)

”J (a+iaTan[c+dx])®?

Problem 411: Result more than twice size of optimal antiderivative.

5/2

J(a+iaTan[c+dx}>

(esec[c+dx])??

Optimal (type 3, 362leaves, 11 steps):

Ji\/?aS/zAr'cTan[l— V2 e JariaTan[c+dXx] ] jﬁas/ZAr‘cTan[1+ N2 e \Ja+iaTan[c+dx] }
+Ja /eSec[c+dx] \Ja +/eSec[c+dx]

- +

de3/? ded/2
1 2 vJa Ve VYa+1i1aTan[c+dXx
7ia5/2Log[a—v—\/—\/—\/ i [c+dx] +Cos[c+dx] (a+iaTan[c+dx])] -
A2 de3/? VeSec[c+dx]
1 2 vJa Ve Va+1i1aTan[c+d
7ia5/2Log[a+v—\/—\/—\/ - [c+dx] +Cos[c+dx] (a+iaTan[c+dx])] -
V2 de¥? VeSec[c+dx]

4ia(a+iaTan[c+dx])*?

3d (eSec[c+dx])*?

Result (type 3, 1571 leaves):
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4Cos[c] 4 . .
—7151n[c]] Sln[dx])
3 3

Cos[c +dx]

4 4Sin[c]
Cos[dx] |[-—1Cos[c] - ]+

3 3
(a+iaTan[c+dx])5/2]/ (d (esec[c+dx])>? (Cos[dx] +JiSin[dx])2) -

(-1)%* (Cos[i]—jsin[i]) 11+Tan[d7x]
(1+4) |ArcTan] ] -

Ji—Tan[dTX}
m(Cos[ﬂijin[i]) Ji+Tan[d7X]
i ArcTan | ]

V-1-i [i-Tan[%X]

(Cos[g} —jSin[g]) (Cos[2c] -isin[2c])

(—Cos[Zc] \JCos[dx] +1Sin[dx] +1Sin[2c] v/ Cos[dx] + 1 Sin[dx] )

d
/2 Cos[dx] +21iSin[dx] J'L+Tan[—x} (a+iaTan[c+dx])*? /
2

d (eSec[c+dx])>? (Cos[dx] +1iSin[dx])®? jfTan[d—X}
2

L (—1)1/4(Cos[ﬂ—iSin[§}) i+Tan[d7X}
- [Z+Z) ArcTan | |-

Ji—Tan[dTX]

V-1+1 (Cos[ﬂ—jsin{ﬂ) 11+Tan{d7x}
JiAr'cTan[ }
No1-d Ji—Tan[dTX}
Sec[dfx}z Cos[g}—jsin[g]) (Cos[2c] -isin[2c])
2 2 2
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\/J‘l—Tan[dTX} \/1+Tan[d—x}
. (-1)%* (Cos[5 | -isin| W
(1 1) ArcTan |

v2Cos[dx] +21Sin[dx] /

~
|

-+ — -1 Ar‘cTan

4 4 dix
JlfTan[T}

VA [cos ] -isin[£]] i Tan[ 4]

2

J | sec[©X] [cos[ ] - sin[ ]

V-1-1i 1—Tan[7)‘]

(Cos[2c] -iSin[2c]) V2Cos[dx] +2iSin[dX] j+Tan[d—X] /
2

dx
(J‘L—Tan[—
2

22 e (—1)1/4(Cos[§]—jsin[§]) 1+Tan[%]
- (;+;) ArcTan | ] -

Ji—Tan[dTX}

V-o1-1 j_Tan[dTX}

dx
(Cos[2c] -iSin[2c]) (24 Cos[dx] -2Sin[dx]) ]'HTan[—}/
2

1

\/2Cos[dx] +21iSin[dx] j_Tan[dl} J
2
dx}

j—Tan[T

(1+1) (Cos{g} —jSin[S]J (Cos[2c] -iSin[2c]) v/2Cos[dx] +21i Sin[dX]
2 2
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» -1+ sec[]? (cos[<] - isin[€])

7] ! +

2 4m\/jTan["2’<] \/]'lJrTan[dX]

2

i+Tan|

mSec[dTX}z(Cos[E}—jSin[E]) 11+Tan[d—x

2 2

[J‘L—Tan{dTX})NZJ /

Problem 416: Result more than twice size of optimal antiderivative.

dx

J (esec[c+dx])®?

va+iaTan[c+dx]

Optimal (type 3, 369 leaves, 11 steps):
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i e5/2 Ar‘cTan[l— 2 e \Ja+iaTan[c+dx] } i e5/2 Ar‘cTan[l . 2 e \Ja+iaTan[c+dx] }
“Ja +/eSec[c+dx] “Ja +/eSec[c+dx] 1

A2 a d \2 /a d 2+/2 /a d

2 iaT
jeS/zLog[a—\/—\/?\/F\/aJrla an(c+dx] +Cos[c+dx] (a+1‘1aTan[c+dx})]+

\VeSec[c+dx]
;JieS/ZLog[a+\/7\/?\/?\/a+]laTan[CerXJ +Cos[c+dx] (a+iaTan[c+dx])] -
2+/2 V/a d vJeSec[c+dx]
ie2+/eSec[c+dx] Va+1iaTan[c+dx]
ad

Result (type 3, 1531 leaves):

(Cos[c+dx] (eSec[Cerx])S/2

(ﬂlCos[c] vfCos[dx] +1Sin[dx] +Sin[c]/Cos[dx] +1 Sin[dx] )

v/Cos[dx] + 1 Sin[dx] )/(d\/a+iaTan[c+dx] )+

(-1)%* (Cos[i]fjsin[i]) 1'1+Tan[d7"]
(1+1) |ArcTan| ] -

d
%]

i-Tan|

VEI+ T (cos[ €] -isin[£]) [i+Tan[ 2]

i ArcTan| ]

m j—Tan[dTX]

Cos[c+dx] (eSec[c+dx])*? (Cos[g} —jSin[E}) (Cos[c] +isSin[c])
2 2

1 1
= Cos[c] VCos[dx] +1Sin[dx] + = 1iSin[c] v/ Cos[dx] +1 Sin[d x]
2 2

2 2

(Cos[dx] +iSin[dx]) j+Tan[dl] /d\/ZjZTan[dX}

L kl)”“(Cos[ﬂn‘xSin[ﬂ) Ji+Tan[d7X}
[4—+Z) ArcTan | | -1iArcTan|

Ji—Tan[dz—X]
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m(Cos[ | -isin] }) 11+Tan[d7x}

< <
2 2

V-1-1i [i-Tan[%¥]

2

(Cos[c] +isSin[c])~/Cos[dx] +iSin[dXx] /

(-1)%* (Cos[i]—iSin[i]) i+ Tan[ 4]

(§+§] ArcTan| | -

Ji—Tan[

VT (cos[£] ~isin[£]) [ Tan[ %]
jAr‘cTan[ } Sec[f}

N-1-1 Ji—Tan[Tx}

a

[Cos[%] —iSin[%}] (Cos[c] +isSin[c])~/Cos[dx] +iSin[dXx] 1+Tan[d7x} /

W (—1)1/4(CO5[§}-iSin[ﬂ) i+ Tan [ 4]
+ [;+E) ArcTan| ] -

dx]

j—Tan[T

m(Cos[i]—jSin[ﬂ) ]'1+Tan[d7x} c
i ArcTan| ) (COS[_] _iSin[_”

V-1-i i—Tan[dTX}

(Cos[c] +1isin[c]) (iCos[dx]-Sin[dx]) 1'1+Tan[d—x] /
2
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2

\/Cos[dx] + i Sin[dx] \/21_2Tan[d_x} ]+

‘(ul) (COS[E] -jSin[E}] (Cos[c] +1iSin[c]) +/Cos[dx] +1iSin[dx]
2 2

c <
i+Tan[d—X] 2 2

2

mSec[de]z (Cos[ }—J'lSin[c]) )

- 1

4m\/i—Tan[dz—x] J1+Tan[d7x]

mSec[dTX]z(Cos{E}—iSin[E]J 1+Tan{d—x}

2 2 2

/(4m

i-Tan[9*]

i (cos[<] -1 sin[<])* (i +Tan[2*]] ]] )

)
2]

i-Tan|

i (cos[<] ~isin[<])" (i +Tan[2X]) ]]J/

va+iaTan[c+dx]
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Problem 417: Result more than twice size of optimal antiderivative.

]>3/2

dx

J (esec[c+dx

va+iaTan[c+dx]

Optimal (type 3, 483 leaves, 11 steps):

i V2 Y e3/2 ArcTan[1 - VEYE faiaTanican)
Va +/eSec[c+dx]

dva-iaTan[c+dx] “Ja+iaTan[c+dx]

iv2 Va e3/2 ArcTan|1 + V2 Ve yaiaTanicsdx]
\Ja +/eSec[c+dx]

dva-iaTan[c+dx] va+1iaTan[c+dx]
{i\/?eyzLog[a— V2 a e Va-iaTan[c+dx]
\eSec[c+dx]

Sec[c+dx}J/ (\/Td\/afjaTan[Cerx] vVa+iaTan[c+dx] )7

| secic+dx]

| secic+dx]

+Cos[c+dx] (a-iaTan[c+dx]) ]

{j\geg‘/zLog[a+\/?\/;\/?\/ajaTan[CHjXJ +Cos[c+dx] (a-iaTan[c+dx]) ]

\JeSec[c+dx]
/(\/Td\/a—jlaTan[c+dx] va+iaTan[c+dx] )

Sec[c +dXx]

Result (type 3, 1683 leaves):

(-1)%* (Cos[i]—jSin[z i+Tan[d7"]

(1+1) -1 ArcTan| ] +

|0
—
—_

Cos[c+dx] (eSec[c+dx])>?

C C
Cos| — L Sin| —
5]+ isin[ ]

(Cos[dx] +isSin[dx])

(Cos[dx] Sec[c+dx] VCos[dx] +1iSin[dx] -iSec[c+dx]/Cos[dx] +1Sin[dx] Sin[dx]

\/ijTan[dzx} \/jnan[dzx] /
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(-1)%* (Cos[i]fjsin[i]) ]'HTan[d?X]

Ji—Tan[dTX}

\/Cos[dx] +1Sin[dx] \/ijTan[dX}
2

/[[jJrTan[dzx]] ]1+Tan[d7x} -

(-1)%* (Cos[i] 7]152“1[%]) ]‘HTan[dTX]
-1 ArcTan| | +ArcTan|

{[?:J

Ji—Tan{dTX}

m(Cos[ﬂ—iSin[ }) Ji+Tan{d7X}

<
2

V-o1od j—Tan[dx]

2

v/Cos[dx] + 1 Sin[dXx] \/Zj—ZTan[d—X} \/1’1+Tan[d—x}

2

(-1)%* (Cos[i] —iSin[i]) i+Tan[dTX]
—JiAr‘cTan[ ] +Ar‘cTan[

Ji—Tan[dTX}

Vo1 (cos[S] -isin[f]) i «Tan[ ] }J

V-1-1 jfTan[dX]

-1 ArcTan]| | +ArcTan|
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v/Cos[dx] + 1 Sin[dX] Ji+Tan[d7X] /{\/ZiZTan[dzx] (i+Tan[dZX}]]+

(_1)1/4 (COS[i]—iSin[i]) 1+Tan[TX]

(ngi—) 71'1Ar‘cTan[ ]+
Ji—Tan[dTX}
m(Cos[i]ijin[i]) ]HTan[d?]
ArcTan| )

-1-1 1- Tan[d?}

(Cos[iulsin{;])(iCos[dx]—Sin[dx})\/Zi—ZTan[de] \/i+Tan[dzx]/

1

v/Cos[dx] +1Sin[dx] —i+Tan[d—X])) +
2

dx}

—1'1+Tan[7

(1+1) [COS[C]+J].SIH[ }]\/Cos [dx] +1Sin[dx] \/Zj—zTan[d—X]
2 2 2

ax, mSec[%]z(Cos[i]—jSin[i]) .
4m\/jTan[d?x} J]‘HTan[dTX]

V-1+i Sec| d? Cos[€] -isin| ]) 11+Tan[d?x]

m(l Tan[2x] )" /

(Cos[‘]jsin[;])z(jJrTan[dzx])] ) (-1)"*sec[4x]? (Cos[i]—jsin[i])

j—Tan[TX]
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(- )1/4Sec[dx} (Cos[ﬂfjsin[ﬂ) i+Tan[ 9]

2 2
3/2 /

4 (Ji—Tan[dTX})

i (Cos[ | -isin[¢] ) (1+Tan —X

]

N

1+

Q.

) va+1iaTan[c+dXx]
1—Tan[

Problem 423: Result more than twice size of optimal antiderivative.

])7/2

dx

J (eseclc+dx
(

a+1’1aTan[c+dx})3/2

Optimal (type 3, 529 leaves, 13 steps):

3ie’/2ArcTan[1 - Y2 Ve yJa-iaTanicedx]
“Ja /eSec[c+dx]

adva+iaTan[c+dx] 2 W/adVa-iaTan[c+dx] Ja+iaTan[c+dx]

| seclc+dx]

ie? (eSec[c+dx])3/2

+

. +
3ie’/2ArcTan|1 + V2 Je yJa-iaTan[cidx] | sec[c+dx]
“Ja +/eSec[c+dx]

2 \/adVa-iaTan[c+dx] Ja+iaTan[c+dx]
V2 Wa Ve Va-iaTan[c+dx]
\eSec[c+dx]

Sec[c+dx}J/ (Z\H\Ed\/a—jaTan[Cerx] \/a+jaTan[c+dx] )—

+

3ie’/?Logla- +Cos[c+dx] (a-iaTan[c+dx]) ]|

V2 Wa Ve Va-iaTan[c+dx]
\eSec[c+dx]

Sec[c+dx}J/ (Zﬁ\/?d\/afjaTan[Cerx] vJa+iaTan[c+dx] )

3ie’’?Logla+ +Cos[c+dx] (a-iaTan[c+dx]) ]

Result (type 3, 5841 leaves):

(Cos[c+dx} (esec[c+dx])”? (Cos[dx] +1iSin[dx])>?

(—iCOS[C—dX] v/Cos[dx] +1Sin[dx] ++/Cos[dx] +1i Sin[dx] Sin[c—dx}))/
1

(d (a+1‘1aTan[c+dx])3/2) +
2d (a+iaTan[c+dx])??

3Cos[c+dx]? (eSec[c+dx})7/2 (Cos[dx] +jSin[dX])3/2
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(2-21) [i- Tan[ ] -2 Log|

[\/7\/1+Sin[c] ++/2 \/-1+Sin[c] Tan[d—x]—z i—Tan{d—X}
2 2

Ji+Tan[d—X] +Cot[£] {\/?x/1+sin[c] +v2 V/-1+Sin[c] Tan|

(1+1) (LMCot[i}) sin[ =]

2 2

dzx]+2\/]1Tan[dZX] Jjﬂan[dzx]]J/

( +Tan[dx}) +Cos[c} (1+Tan[

(Cos[g} —Sin[i])

2

d x
(Cos + Sln

]

Sln
V-1+Sin] 1+ Tan +V2 Log

(2-21) (COS[2]+ISIH[2]]

Sln[ ]{\/7\/1 +Sin[c] -+/2 V/1+Sin[c] Tan[d—x]+

2
d x dx
2i |i-Tan[—] |i+Tan[—
11\/11 an[z]\/JH an[z]

ﬁmTan[dzx}Jij\/jTan[d;] \/]‘1+Tan[dzx} ]]J/

\/?\/1+Sin[c] +

+Cos[£]
2

[Cos[g]fsin[g}) [Cos[c]+51n[c]) Cos| 1+Tan|

2 2

Sin[%} (1+Tan[ J | V1+sin( i+Tan|

(2+21) |i- Tan[ } \/—Log[

2

sin[ <]

A (1+1) (2 21Cot[2])51n[ &

2
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[\/?\/1+Sin[c] +/2 \/-1+Sin[c] Tan[d—x]-z j_Tan[d—X

2 2

]

Ji+Tan[d—X] +Cot [~ ]{ 2 A/-1+Sin[c] ++/2 /-1+Sin[c] Tan|

2

%X] +2\/]’1Tan[d7x] \/1’1+Tan[d7x] ]J

c c
(Cos + Sln

/

+Tan[dx}) +Cos[; (1+Tan[d

Sln
\V-1+Sin[ i+ Tan +2 Log
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Problem 424: Result more than twice size of optimal antiderivative.
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Problem 430: Result more than twice size of optimal antiderivative.
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Problem 431: Result more than twice size of optimal antiderivative.
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i an[z} (4 . os[2c] Sec|—] (os[ | -1 1n[2]J
VCos[dx] +1iSin[dx] |(1+1) (Cos[g]fjsin[i]] JifTan[d?X] +

(-1)** (Cos[£ | -isin| [i+Tan[9X]
\EArcTan[ Sln 1+Tan
/1—Tan 7x
2

V-1vi (cos[S]-isin[$]] [i+Tan[9X]
jﬁAr‘cTan[ }
V-1-1 Jl—Tan[dT]

3/2

Sin[c] 1+Tan{d—x} /[i—Tan{d—X}
2 2

c c
Cos[2c] (Cos[—} 7]151[’1{_]) (i Cos[dx] -Sin[dx])

(1 i
— .=
2 2 2 2

(1+1) (cOs[g} Jﬁn[i]) i-Tan|[—
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(—1)1/4 (Cos[ | -isin| |i+Tan| 7"
ArcTan | | sing i+Tan| +i2
IJL—Tan d?

V-o1+id (Cos[ | -isin| [i+Tan| d?
ArcTan | | sing i+Tan|

V-1-i [i-Tan] TX
d 1
{\/Cos[dx]+1sin[dx] jlfTan[—X} -
2
: dx
L—Tan[ 5 ]

(1+1i) Cos[2c] (COS[E] 7151n[5]] /Cos[dx] +iSin[dx]
2 2

(i+ i) Sec[%"]2 (Cos[i] ﬂisin[i])

- +

1—Tan[7"]

(_1)1/4 (COS[%}—]‘l Sin[ﬂ) J'1+Tan[dfx} } Sec [ dx ] 2 Sin [CJ

ArcTan [ —
2

Ji—Tan{dz—x}

22 [i+Tan[9]

2

VETT [cos[£] ~isin[£]) [ Tan[ %]

i ArcTan| ] Sec[d—x]zs:'m[c} /
V-1-1 j—Tan[dX}

{2ﬁ i+Tan[de}]+

V-1+1i sec[9%]? (cos[€] -isin[€
i V2 sinfc] |1+ Tan[ %X [4¢]* [cos[5] 51)
2

4m\/j—Tan{de] \/Ji+Tan[dTX]
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- dx,\3/2 J'L(Cos[i]—jSin[i])z(jJrTan[dTX
(H*Tan[7] ] /{1 I_Tan[dz_x]
V2 sin(c] i+Tan[d7X] (—1)1/4Sec[de]2(cOs[i]ijin[i])+
4\/1-Tan[d7x} \/J‘L+Tan[de]
{(1)1/4sec[dzx]2(cOs[;]1Sin[;]) 11+Tan[d7x} /
. X .\3/2 Ji(Cos[i]—iSin[i])Z(jJrTan[dTX])
(4 (I—Tan[d?] ] /[1+ e ]
(a+jaTan[c+dx])5/2 _ 1 .

d(a+iaTan[c+dx])>?

Cos |
c+
d
X]
(eSec[c+dx])7/2 (Cos[dx] +jSin[dx})5/2

1
17Tan[d7"]
1 i [« c
(*+f Cos[2c] [Cos[f]—jsin[ﬂ)
2 2 2 2

v/Cos[dx] +1Sin[dx]
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(2—2]‘1) i- Tan[ } \/7Log[

A (2+2]‘L)Cos[d7x] (LMot[%})

{Cos[:]

Sln[ ] [\/_x/1+51n ++/2 \/-1+Sin[c] Tan[d—x]—

2
2\/1’1—Tan[d7x] \/J‘HTan[de] cot[ ]

2 A/-1+Sin[c] Tan[d—x}+2\/iTan[d—X] \/1’1+Tan[d—x}
2 2 2

—\/7\/—1+Sin[c] +

/

(Cos < | -sin| c Cos C +Sln[c]] (Cos{l (c+dx)]+51n[1 (c+dx)]

2 2
V-1+Sin] 1+ Tan +V2 Log

2 A/1+Sin[c] -2 v/1+Sin[c] Tan[d—x}+

2
dx dx
21 i-Tan| — i+ Tan| —
J].\/Jl {2}\/]].+ [2}

A2 v/1+Sin[c] Tan[d—x]+21\/jTan[d—X} \/]’1+Tan[d—x]
2 2 2

|

(2- 21)Cos[dzx] [Cos[ | +isin|[— })

Sln[ ]

A2 /1+Sin[c] +

+Cos{£}
2

/

Cos{i (c+dx)] - Sln[i (c+dx)]

c c C c
(Cos - Sin| Cos ] +Sin| — ]]

|

\V1+Sin] 11+Tan

2

—Sln {2+21) i- Tan[cI ]

V2 Log|

2 2

(2+21)Cos[ A * (1 iCot|— ])sln[c]z[ﬁm+

A2 A/-1+Sin[c] Tan[dx]z\/jTan[dX} \/j+Tan[dX] +Cot[g}
2 2 2 2

—\E\/—1+Sin[c} +\E\/—1+Sin[c} Tan[de}JrZ j—Tan[de]

2 2




148 | Mathematica 11.3 Integration Test Results for 4.3.1.2 (d sec)™m (a+b tan)”~n.nb

11+Tan[d7x] ]/ (cOs[g]_sm[;] (cos[gpsm[;)
Cos[%(c+dx)]+sin[§(c+dx)} ]]\/m J'L+Tan[d7x} +

V2 Log| Va Vivsin -

(2-21) COS[dTX] (Cos[g} +i$in[5])

5 5 Sin[— }

\Emnn[dx]uj\/jmn[dx} \/jﬂan[dx] ]+
2 2 2

Cos[ | |[v2 V1+Sin[c] + \/—mTan[dTX]JrZi Ji—Tan{dTX}
]‘HTan[d?X] ]/ (Cos[g]fsin[i}](Cos[§]+sin[;)

] ]]m i+ Tan [ %]
2

c c
(1+1) Cos[dx] Sec[c+dx] (Cos[—} —JiSin[—]) Sin[2c])? (Cos[dx] +1iSin[dx])
2 2

Cos[i (c+dx)] 7Sin[§ (c+dx)

(1+4) [cos[S] - isin[ ]| i—Tan[dTX] .

(—1)1/4 (Cos | -isin| [i+Tan] 7"
V2 ArcTan [ Sln 1+ Tan
i- Tan 7x
A/ 2

Vo1e1 [cos[£] - isin[€]] [+ Tan[<X]
j\/?Ar‘cTan[ ]
Vo1-1 i- Tan[dT]
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1 1 dx.2 C . C . -
- [*+f Sec[f} Cos[f}—J‘LSln[f])Sln[2c]\/Cos[dx]+J'151n[dx]
4 4 2 2 2
(1+1) (Cos[i] —jSin[E]J j_Tan[d—X} ++/2 ArcTan |
2 2 2

(—1)1/4 (Cos[i] —jSin[i}) l]'1+Tan[d7X}
| sinfc] 11+Tan[d7x} +
/i—Tan[de]

V-1+1 (Cos[ﬂ—isin[ﬂ) 11+Tan[d7x}
i+/2 ArcTan]| ]
V-1-i _[i-Tan[%X]

2
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(-1)%* (Cos[i] ﬂisin[i]) 11+Tan[d7x]
ArcTan | | sinfc]

J‘l—Tan[d?x]

iy V-1+1 (Cos[i]fjsin[i]) 11+Tan[d7"]
i+Tan[—] +i+/2 ArcTan| ]

2
V-1-i [i-Tan[%X]

\/Cos[dx] +1Sin[dx] JifTan[d—X]
2

Sin[c] 1'1+Tan[dfx} /
2

(1+1) [cOs[S} msm[g}) Sin[2c] v/Cos[dx] + i Sin[d x]
2 2

(_1>1/4 (cos[i]—jsin[i]) Ji+Tan[d7"]
]Sec[dTX}ZSin[c] / 22
i—Tan{dTX]
V-1+1 (COS[i]—iSin[i]) 1'1+Tan{d?x]
1'1+Tan[d7x] JJr JiAr‘cTan[ ]
Vo1oi Ji—Tan[dTX}

22 i+Tan[d—X]

2

Sec[d—X}ZSin[c] / +

2
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d x V-1+1 Sec[dTX]z(Cos[g]—iSin[i])

iV2 Sinfc] [i+Tan|[—] +

’ 4x/-1-j\/]1_Tan[dX} \/J’L+Tan[dx]

2 2

/[4\/17

2 2 2

[msec[‘?f{COs[chSinﬁ) el

(Ji—Tan[d%]

g /{l_ﬂ(cosmisin[§1)2(i+Tan[%]>]+

1+

17/

i (cos[€] - isin[<])° (1’1+Tan[d7"])]

i—Tan{T}

Problem 443: Result unnecessarily involves higher level functions.

(dsecle+fx])??
J( dx

a+1’1aTan[e+1:x}>7/3

Optimal (type 3, 437 leaves, 9steps):
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Jl(dSec[e+-Fx])2/3 5x(dSec[e+-Fx])2/3
- +
1/3

7/3

4f (a+iaTan[e+fx]) 72 2*32%3 (a-iaTan[e+fx])"? (a+iaTane+fx])

, 1/3.92/3 (5 4 1/3
5]1Ar‘cTan[a +2 w;??“”” } (d Sec[e+fx])2/3
3 a’/

12 22/3+/3 a5/3 f <afjaTan[e+-Fx})1/3 (a+1‘1aTan[e+-Fx])1/3

5ilog[Cos[e+fx]] (dSec[e+fx])??

72 222a%3f (a-iaTan[e+fx])"? (a+iaTan[e+fx])"?

51 Log[21/2al/3 - (a—JlaTan[ewa])lB} (dSec[e+-Fx])2/3

.
24 223353 f (a-iaTan[e+fx])"’ (a+iaTan[e+fx])’

5i (dSec[e+fx])*?

24f (a+iaTan[e+fx])"? (a?+ia’Tan[e+fx])
Result (type 5, 138leaves):

|

iSec[e+fx]? (dSec[eH‘:x])Z/3 11+11Cos |2 (e+fx)] +10e?’ (¢F (1+<e’2f”e*f")>1/3

|/

Hypergeometric2Fi | , —e 2t ef ] 5isin[2 (e+fx)]|

w | A

1
y
3

NW R

(48a21c (-i+Tan[e+fx]) (a+1‘1aTan[e+Fx])1/3)]

Problem 444: Result unnecessarily involves higher level functions.

(dsecle+fx])??
j( dx

a+iaTanfe+fx])*?

Optimal (type 3, 378 leaves, 8steps):

i(dSec[e+fx1>2/3 x<dSec[e+'FX])2/3
- +

2f (a+1‘1aTan[e+fx])4/3 6  22/3 32/3 (a—jaTan[e+-Fx}>1/3 (a+j1aTan[e+-Fx}>1/3

1/3,.52/3 s 1/3
JiAr‘cTan[a’ +2%/> (a-iaTan[e+fx]) } <d Sec[e+fx])2/3

NEW L B
2224/3 a?3f (a-iaTan[e+fx])¥? (a+iaTan[e+fx])>
iLog[Cos[e+fx]] (dSec[e+fx])??

6 223323 f (a—1’1aTan[e+-Fx])1/3 (a+1’1aTan[e+-Fx])1/3

ilog[2t/3al?- (a-iaTan[e+fx])"?] (dSec(e+fx])*?

2223323 f (afJiaTan[ewa])l/3 (a+1’1aTan[e+-Fx])1/3

Result (type 5, 118 leaves):
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i e—z 1 (e+fx)

“2i (e+f
, —e i (e+ x)}

) . . 1
(1 vt (eFX g2l (e (1, g2t (erFX)) 2 Hypergeometric2F1[ =, =,

w | =
w b

(dSec[e+fx])2/3]/ (4af (a+1‘1aTan[e+fx])1/3)

Problem 445: Result unnecessarily involves higher level functions.

1/3

J (dsecfe+fx])??
(

a+iaTan[e+fx])

Optimal (type 3, 340leaves, 6 steps):

al’3 x (dSec[e+-Fx}>2/3

- +
2222 (a-iaTan[e+fx])*? (a+iaTan[e+fx])*?

1/3,.92/3 : 1/3
i+/3 al/3 ArcTan[ 2% “\'/Lﬂfz[e*fx” | (dsecle+fx])*?
3 av/

223 f (a-iaTan[e+fx])"? (a+iaTan[e+Ffx])*?

i al/? Log[Cos[e+fx]] (dSecle+fx])??

2 22/31C(a—JiaTan[eJr-Fx})l/3 (a+1’1aTan[e+-Fx])1/3

3ial3Log[2¥3al? - (a-iaTan[e+fx])"?] (dSecle+fx])??

2223 fF (a—JiaTan[e+-Fx])1/3 (a+1’1aTan[e+Fx])1/3

Result (type 5, 116 leaves):

d e]‘l (e+f x)

)

[3 i (1+efz]1 (e+fx)>1/3 [

(22/3

Problem 454: Result more than twice size of optimal antiderivative.

2/3 1
_ Hypergeometric2F1[ =,
1+ eZJi (e+f x)

3
a2l (erfx) \1/3
7) .F

1 +(EZI'L (e+f x

1
3

w | b

-21 f
, —e 1 (e+ X)]]/

dx

J (eseclc+dx])"

a+1aTan[c+dX]

Optimal (type 5, 86 leaves, 4 steps):
m m 2+m 1
-, , — (1-iTan[c+dx]) ]
20 2 2
m/2

i 2772 Hypergeometric2F1 [2-

3

adm ;
(esec[c+dx])" (1+iTan[c+dx])"

Result (type 5, 212leaves):
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) ej (c+d x)
_ ( []'l 2—1+m et (c+d mx)

m
(1+e2j1 (c+dx)>m
1+e211 (c+d x)

) 1 m )
(e“’ (-2 X ;m Hypergeometric2F1| = (-2+m), m, —, —e2® (9] 4
2 2
i (2c+dmx) . m 2+m 21 (c+dx) 1-m
e (-2 +m) Hypergeometric2F1[ =, m, s —@ || secfc+dx]
2 2

(esec[c+dx])" (Cos[dx] +iSin[dx])

/(d (-2+m)m (a+jaTan[c+dx]))}

Problem 455: Result more than twice size of optimal antiderivative.

J (eseclc+dx])"
(

a+JiaTan[c+dx}>2

dx

Optimal (type 5, 86 leaves, 4 steps):
1

. 240 . m m 1 .
i 2 °": Hypergeometric2F1[3 - —, —, , —(1-iTan[c+dx])]
adm 2 2 2 2
(esec(c+dx])" (1+iTan[c+dx])™?
Result (type 5, 279 leaves):
1

_ i 2—2+m e—]’l (2 c+dmx) (
d(-4+m) (-2+m)m(a+iaTan[c+dx])?

e]'l (c+d x)

m
<1+621'1 (c+dx))m
1+@2jl (c+d x)

et (4M X (_2 . m) mHypergeometric2F1|

N |

(-4+m), m,

N |

(72+m), 7e2i(c+dx)] N

et (-4+m) |29 2™ X mHypergeometric2Fl |

N |

(—2+m>, m, m, —e““*dx)] +
2
2+m 7(92]'1 (c+dx)})

2

. m
et (2¢:4mX) (2 4 m) Hypergeometric2F1[—, m,
2 2
Sec[c+dx]?™ (eSec[c+dx])" (Cos[dx] +iSin[dx])?

Problem 456: Result more than twice size of optimal antiderivative.

dx

j (esecfc+dx])"

(a+1‘1aTan[c+dx1>3

Optimal (type 5, 86 leaves, 4 steps):

addm
(esec[c+dx])" (1+iTan[c+dx])™

. a-3+ 0 . m 1 .
i 27"z Hypergeometric2F1[4 - =, —, , —(1-iTan[c+dx])]
2 2

Result (type 5, 347 leaves):
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1

d(-6+m) (-4+m) (—2+m>m(a+1’1aTan[c+dx})3

5 ) 4 ei (c+d x) m ) 4 .
i2° +m et (3c+dmx) <1+e21(c+ x)>
)

1+ezj (c+d x

) 1 1 . )
(eld(’s*"‘)xm (8 -6m+m?) Hypergeometric2F1[ = (-6+m), m, — (-4+m), —e2* (@] 4 g2ic
2 2
) 1 1 .
(-6+m) [3e @#MX (_2.m) mHypergeometric2F1[ = (-4+m), m, — (-2+m), —e2* (9] 4
2 2
2ic id (-2+m) x s 1 m 21 (c+dx)
et (~4+m) [3e mHypergeometric2F1[ = (-2+m), m, =, -e |+
2 2
. m 2+m .
et (2¢+dmX) (2 . m) Hypergeometric2F1[ —, m, , —e?t (c*d’”]] ]
2 2

Sec[c+dx]*™ (eSec[c+dx])" (Cos[dx] +JiSin[dx}>3

Problem 466: Result more than twice size of optimal antiderivative.

JSec[c+dx}4 (a+iaTan[c+dx])"dx

Optimal (type 3, 65leaves, 3 steps):

2+n 3+n

i(a+iaTan[c+dx])
+

azd(2+n> a3d(3+n>

2i (a+iaTan[c+dx])

Result (type 3, 143 leaves):

) ) ej (c+d x) n )
([]-123+ne41(c+dx) (eldx>n( (3+e21(c+dx)+n> SeC[C+dX]7n
)

1+<EM (c+d x

(Cos[dx] +isSin[dx]) ™" (a+iaTan[c+dx])"

/(d (1+e2t ()3 (24 n) (3+n))]

Problem 467: Result more than twice size of optimal antiderivative.
JSec[c+dx}2 (a+iaTan[c+dx])"dx
Optimal (type 3, 32leaves, 2 steps):

i (a+iaTan[c+dx1)1*"

ad(1+n>

Result (type 3, 111 leaves):
_r
d (1 + n)

Sec[c+dx] ™" (Cos[dx] +iSin[dx]) ™" (a+iaTan[c+dx])"

i 21 i (cvdx) (ejdx n €

i (c+dXx) 1+n
) ]

1+e21'1 (c+d x
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Problem 468: Result more than twice size of optimal antiderivative.

JCos[c+dx}2 (a+iaTan[c+dx])"dx

Optimal (type 5, 56 leaves, 2 steps):

1 . . 1 . . -1+n
——————1i aHypergeometric2fF1[2, -1+n, n, — (1+iTan[c+dx]) ] (a+iaTan[c+dx])
4d (1-n) 2
Result (type 5, 256 leaves):
1 ) ) (eil (c+d x) n ) )
_ J1_2—3+n(e—211(c+dnx) <endx n ) <(621d(—1+n)x+621(c+dnx))n(1+n)+
dn(—1+n2) 1+ @2t (cvdx)

2 @21 (crdnx) (1+<erl (C*d"))” (—1+n2) Hyper‘geometr‘icZFl[n, n,1+n, -e%! (C*dx)} +
21 Zerdxadna (14 21 (<d¥) 1 (_1 4 n) nHypergeometric2F1[n, 1+n, 2+n, —e*! (4% ])
Sec[c+dx] ™" (Cos[dx] +iSin[dx]) " (a+iaTan[c+dx])"

e

Problem 469: Unable to integrate problem.
JCos[c+dx}4 (a+iaTan[c+dx])"dx

Optimal (type 5, 60 leaves, 2 steps):

i a® Hypergeometric2F1[3, -2+n, -1+n, — (1+iTan[c+dx]) ]| (a+iaTan[c+dx])’2*"

N |

8d (2-n)
Result (type 8, 26 leaves):

JCos[c+dx}4 (a+iaTan[c+dx])"dx

Problem 470: Unable to integrate problem.

JCos[c+dx}6 (a+iaTan[c+dx])"dx

Optimal (type 5, 60 leaves, 2 steps):
_
16d (3-n)

1
i a® Hypergeometric2F1[4, -3+n, -2+n, — (1+iTan[c+dx])] (a+jaTan[c+dx])’3*”
2

Result (type 8, 26 leaves):

JCos[c+dx]6 (a+iaTan[c+dx])"dx
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Problem 474: Result more than twice size of optimal antiderivative.

JCos[c+dx} (a+iaTan[c+dx])"dx

Optimal (type 5, 85leaves, 4 steps):

1 , 1 3 11 .
-=i2 2" Cos[c+dx] Hypergeometric2F1[-~, = -n, =, = (1—1Tan[c+dx])]
d 2 2 2 2
1
(1+1‘1Tan[c+dx])z"n (a+iaTan[c+dx])"
Result (type 5, 195leaves):
i +d -1+n
_71 i 271 (eidx)n et (crdX) ]
d(-1+4n?) 1+ 2t (crdx)
2i (c+dx) )\ -1+n : 1 1 2i (c+dx)
(1+e ) (1+2n) Hyper‘geometr‘lc2F1[—£+n, n, =+n, -e |+
21 (c+dx s 1 3 21 (c+dx
e?!(¢+dX) (_1.2n) Hypergeometric2F1[n, =~ +n, = +n, -e?* (¢4

2
Sec[c+dx] ™" (Cos[dx] +iSin[dx]) " (a+iaTan[c+dx])"

Problem 475: Result more than twice size of optimal antiderivative.

JCos[c+dx}3 (a+iaTan[c+dx])"dx

Optimal (type 5, 94 leaves, 4 steps):

% , _ 3 5 11 ,
- 22" Cos[c+dx]®Hypergeometric2F1[- =, = -n, - =, — (1-iTan[c+dx])]
3ad 2 2 2 2
(1+iTan[c+dx]):" (a+iaTan[c+dx])""
Result (type 5, 321 leaves):
1 e]'l (c+d x)

_ i 2—3+n e—BJ’l (c+d x) (eidx>n
d (9—40n2+16n4)

n
(1+ezi (c+dx))n
1+ezi (c+d x)

3 1 .
(-3-2n+12n”+8n’) Hypergeometric2F1[- = +n, n, - —+n, —e** (<90 ],
2
21 (c+dx) 2 s 1 1 21 (c+dx)
e (-3+2n) |3 (3+8n+4n?) Hypergeometric2F1[-~+n, n, —+n, -e |+
2 2
21 (c+dx) s 1 3 21 (c+dx)
et (4% (_1.2n) | (9+6n) Hypergeometric2F1[n, —+n, —+n, —e>! (90 ]
2 2

) 3 5 )
@21 (crdXx) (1+2n) Hyper‘geometr‘icZFl[n, ~+n, —+n, -2t <c*dx>]]))
2 2

Sec[c+dx] ™" (Cos[dx] +iSin[dx]) " (a+iaTan[c+dx])"

| 157
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Problem 476: Unable to integrate problem.

JCos[c+dx}5 (a+iaTan[c+dx])"dx

Optimal (type 5, 94 leaves, 4 steps):

5 5 7
- i22"Cos[c+dx]® Hyper‘geometr‘icZFl[— -, —-hn, -
5a%d 2 2
1
(1+iTan[c+dx]): " (a+iaTan[c+dx])

N w
N | =

(1—1‘1Tan[c+dx]”

2+n

Result (type 8, 26 leaves):

JCos[c+dx}5 (a+iaTan[c+dx])"dx

Problem 497: Result more than twice size of optimal antiderivative.

j(eSec[c+dx])’2“ (a+iaTan[c+dx])"dx

Optimal (type 5, 65leaves, 3 steps):
1
2dn

i Hypergeometric2F1[1, -n, 1-n, 1 (1-iTan[c+dx])] (eSec[c+dx]) " (a+iaTan[c+dx])"
2

Result (type 5, 152 leaves):
1

_dn

p2°1"n idxj\n -2 (c+dx)\-n i (crdx)
i2 (‘E ) <1+<e )

e - .
———————| Hypergeometric2F1[-n, -n, 1-n, —e 2% (©dx)]
1+ eZJ'L (c+d x)

Sec[c+dx]" (eSec[c+dx1)'2” (Cos[dx] +isSin[dx]) " (a+iaTan[c+dx])"
Problem 498: Result more than twice size of optimal antiderivative.
J(eSec[c+dx])’1’2” (a+iaTan[c+dx])"dx

Optimal (type 5, 95leaves, 5steps):

1, ., . 1 1 1
=i 22 "Hypergeometric2F1[-~, = (3+2n), —,
d 2 2 2

N |

(1+iTan[c+dx]) |

(eSec[Cerx])’l’2n (1-iTan[c+dx])z" (a+iaTan[c+dx])"

Result (type 5, 192 leaves):
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i +d -1-n
11’1 >-1n ((eidx>n _elled
d 1+ ezi (c+d x)
. 1 1 .
(1+e2t (crdx)ion (Hyper‘geometricZFl [-=, -n, =, —e? (a0 ]
2 2
. 1 .
e? ! (<4 Hypergeometric2F1[ ~, -n, =, -2 (9 ]| Secc+dx]*"

3

2 2

(esec[c+dx])*?" (Cos[dx] +iSin[dx])™" (a+iaTan[c+dx])"

Problem 499: Result more than twice size of optimal antiderivative.
J(eSec[c+dx])’2’2” (a+iaTan[c+dx])"dx

Optimal (type 5, 74 leaves, 4 steps):

i Hypergeometric2F1[2, -1-n, -n, — (1-1iTan[c+dx])]

N |

_4ad(1+n)

(esec(c+dx]) 2™ (a+iaTan[c+dx])"

Result (type 5, 335leaves):
o r
“de?n (-1+n?)
((1+e?*(©99)"n (1+n) Hypergeometric2F1[1-n, -n, 2-n, —e 2 (<4 ]
o2 (crdx) (—1+n) ((1+efzjl (c+dx)>n (_1+ (1+e“ (c+dx))n+e211 (c+d x) (1+<e2j (c+dx))n) N
2 (1+e®* (<99)" (14 n) Hypergeometric2F1[-n, -n, 1-n, —e 2% (<4 ]))
Sec[c+dx]" (eSec[c+dx])’zn (Cos[dx] +isSin[dx]) ™" (a+iaTan[c+dx])"

eJ'l(C+dX)

]-12—3—n e—ZJ’L (c+d x) (eidx>n <1+e—2j1 (c+dx))*n ( )]n <1+eu (c+dx)>*n

1+<EZi (c+d x

Problem 500: Result more than twice size of optimal antiderivative.

J(eSec[c+dx])’3’2” (a+iaTan[c+dx])"dx

Optimal (type 5, 97 leaves, 5 steps):

S . 3 1 1 )
——1 22 "Hypergeometric2F1 |- =, = (5+2n), -—, — (1+iTan[c+dx])]
3d 2 2 2

(eSec[c+dx])’3’2” (1—1’1Tan[c+dx1)§+" (a+iaTan[c+dx])"

N R

Result (type 5, 273 leaves):
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1 . )
i 2—3—n e—31 (c+d x) (endx n

3d

ei (c+d x) -n
) J

1+eZJ'1 (c+d x

(1+ erL (c+dx)>*n

3 1 .
Hypergeometric2F1[- =, -n, - =, —e?! (<rdX) ]
2 2

i 1 1 .
9 e?! (¢+4X) Hypergeometric2F1[- ~, -n, —, —e** (<40 ] _
2 2

) 1 3 .
9 e*! (¢*9%) Hypergeometric2F1[ =, -n, =, -e?* (/40 ] _
2
3 5
2 .n, 2
2 2
(eSec[c+dx]) 2" (Cos[dx] +iSin[dx]) ™" (a+iaTan[c+dx])"

e®! (¢+4X) Hypergeometric2Fil| , —e2 B0 ]l secic+dx]3

Problem 501: Result more than twice size of optimal antiderivative.

J(dSec[emcx])z“ (a+iaTanfe+fx]) " dx

Optimal (type 5, 66 leaves, 4 steps):

1
i Hypergeometric2F1[3, n, 1+n, — (1-1iTan[e+fx])]
8a’fn 2

(dSec[e+fx])2” (a+iaTan[e+fx])™"

Result (type 5, 257 leaves):
1
fn(1+n) (2+n)

(e*®(¢FX) (24 3n+n?) Hypergeometric2F1[n, n, 1+n, —e 2! (¢F ],
2e?*®FX n (2+n) Hypergeometric2F1|n, 1+n, 2+n, —e 2% (¢F ]
n(1+n) Hypergeometric2F1[n, 2+n, 3+n, -e 2! (e”cx)” Sec[e+fx]%™"

(dSec[e+-Fx})2” (Cos[fx] +JiSin[-Fx])2+" (a+JlaTan[e+-Fx])’2’”

i 2—3+n e—ZJ‘l (e+2 fx) (ejfx)*ﬂ (1 +e—21‘1 (e+fx)\n

ei (e+f x) n
) ]

1+(E2jl (e+f x

Problem 502: Result more than twice size of optimal antiderivative.

J(dSec[eﬂcx])Z" (a+iaTan[e+fx]) ' dx

Optimal (type 5, 66 leaves, 4 steps):

i Hypergeometric2F1[2, n, 1+n, — (1-iTan[e+fx]) |

N |

4afn
(dsecle+fx])?" (a+iaTan[e+fx])"

>

Result (type 5, 206 leaves):

(e]i (e+f x) n
]-1272+n (efi (e+2 fx) (eifx>*n <1+e—21(e+fx) n ]
)

1+ (821'1 (e+f x

fn (1+n)
(e“ (e+fx) (1 + n> Hyper‘geometr‘icZFl[n, n,1+n, —e?*t <e*“)] +

n Hypergeometric2F1l[n, 1+n, 2+n, -e2* “*“c")]) Sec[e + fx]1™

(dsec[e+fx])?" (Cos[fx] +1iSin[fx])"" (a+iaTan[e+fx]) "
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Problem 503: Result more than twice size of optimal antiderivative.

J(dSec[ewa])Z” (a+iaTan[e+fx]) "dx

Optimal (type 5, 63 leaves, 3 steps):

1 1
i Hypergeometric2F1[1, n, 1+n, — (1-iTan[e+fx] )]
2fn 2
(dSec[e+fx])2” (a+iaTan[e+fx])"
Result (type 5, 144 leaves):
1 ei (e+f x)

i 2—1+n (eﬁfx)*n (1+e—2j (e+fx)\ N
fn

Sec[e+fx] ™" (dSec[e+fx])?" (Cos[fx] +1iSin[fx])" (a+iaTan[e+fx])™"

n
————————| Hypergeometric2Fi[n, n, 1+n, -e 2! (&Fx0]
1+ (621'1 (e+f x)

Problem 508: Result more than twice size of optimal antiderivative.

JSec[c+dx}5 (a+bTan[c+dx]) dx

Optimal (type 3, 74 leaves, 4 steps):
3aArcTanh[Sin[c+dx]] bSec[c+dXx]?

8d : 5d
3aSec[c+dx] Tan[c+dx] aSec[c+dx]3Tan[c+dX]

+

8d 4d

+

Result (type 3, 207 leaves):
3aLog[Cos[i (c+dx)] 7Sin[§ (c+dx)]]

+

8d
3aLog[Cos[i (c+dx)] +Sin[§ (c+dx)]] bsec[c+dx]5
+ +
8d 5d
3a
N
16d (Cos[% (c+dx) ] —Sin[% (c+dx)”4 16d (Cos[% (c+dx) ] —Sin[% (c+dx)”2
a 3a

16d (Cos[i (c+dx)] +Sin[i (c+dx)”4 16d (Cos[i (c+dx)] +Sin[§ (c+dx”)2

Problem 512: Result more than twice size of optimal antiderivative.
JSec[c+dx} (a+bTan[c+dx]) dx
Optimal (type 3, 24 leaves, 2 steps):

aArcTanh[Sin[c+dx]] bSec[c+dx]
+

d d
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Result (type 3, 81leaves):
aLog[Cos[§+d?X}—Sin[§+d7xH alog|Cos]| §+dTXH bSsec[c+dx]
- + +

d d d

Problem 520: Result more than twice size of optimal antiderivative.
JSec[c+dx}2 (a+bTan[c+dx])2d1x
Optimal (type 3, 22leaves, 2 steps):

(a+bTan[c+dx])3
3bd

Result (type 3, 56 leaves):

idSec[Cerx}2 (6ab+ (3a%+b*+ (3a%-b?) Cos [2 (c+dx)]) Tan[c+dx])
6

Problem 523: Result more than twice size of optimal antiderivative.
JSec[c+dx17 (a+bTan[c+dx])?dx

Optimal (type 3, 163 leaves, 6 steps):
5 (8a2-b?) ArcTanh[Sin[c+dx]] 9abSec[c+dx]’

+ +
128 d 56d
5 (8a%-b?) Sec[c+dx] Tan[c+dx] 5 (8a%*-b?)Sec[c+dx]>Tan[c+dx]
+ +
128d 192d
(8a?-b?) Sec[c+dx]°Tan[c+dx] bSec[c+dx]’ (a+bTan[c+dx])
+
48d 8d

Result (type 3, 1521 leaves):

S5abCos[c+dx]? (a+bTan[c+dx])2

56d (aCos[c+dx] +bSin[c+dx}>2

(5 (8a%-b?) Cos[c+dx12Log[Cos[1 (c+dx)]-sin]
2

N |

(c+dx)]] (a+bTan[c+dx})2]/

(128d (aCos[c+dx] +bSin[c+dx])2> +
(5 (8a%-b?) Cos[Cerx}zLog[Cos[1 (c+dx)] +Sin[1 (c+dx)]] (a+bTan[c+dx})2]/
2 2

128d (aCos[c +dx] +bSin[c+dx])2> N (bZCos[c+dx]2 <a+bTan[c+dx}>2)/
8

Cos[% (c+dx)] —Sin[% (c+dx)]

(aCos[c+dx] +bSin[c+dx])2) +

Cos[% (c+dx)] —Sin[; (c+dx)] °

(acCos[c+dx] +bSin[c+dx})2] +
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((112a2+64ab—7b2> Cos[c+dx]? (a+bTan[c+dx])2)/

Cos[1 (c+dx)] —Sin[1 (c+dx) ] '

{1792 d
2 2

(acCos[c+dx] +bSin[c+dx})2] +

(5 (56a%+16ab-7b?) Cos[c+dx]? (a+bTan[c+dx])2)/

Cos[l (c+dx)] _sin[l (c+dx)] 2

{1792 d
2 2

(aCos[c+dx] +bSin[c+dx1)2] +

(abCos[c+dx]ZSin[l (c+dx” (a+bTan[c+dx})2J/
2
7
1 (c+dx)] —Sin[l (c+dx)]

Cos|
2 2

[28d

(aCos[c+dx] +bSin[c+dx1)2] +

(abCos[c+dx]2Sin[E (c+dx” (a+bTan[c+dx})2J/
2

5
[14d Cos[l (c+dx)] —Sin[l (c+dx”) (acCos[c+dx] +bSin[c+dx})2J +

2 2

(5abCos[c+dx]2Sin[l (c+dx) ] (a+bTan[c+dx])2)/
2
3
Cos[l (c+dx)] —Sin[1 (c+dx)]

[56d
2 2

(acCos[c+dx] +bSin[c+dx})2J +

(5abCos[c+dx}ZSin[l (c+dx)] (a+bTan[c+dx])2)/
2

(56d

Cos[1 (c+dx)] 7Sin[1 (c+dx”) (acCos[c+dx] +bSin[c+dx])2] -
2 2

(bZCos[c+dx]2 (a+bTan[c+dx}>2)/
8

Cos[1 (c+dx)] +Sin[l (c+dx)]

[128d
2 2

(aCos[c+dx] +bSin[c+dx])2) -

(abCos[c+dx]ZSin[E (c+dx)] (a+bTan[c+dx})2J/
2

7
{st (Cos[l (c+dx)] +Sin[1 (c+dx”) (acCos[c+dx] +bSin[c+dx})2J +
2 2

((728a2+24ab77b2) Cos[c+dx]2 (a+bTan[c+dx])2)/
6

Cos[1 (c+dx) ] +Sin[1 (c+dx) ]

{1344 d
2 2

(acCos[c+dx] +bSin[c+dx})2] -

(abCos[Cerx]ZSin[l (c+dx)] (a+bTan[c+dx})2J/
2
5
Cos[1 (c+dx)] +Sin[1 (c+dx)]

{14d
2 2

(aCOS[C+dX] +bSin[C+dX}>2] +

((—112a2+64ab+7b2) Cos[c+dx]? (a+bTan[c+dx})2)/

4
[1792 d

Cos[% (c+dx)] +Sin[§ (c+dx>]

(aCos[c+dx] +bSin[c+dx})2] -

(SabCos[Cerx}ZSin[l (c+dx)] (a+bTan[c+dx])2)/
2
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{56d (Cos[% (c+dx)] +Sin[§ (c+dx)] 3

(acCos[c+dx] +bSin[c+dx}>2J -

(5 (56a%-16ab-7b?) Cos[c+dx]? (a+bTan[c+dx])2)/
2

Cos[1 (c+dx)] +Sin[1 (c+dx)]

2 2

(c+dx) ] (a+bTan[c+dx])2J/

Cos[1 (c+dx)] +Sin[1 (c+dx)}) (acCos[c+dx] +bSin[c+dx])2)
2 2

{1792 d

(acCos[c+dx] +bSin[c+dx})2] -

2 cs 1
(5abCos[c+dx} Sin[—
2

(56d

Problem 524: Result more than twice size of optimal antiderivative.

JSEC[C+dX}5 (a+bTan[c+dx])?dx

Optimal (type 3, 131 leaves, 5steps):
(6a%-b?) ArcTanh[Sin[c+dx]] 7abSec[c+dx]> (6a?-b?)Sec[c+dx] Tan[c+dx]
+

+ +

led 30d led

(6a?-b?) Sec[c+dx]®Tan[c+dx] bSec[c+dx]® (a+bTan[c+dx])
+

24d 6d

Result (type 3, 1175leaves):
3abCos[c+dx]?2 (a+bTan[c+dx])2

2

N
20d (aCos[c+dx] +bSin[c+dx])

((—6a2+b2) Cos[c:+dx]2Log[Cos[l (c+dx)]-sin]
2

(c+dx)]] (a+bTan[c+dx])2]/

N =

(16d (aCos[c+dx] +bSin[c+dx}>2) N
((6az—b2) Cos[c+dx}2Log[Cos[1 (c+dx)] +Sin[l (c+dx)]] (a+bTan[c+dx])2]/
2 2

16d (aCos[c+dX] +bSin[c+dx}>2) + (bZCos[c+dx}2 (a+bTan[c+dx])2)/

6
48 d Cos c+dx)]—Sin[l(c+dxH
2

(acCos[c+dx] +bSin[c+dx}>2J +

( 5a2+4ab) Cos[c+dx]? (a+bTan[c+dx})2)/

4

(acCos[c+dx] +bSin[c+dx}>2J +
2

( 30a%+12ab- 5b2)Cos[c+dx}2(a+bTan[c+dx])2)/

2
l60d

(
|
(
800 [Cos[ (e dx)] -sin[ (e dx)]
(
|

Cos| c+dx)]75in[§(c+dx)]

(aCos[c+dx] +bSin[c+dx])2) +

PP
(abCos[c+dx] Sin[—
2

(c+dx) ] (a+bTan[c+dx})2]/

Cos[1 (c+dx)] 7Sin[1 (c+dx)] i

[10d
2 2

(aCOS[C+dX] +bSin[C+dX}>2] +
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(3abCos[c+dx}ZSin[

N |

(c+dx)} (a+bTan[c+dx])2)/

3
Cos[l (c+dx)] —Sin[l (c+dx”) (acCos[c+dx] +bSin[c+dx}>2J +

[20d
2 2

(3abCos[c+dx]2Sin[l (c+dx) ] (a+bTan[c+dx])2)/
2

[zed

Cos[1 (c+dx)] 7Sin[1 (c+dx)}) (acCos[c+dx] +bSin[c+dx])2) -
2 2
(b2Cos[c+dx]2 (a+bTan[c+dx}>2)/

6
[48d (Cos[l (c+dx)] +Sin[l (c+dx”) (acCos[c+dx] +bSin[c+dx}>2J -
2 2

(abCos[c+dx]2Sin[l (c+dx) ] (a+bTan[c+dx})2J/
2
1 o1 5
[10d (Cos[— (c+dx)] +Sln[; (c+dx)]
2

(acCos[c+dx] +bSin[c+dx}>2J +

((—5a2+4ab> Cos[c+dx]? (a+bTan[c+dx])2)/

Cos[l (c+dx)] +Sin[1 (c+dx)] *

{SOd
2 2

(acCos[c+dx] +bSin[c+dx}>2J -

(3abCos[c+dx}ZSin[l (c+dx)] (a+bTan[c+dx])2J/
2
1 o1 3
Cos[ = (c+dx)|+Sin[= (c+dx) |

[20d
2 2

(acCos[c+dx] +bSin[c+dx}>2J +

((—30a2+12ab+5b2) Cos[c+dx]? (a+bTan[c+dx])2)/

2
(aCos[c+dx] +bSin[c+dx])?

Cos[1 (c+dx)] JrSin[1 (c+dx)]

[160 d
2 2

(3abCos[c+dx1ZSin[l (c+dx)] (a+bTan[c+dx])2)/
2

(Zed Cos[1 (c+dx)] +Sin[1 (c+dxH) (acCos[c+dx] +bSin[c+dx])2)
2 2

Problem 525: Result more than twice size of optimal antiderivative.

jSec[c+dx}3 (a+bTan[c+dx])?dx

Optimal (type 3, 99leaves, 4 steps):

(4a2—b2)Ar‘cTanh[Sin[c+dx}] 5abSec[c+dx]3
+ +

8d 12d
(4a2-b?) Sec[c+dx] Tan[c+dx] bSec[c+dx]®(a+bTan[c+dx])
+

8d 4d

Result (type 3, 851 leaves):
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abCos[c+dx]?2 (aerTan[Cerx])2

+

3d (aCos[c+dx] +bSin[c+dx}>2

((74a2+b2) Cos[Cerx]zLog[Cos[l (c+dx)] 7Sin[1
2 2

(c+dx)]] (a+bTan[c+dx])2)/

(Sd (acCos[c+dx] +bSin[c+dx])2) +

((4a2—b2) Cos[c+dx}2Log[Cos[§ (c+dx)] +Sin[§ (c+dx)]] (a+bTan[c+dx])2]/

8d (aCos[c+dx] +bSin[c+dx])2) + (bZCos[c+dx]2 (a+bTan[c+dx])2)/

(
[1 Cos c+dx)]—$in[;(c+dx)})4(aCos[c+dx]+bSin[c+dx})2]+
(
|

2
48d Cos c+dx)] —Sin[1 (c+dx”) (acCos[c+dx] +bSin[c+dx})2] +
2

1
(abCos[c+dx]251n[—
2

(c+dx) ] (a+bTan[c+dx})2)/

1 3

Cos[% (c+dx)] —Sin[;

(c+dx” (a+bTan[c+dx})2J/

Cos[% (c+dx” —Sin[% (c+dx)]

[Bd (c+dx)]

(aCos[c+dx] +bSin[c+dx])2) +

1
(abCos[c+dx]251n[f
2

[3d

(aCos[c+dx] +bSin[c+dx})2J -
(bZCos[c+dx]2 <a+bTan[c+dx1>2)/

4
{16d (Cos[l (c+dx)] +Sin[l (c+dxH) (acCos[c+dx] +bSin[c+dx1)2] -
2 2

1
(abCos[c+dx]251n[f
2

(c+dx” (a+bTan[c+dx})2J/

Cos[l (c+dx) ] +Sin[1 (c+dx)] ’

[Bd
2 2

(aCos[c+dx] +bSin[c+dx])2) +
((—12a2+8ab+3b2) Cos[c+dx]?2 (a+bTan[c+dx})2)/

2
[48d (Cos[l (c+dx)] +Sin[l (c+dx”) (acCos[c+dx] +bSin[c+dx}>2J -
2 2

1
(abCos[c+dx]251n[f
2

(c+dx)] (a+bTan[c+dx})2J/

(3d Cos[i (c+dx)] +Sin[§ (c+dx)]

(acCos[c+dx] +bSin[c+dx})2]

Problem 526: Result more than twice size of optimal antiderivative.

JSec[c+dx} (a+bTan[c+dx})2dlx

Optimal (type 3, 65leaves, 3 steps):
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(2a%-b?) ArcTanh[Sin[c+dx]] 3abSec[c+dx] bSec[c+dx] (a+bTan[c+dx])
+ +
2d 2d 2d

Result (type 3, 181 leaves):

i 8ab+ (-4a’+2b?) Log[Cos[i (c+dx)] 7Sin[% (c+dx)]]+
4a2Log[Cos[§ (c+dx)] +Sin[§ (c+dx)]] -
2b2Log[Cos[1<c+dx)]+sin[l(c+dx)H+ b? +

2 2 (Cos[%<c+dx)]—sin[%(c+dx)”2

b2

(Cos[i (c+dx)] +Sin[§ (c+dx)})2

1 2
16 abSec[c +dx] Sin[; (c+dx)]" -

Problem 534: Result more than twice size of optimal antiderivative.
JSec[c+dx}2 (a+bTan[c+dx])3dlx
Optimal (type 3, 22leaves, 2 steps):

(a+bTan[c+dx])*
4bd

Result (type 3, 79leaves):

1
—Sec[c+dx]*?
8d

((6a®b-2b%) Cos [2 (c+dx)] +a(6ab+2 (a®+b?) Sin[2 (c+dx” + (a®-b%) Sin[4 (c+dx)]))
Problem 537: Result more than twice size of optimal antiderivative.
JSEC[C+dX}5 (a+bTan[c+dx])>dx

Optimal (type 3, 159 leaves, 6 steps):
3a (2a?-b?) ArcTanh[Sin[c +dx]]

+

16d
3a(2a’-b?) Sec[c+dx] Tan[c+dx] a (2a?-b?)Sec[c+dx]>Tan[c+dx]
+ +
16d 8d

bSec[c+dx]® (a+bTan[c+dx])2 bSec[c+dx]® (4 (8a%-b?) +15abTan[c+dx])

+

7d 70d
Result (type 3, 637 leaves):
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1
35840d

Sec[c+dx]’ [10752a% b + 1536 b + 3584 (3a’b-b?) Cos[2 (c+dx)] -
4410 a° Cos [3 (c+dx) ] Log[Cos[1 (c+dx)] —Sin[l (c+dx)|]+
2 2
2205ab’Cos |3 (c+dx) | Log[Cos[1 (c+dx)] —Sin[1 (c+dx)]] -
2 2
1

1470 a* Cos [5 (c+d x) | Log[Cos[% (c+dx)]-sin[= (c+dx)]]+

RN

735257 Cos|5 [c +dx) | Log[cos | [crdx]] - sin[ - [codx)]] -

2103° Cos 7 (¢ + ) | Log[Cos| [ +dx)] -Sin[ > (e +dx)]] +1052b% Cos 7 (c+dx)]

Log [Cos[ > (c+dx)] -sin[ > (c+dx]]] 3675 (222 b7} Cosle s dx]

Log [cos[ > (c+dx)] -sin[ > (c+dx]]] - Log[cos| - (c~dx) ] +sin[ > (crdx)]] |+

44102° Cos 3 [+ dx ] Log [Cos| (- dx)] +sin[ > [codx]]] -

2205 22 Cos 3 (¢ + 4] Log[Cos[ ~ (e dx]] +sin[ > (cdx)]] »

1470 2% Cos 5 (c - dx] | Log[Cos [ (cdx] ] sin[ [codx]]] -

7352 b7 Cos|5 [c+dx) | Log[Cos | [codx]] +sin[ - [cdx)]]
1
2

210 3% Cos |7 (c+dx) | Log[Cos| = (c+dx)] +Sin[§ (c+dx)]]-

105 a b? Cos [7 (c+dx) | Log[Cos[1 (c+dx)] +Sin[1 (c+dx)]]+
2 2
4340a°Sin |2 (c+dx)] +6790ab?Sin|2 (c+dx)| +2800a°Sin[4 (c+dx) | -

1400 a b? Sin[4 (c+dx” +4202a%sin|6 (c+dx” -210ab?Sin[6 (c+dx>]

Problem 538: Result more than twice size of optimal antiderivative.

JSec[c+dx}3 (a+bTan[c+dx])3d1x

Optimal (type 3, 126 leaves, 5steps):
a (4a*-3b?) ArcTanh[Sin[c+dx]] a (4a®-3b?)Sec[c+dx] Tan[c+dx]

+ +
8d 8d
bSec[c+dx]3 (a+bTan[c+dx])2 bSec[c+dx]® (8 (6a?-b?) +21abTan[c+dx])
+
5d 60d

Result (type 3, 464 leaves):
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1
1920d

Sec[c+dx]® |968a’b+64b°+320 (3a’b-b?) Cos[2 (c+dx)] -

300 a° Cos|[3 (c+dx) | Log[Cos[% (c+dx)] —Sin[% (c+dx)]]+

2252 b2 Cos [3 (c + dx) | Log[Cos[% (cedx)] _sm[i (crdx)]] -

602> Cos [5 (c+ dx] | Log{Cos[% (crdx)] —Sin[% (c+dx]]] +45ab?Cos[5 (c+dx)]
Log[Cos[1 (c+dx)] —Sin[% (c+dx)]]-150a (4a®-3b?) Cos[c+dx]

>
Log[cos[ > (c+dx]] -sin[ (e dx]]] - Log[cos| (e rdx)] +Sin[ > (erdx)]]] +

3003° Cos 3 (c - dx) | Log[cos [ (c+dx)] +sin| > (c-dx]]] -

2252 Cos 3 (c - dx] | Log[cos[ ~ (c+dx)] +sin[ (c+dx)]] «

60 Cos 5 [c +dx) | Log[cos[ (¢ +dx)] - sin]

45ab2Cos[5 (c+dx) ] Log[Cos[% (codx)] esin| > (crdx)]] + 2403 sin[2 (v dx) ] -

540abZSin[2 <c+dx)] +120a3$in[4 <c+dx)] —90abZSin[4 (c+dx)}

Problem 539: Result more than twice size of optimal antiderivative.

JSec[c+dx} (a+bTan[c+dx])>dx

Optimal (type 3, 91 leaves, 4 steps):
a (2a*-3b?) ArcTanh[Sin[c +dx] ]

+

2d
bSec[c+dx] (a+bTan[c+dx])? bSec[c+dx] (4 (4a%-b?)+5abTan[c+dx])
+
3d 6d

Result (type 3, 293 leaves):
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> |3622b - 10b° 6a (2a%-3b?) Log[Cos|
12d

N |

(c+dx)] - Sin|

N |

(C+dX>H +12a°

Log[Cos[% (c+dx) ] +Sin[§ (c+dx)]] 718ab2Log[Cos[§ (c+dx)] +Sin[§ (c+dx)]]+
9 a b? . b3 .

(Cos[i (c+dx)] —Sin[% (c+dx)”2 (Cos[i (c+dx)] —Sin[% (c+dx)])2

2b (18a?-b*+2b’Cos[c+dx] + (18a>-5b?) Cos[2 (c+dX)]) Sec:[c+dx]3Sin[1 (c+dx)]2—
2

9ab? b3
+

(Cos[i (c+dx)] +Sin[§ (c+dx>”2 (Cos[i (c+dx)] +Sin[§ (c+dx>])2

Problem 547: Result unnecessarily involves imaginary or complex numbers.

J Cos[c+dx]?

a+bTan[c+dx]

dx

Optimal (type 3, 93 leaves, 7 steps):

a(a?+3b%) x b?loglaCos[c+dx] +bSin[c+dx]] Cos[c+dx]? (b+aTan[c+dx])
+ +

2 (a% +b2)? (a2 +b?)%d 2 (a2+b?) d

Result (type 3, 143 leaves):

;(2a3c+6ab2c+41‘1b3c+2a3dx+6ab2dx+

4 (a?+b?)%d

4ib*>dx-4ib’ArcTan[Tan[c+dx]] +b (a®+b?) Cos[2 (c+dx)] +
2b*Log|(aCos[c+dx] +bSin[c+dx])?] +a*Sin[2 (c+dx)] +ab?Sin[2 (c+dx)])

Problem 549: Result more than twice size of optimal antiderivative.

Sec[c+dx]®
J dx

a+bTan[c+dx]
Optimal (type 3, 140leaves, 9steps):

(az + bz) 3/2 ArcTanh { Cos[c+d x] (b-aTan[c+d x])

a (2a%+3b?) ArcTanh[Sin[c +dx]] Jator
) 2bd b d :
(a2 +b?) Sec[c+dx] Sec[c+dx]® aSec[c+dx] Tan[c+dx]
b3d : 3bd 2b%d

Result (type 3, 321 leaves):
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-b+aTan[? (c+dx)]
48 (a2+b2)3/2 ArcTanh| 2 ] +

v a? +b?

Sec[c +dx]3 (12a2b+20b3+12b (a®+b%) Cos[2 (c+dx)] +

1
24 b*d

6a’Cos[3 (c+dx) | Log[Cos[% (c+dx)] 7Sin[§ (c+dx)]]+
9ab?Cos|3 (c+dx) | Log[Cos[% (c+dx)] 7Sin[§ (c+dx)|]+9a(2a*+3b?) Cos[c+dx]
(Log[Cos[% (c+dx)] —Sin[% (c+dx)]] —Log[Cos[% (c+dx)] +Sin[§ (c+dx>H) -

6a’Cos[3 (c+dx) | Log[Cos[% (c+dx)] +Sin[% (c+dx)]] -

9ab?Cos |3 (c+dx) | Log[Cos[% (c+dx)] +Sin[§ (c+dx)]]-6ab*sin[2 (c+dx) |

Problem 554: Result more than twice size of optimal antiderivative.

Sec[c+dx]8
J( dx

a+bTan[c+dx])?

Optimal (type 3, 178 leaves, 3 steps):
6a (a2+b2)2Log[a+bTan[c+dx]}

+

b’ d
(5a*+9a’b?+3b%) Tan[c+dx] a(2a*+3b?) Tan[c+dx]?
be d i bS d '
(az+b2) Tan[c+dx]® aTan[c+dx]* Tan[c+dx]® (az+b2)3
b* d "~ 2p°d sbid  b’d(asbTan(crdx])

Result (type 3, 373 leaves):
1
160ab’d (a+bTan[c+dx])
(bSec[c+dx]6 (-70a°b-66a*b’+50ab°-5ab (27a*+32a*b? + b*) Cos[2 (c+dx)] -
2 (45a°b+70a°b*>+17ab’) Cos[4 (c+dx) | -25a°bCos[6 (c+dx)] -
40a°b’Cos |6 (c+dx) ] -11ab’Cos[6 (c+dx)|+120a°Sin[4 (c+dx) | +200 a* b
Sin[4 (c+dx) ] +76a*b*Sin[4 (c+dx) | +20b°Sin[4 (c+dx)|+30a°Sin[6 (c+dx) |+
55a*b?Sin[6 (c+dx)| +26a?b*Sin[6 (c+dx)]|+5b°Sin[6 (c+dx)]) +
10b (30a°+47a%*b®>+10a°b* + 5b°) Sec[c+dx]*Tan[c+dx] +
960 a? (a2+b2)2 (Log[Cos[c+dx]] -Log[aCos[c+dx] +bSin[c+dx]]) (a+bTan[c+dx}))
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Problem 558: Result more than twice size of optimal antiderivative.

Cos[c+dx]?
J( dx

a+bTan[c+dx])?

Optimal (type 3, 152 leaves, 7 steps):

(a*+6a%b?-3b*) x 4ab?Llog[aCos[c+dx] +bSin[c+dx]]
+
2 (a2 + b2)° (a?+b?)*d
b (a? -3 b2?) Cos[c+dx]? (b+aTan[c+dx])

+

N
2 (a2+b2)?d (a+bTan[c+dx]) 2 (a2+b?) d (a+bTan[c+dx])

Result (type 3, 331 leaves):
1

(2a®c+12a*b’c-6a*b*c+2a°dx+12a*b*dx-6a*b*dx+
4a (a2+b2>3d (a+bTan[c+dx])
16 a’b® Log[aCos[c+dx] +bSin[c+dx]] +2ab (a*-b*) Sin[c+dx]?+a°Sin[2 (c+dx) ]| -
a’b*sin[2 (c+dx” +4a’b*Tan[c+dx] +4b®Tan[c+dx] +2a°bcTan[c+dx] +
12a*b3cTan[c+dx] -6ab’cTan[c+dx] +2a°bdxTan[c+dx] +12a*>b3>dxTan[c+dx] -
6ab’>dxTan[c+dx] +16a%b*Log[aCos[c+dx] +bSin[c+dx]] Tan[c+dx] +
2a’b (a®+b?) Cos[2 (c+dx)] (a+bTan[c+dx]))

Problem 559: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cos[c+dx]*
J dx

(a+bTan[c+dx])2

Optimal (type 3, 235leaves, 8 steps):
3 (a®+5a*b?+15a%b*-5b°) x 6ab’Log[aCos[c+dx] +bSin[c+dx]]
8 (a2 +b2)* + (a?+b?)*d
3b (a%?-b?) (a?+5b?) Cos[c+dx]* (b+aTan[c+dx])

+

N
g (a2 +b?)>d (a+bTanc+dX]) 4 (a?+b?)d (a+bTan[c+dx])
Cos[c+dx]? (b (a?-5b?) -3a (a?2+3b?) Tan[c+dx])

8 (a2+b )2 (a+bTan[c+dx])

Result (type 3, 737 leaves):
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1

64 a (a2+b2)4d (a+bTan[c+dx])
(13a7b+59a5b3+15a3b5—31ab7+24a8c+120a6b2c+360a4b4c+384ia3b5c—
120a%b®c+24adx+120a°b>dx+360a*b*dx+3841ia’b°dx-120a%b®dx +
6ab (a2+b?)? (a?+5b?) Cos[2 (c+dx)] +192a%b° Log| (aCos[c+dx] +bSin[c+dx])?] +
a’bCos[5 (c+dx)|Sec[c+dx]+3a°b?Cos[5 (c+dx)|Sec[c+dx] +
3a’b°Cos|[5 (c+dx)] Sec[c+dx] +ab’Cos[5 (c+dx)|Sec[c+dx] +
9a®Sec[c+dx] Sin[3 (c+dx)|+39a°b’Sec[c+dx]Sin[3 (c+dx) ]+
51a*b*Sec[c+dx] Sin[3 (c+dx)] +21a’b®Sec[c+dx] Sin[3 (c+dX) ]|+
a®sec[c+dx] Sin|[5 <c+dx)] +3a°b?Sec[c+dx] Sin[5 <c+dx)] +
3a*b*Sec[c+dx]Sin[5 (c+dx) ] +a’b®Sec[c+dx] Sin[5 (c+dx) ]| +
8a®Tan[c+dx] +24a°b?Tan[c+dx] -40a*b*Tan[c+dx] +8a%b®Tan[c+dx] +
64b% Tan[c+dx] +24a’bcTan[c+dx] +120a°b3>cTan[c+dx] +360a%b°cTan[c+dx] +
3841 a2b®cTan[c+dx] -120ab’cTan[c+dx] +24a’bdxTan[c+dx] +
120a°b3dxTan[c+dx] +360a>b°dxTan[c+dx] +3841ia2b®dxTan[c+dx] -
120ab’dxTan[c+dx] +192a?b® Log[ (aCos[c+dx] +bSin[c+dx])?] Tan[c+dx] -
3841 a%b’ ArcTan[Tan[c +dx]] (a+bTan[c+dx}>)

Problem 560: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[c+dx]’
J dx

(a+bTan[c+dx])?

Optimal (type 3, 235leaves, 8steps):
5 (8a*+12a?b?+3b*) ArcSinh[Tan[c+dx]] Sec[c +dx]

8bfd/Sec[c+dx]?

5a (a?+b2)?? ArcTanh [ —2-2TanlcdXl ] sec|c +d x]
Jazib? +[secicrdx]? 5Sec[c+dx]® (4a-3bTan[c+dx])
- _
béd/Sec[c+dx]? 12b°d
Sec[c+dx]°® 5Sec[c+dx] (8a (a?+b?) -b (4a>+3b%) Tan[c+dx])

bd (a+bTan[c+dx]) 8b>d

Result (type 3, 1152 leaves):
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(a—jb)2 <a+jb)25ec[c+dx}2 (aCos[c+dx] +bSin[c+dx])

b>d (a+bTan[c+dx])2

a (12a%+13b?) Sec[c+dx]? (aCos[c+dx] +bSin[c+dx])2

+

3b5d (a+bTan[c+dx])2

VB [-bcos[t (crdx)] ~asin[} (o ax)]]

10ia(a+ib) (ia+b)+a?+b ArcTanh |

aZCos[i (c+dx)] +b2Cos[§ (c+dx)]

Sec[c+dx]? (aCos[c+dx] +bSin[c:+dx])2 /(bsd (a+bTan[c+dx1)2) -

c+dx)] - Sln[1 (c+dx)]]seclc+dx]?
2

(5 (8a*+12a%b”+3b*) Log[Cos |~ (
2)/ 8b6 a+bTan[c+dx])2)+
(

— N |

(aCos[c+dx] +bsSin[c+dx]

| =

c+dx) | +Sln[1 (c+dx)]]secic+dx]?
2

/(8b6d (a+bTan[c+dx])2) +

(5 (8a*+12a%b”+3b*) Log[Cos|

2

— N

(aCos[c+dx] +bSin[c+dx]

Sec[c+dx]? (aCos[c+dx] +bSin[c+dx])?

+

16 b2 d (Cos[i (c+dx)] 7Sin[§ <c+dx)])4 (a+bTan[c+dx])?

(36a>-8ab+21b?) Sec[c+dx]? (aCos[c+dx] +bSin[c+dx])?

48 b* d (Cos[i (c+dx)] 7Sin[§ (c+dx)])2 (a+bTan[c+dx])?

aSec[c+dx]ZSin[§ (c+dx)] (aCos[c+dx] +bSin[c+dx])?

3b3d (Cos{% (c+dx)] —Sin[% (c+dx”)3 (a+bTan[c+dx])?

Sec[c+dx]? (aCos[c+dx] +bSin[c+dx])?

+

16 b2d (Cos[1 (c+dx)] +S §<c+dx)])4 (a+bTan[c+dX])2

in|
asSec[c+dx]?2 Sln[ (c+dx)] (aCos[c+dx] +bSin[c+dx])?

+

3b3d (Cos[% (c+dx)] +Sin[i (CerxH)3 (a+bTan[c+dx})2

(-36a%-8ab-21b?) Sec[c+dx]2 (aCos[c+dx] +bSin[c+dx])?

5 +(Sec[c+dx]2
48 b4 d (Cos[% (c+dx)] +Sin[§ (c+dx”) (a+bTan[c+dx])?

[712a3sin[1 (c+dx)] 713abZSin[1 (c+dx)]
2 2

(acCos[c+dx] +bSin[c+dx})2]/

[3b5d Cos[l(c+dx)]fsin[l(c+dx” Sec[c +dx]?
2

(a+bTan[c+dx])?| +
2

(12a3sin[1 (c+dx)] +13abZSin[1 (c+dx”
2 2

(aCos[c+dx] +bSin[c+dx])2)/

Cos[1 (c+dx)] +Sin[1 (c+dx)]| (a+bTan[c+dx])?

(Bbsd
2 2
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Problem 561: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[c+dx]°
J( dx

a+bTan[c+dx])2

Optimal (type 3, 176 leaves, 7 steps):
3 (2a?+b?) ArcSinh[Tan[c+dx]] Sec[c +dx]

+

2b*d+/Sec[c+dx]?

3a+va?+b? Ar‘cTanh[ braTan.c-dx. } Sec[c+dx]

a?+b? +/Sec[c+dx]?

b*d+/Sec[c +dx]?

3Sec[c+dx] (2a-bTan[c+dx]) Sec[c+dx]3

2b3d bd (a+bTan[c+dx])

Result (type 3, 709 leaves):
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(a-ib) (a+ib)Sec[c+dx]? (aCos[c+dx]+bSin[c+dx])

b*d (a+bTan[c+dx])?

2asec[c+dx]? (aCos[c+dXx] +bSin[c+dx])2

b3d <a+bTan[c+dx})2

{Ga\mAr‘cTanh[m (—bCos[i (c+dx)]+asin[ <c+dx)])

aZCos[i (c+dx)] +b2Cos[§ (c+dx)]

J

Sec[c+dx]? (aCos[c+dx] +bSin[c+dx])? /(b“d (a+bTan[c+dx})2) -

(3 (2a%+b?) Log[Cos[% (c+dx)]-sin]

N |

(c+dx)H Sec[c+dx]?
(aCos[c+dx] +bSin[c+dx])2)/(2b4d (a+bTan[c+dx])2) +

(3 (2a%+b?) Log[Cos[% (c+dx)] +Sin| (c+dx)H Sec[c+dx]?

N | =

(aCos[c+dx] +bSin[c+dx])2)/(2b4d (a+bTan[c+dx])2) +

Sec[c+dx]? (aCos[c+dXx] +bSin[c+dx])2

4b2d (Cos[% (c+dx)] —Sin[i (c:+dx)”2 (a+bTan[c+dx])?

2aSec[c+dx]ZSin[i (c+dx)] (aCos[c+dx] +bSin[c+dx])?
b3d (Cos[i (c+dx)] —Sin[i (c+dx)]) (a+bTan[c+dx])2

Sec[c+dx]? (aCos[c+dXx] +bSin[c+dx])2

+

462d (cos[ X (c+dx)] +sin[l (c+dx)])* (a+bTan(c+dx])?

2aSec[c+dx]ZSin[§ (c+dx)] (aCos[c+dx] +bSin[c+dx])?

b3 d (Cos[% (c+dx)] +Sin[§ (c+dx)]) (a+bTan[c+dx])?

Problem 566: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

j Sec[c+dx]8
(a+bTan[c+dx])>

Optimal (type 3, 185leaves, 3 steps):
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3 (a2+b2> <5a2+b2) Log[a+bTan[c+dx]]
b’ d
a(10a?2+9b?) Tan[c+dx] 3 (2a’+b?) Tan[c+dx]? aTan[c+dx]3
be d : 2b5d i b* d '
Tan[c +dx]* (a2+b2)3 . 6a (a2+b2)2

4b3d 2b’7d (a+bTan[c+dx])? b’d (a+bTan[c+dx])

Result (type 3, 1677 leaves):
7((3 (5a*+6a’b”+b*) Log[Cos[c+dx]] Sec[c+dx]? (aCos[c+dx] +bSin[c+dx])3)/
(b7d (a+bTan[c+dx])3)) +
(3 (5a*+6a’b®+b*) LoglaCos[c+dx] +bSin[c+dx]] Sec[c+dx]>
(aCos[c+dx] +bSin[c+dx])3)/(b7d (a+bTan[c+dx])3) +
1

672a2b® (7a*+14a2b?-9b*) d (a+bTan[c+dx])’

Sec[c+dx]” (aCos[c+dx] +bSin[c+dx]) (-2940a'b+294a’ b> - 14406 a® b* - 214284 i a° b* -
156180432 a° b° - 24276 a® b> + 113833223438 i a* b® + 82968158000042 a> b’ - 13664 a* b” -
60471934 588030612 i a? b® - 388894133623 929672573 646 381 388896840320 a b° +
9680 a® b’ + 283448267 107041312781 534833978021668473234 i b'® - 1242 b™* +
2205a'°bCos[2 (c+dx)] +147a’b*>Cos[2 (c+dx) | +147a8b?Cos[2 (c+dX) ]| -
107142 i a®b* Cos[2 (c+dx) ] - 78096216 a° b®> Cos[2 (c+dx) | -18774a°b® Cos[2 (c+dx) | +
56916611719 i a* b® Cos |2 (c+dx) | +414840679000021 a° b’ Cos[2 (c+dX) | -
10654 a* b’ Cos [2 (c +dx) | - 30235967294015306 i a?b® Cos[2 (c+dX) | -

194447 066 811 964 836 286 823 190694 448420160 a b° Cos [2 (c+d x| | +

7297 a®b° Cos [2 (c +dx) | + 141724133553 520656 390 767 416 989 010 834 236 617
ib'Cos[2 (c+dx)]-621b Cos[2 (c+dx)| +8820a'bCos[4 (c+dx)]| -

2943’ b’ Cos[4 (c+dx)] +26754a8b> Cos[4 (c+dx)] +214284 i a°b*Cos[4 (c+dx) ]|+

156180432 a° b° Cos[4 (c+dx) | + 17304 a°b° Cos[4 (c+dx) | -

113833223438 i a* b® Cos[4 (c+dx) | - 82968158000042 a° b’ Cos [4 (c+dx) ] +

11732a*b’ Cos[4 (c+dx) | +60471934588030612 i a’b® Cos[4 (c+dX) | +

388894133623 929672573 646 381388896 840320 a b Cos [4 (c+dx) | -

8924 2% b° Cos [4 (c +dx) | - 283448267107 041312781534 833978021 668473 234
ib'Cos[4 (c+dx) ]| +1242b™ Cos[4 (c+dx) | +3675a®bCos[6 (c+dx)] -

1473’ b’ Cos [6 (c+dx) ] +12201a® b’ Cos[6 (c+dx) ] +1071421i a®b* Cos[6 (c+dx) | +

78090216 a° b®> Cos [6 (c+dx) | + 18626 a®b® Cos[6 (c+dx) | -

56916611719 i a* b® Cos 6 (c+dx) | - 41484079000021 a° b’ Cos[6 (c+dx) | +

6370 a* b’ Cos [6 (c+dx) | +30235967294015306 i a® b® Cos[6 (c+dx) | +

194447 066 811 964 836 286 823190694 448420160 a b° Cos [6 (c +d x) | -

5029 a> b® Cos [6 (c +dx) | - 141724133553 520656 390 767 416 989 010 834 236 617
ib'Cos[6 (c+dx)| +621b Cos[6 (c+dx)|-11025a™ Sin[2 (c+dx) ]| +

735a®b?Sin[2 (c+dx)] -38955a°b?Sin[2 (c+dx)] -535710ia’b>Sin[2 (c+dXx) ]| -

390451080 a° b* Sin[2 (c+dx) | -49@56a’ b*Sin[2 (c+dx) ] +

284583058595 i a® b° Sin[2 (c+dx) | +207420395000105 a* b®Sin[2 (c+dx) | -

43652a°b®Sin[2 (c+dx) | -151179836470076530 i a®b’ Sin[2 (c+dx)] -

972235334059 824181434 115953472242100800 3% b®Sin |2 (c+dx) | +
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26657 a*>b®Sin|[2 (c+dx) | + 708620667 767 663 281 953 837084945054 171183 085
iab®Sin[2 (c+dx)]-3185ab'Sin[2 (c+dx)] -8820a'Sin[4 (c+dx)] +

588 a® b2 Sin[4 (c+dx)| -29400a° b?Sin[4 (c+dx)| -428568 i a’ b’Sin|[4 (c+dx)] -

312360864 a° b* Sin[4 (c+dx) | -33012a’ b*Sin[4 (c+dx) ] +

227666446876 i a> b> Sin[4 (c+dx) | + 165936 316000084 a* b® Sin[4 (c+dx) | -

31780a° b°Sin[4 (c+dx)| -120943869176061224 i a’ b’ Sin[4 (c+dX) | -

777788267 247 859 345147 292762777 793680640 a* b Sin[4 (c +dx) | +

17848 a° b®Sin[4 (c+dx) | + 566 896 534 214 082 625 563 069 667 956 043 336 946 468
iab’Sin[4 (c+dx)] -2484ab'Sin[4 (c+dx)] -2205a'Sin[6 (c+dx)] +

147 a®b?Sin |6 (c+dx) | -6615a°b*Sin[6 (c+dx)| -1671421ia’ b>Sin[6 (c+dx) | -

78090216 a® b* Sin[6 (c+dx)| - 60483’ b*Sin[6 (c+dx)] +

56916611719 i a°b>Sin[6 (c+dx) | +41484079000021 a* b®Sin[6 (c+dx) | -

7420 a° b®Sin|6 (c+dx) | - 36235967294015306 i a’ b’ Sin[6 (c+dx) | -

194447 066 811 964 836 286 823190 694448420160 a* b Sin[6 (c +dx) | +

3517 a’ b¥Sin[6 (c+dx) | + 141724133553 520656 390767 416 989 010 834 236 617
iab’Sin[6 (c+dx)]-621ab'sSin[6 (c+dx)])

Problem 569: Result more than twice size of optimal antiderivative.

Sec[c +dx]?
J dx

(a+bTan[c+dx])>

Optimal (type 3, 22 leaves, 2 steps):
1

2bd (a+bTan[c+dx])2

Result (type 3, 58 leaves):
-bSec[c+dx]?+2Tan[c+dx] (a+bTan[c+dx])

2 (a?+b2)d (a+bTan[c+dx])?

Problem 570: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cos[c +dx]?
J( dx

a+bTan[c+dx])>

Optimal (type 3, 202 leaves, 7 steps):
a (a*+1@a*b? - 15b*) x

4
2 (a2+b2)4

2b% (5a2-b?) Log[aCos[c+dx] +bSin[c+dx]] b (a?-2b?)
+ +
(a2+b2)*d 2(a2+b2)2d(a+bTan[c+dx})2
Cos[c+dx]? (b+aTan[c+dx]) ab (a?-11b?)

+

2 (a2+b?)d (a+bTan[c+dx])2 2 (a2+b2)3d (a+bTan[c+dx])
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Result (type 3, 713 leaves):
b*>Sec[c+dx]® (aCos[c+dx] +bSin[c+dx])

- +

2 (a—jb)3 (a+1‘1b)3d <a+bTan[c+dx]>3

(a (a* +10a%b? - 15 b*) (c+dx)Sec[c+dx]3(aCos[c+dx]+bSin[c+dx])3>/
(2(a—1‘1b)4(a+1‘1b)4d(a+bTan[c+dx})3)+

(2(5iab?+5ab?+141a°b% + 142" b7+ 12527 b7 +12a° b + 25 a®b% + 22" b1 - i 2% b¥! - a? b?)
(c+dx)Sec[c+dx]3(aCos[c+dx}+bSin[c+dx])3)/

( 8 a+jb)7d(a+bTan[c+dx])3)—

21 <5a b3 - )Ar‘cTan[Tan[c+dx]]Sec[c+dx]3(aCos[c+dx]+bSin[c+dx})3)/

( 2+b2 a+bTan[c+dx}>3)+

b

(4

(5

3

(a—nb (a+ib)? d(a+bTan[c+dx})3)+

5a’b’-b°) Log[ (aCos[c+dx] +bSin[c+dx])?] Sec[c+dx]>
(acCos[c+dx] +bSin[c+dx])3>/(<a2+b2)4d (a+bTan[c+dx])3) +

(a (a®-3b?) Sec[c+dx]? (aCos[c+dXx] +bSin[c+dx})3Sin[2 (c+dx)])/
(4 (a—jlb)3 (a+1’1b)3d (a+bTan[c+dx1>3) +

5b*Sec[c+dx]? (aCos[c+dx] +bSin[c+dx])2Tan[c+dx]

(a—ib>3 (a+ib)3d (a+bTan[c+dx])3

Problem 571: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cos[c+dx]*
J dx
(a+bTan[c+dx])3

Optimal (type 3, 295 leaves, 8 steps):
3a (a®+7a*b?+35a2b*-35b%) x 3b> (7a?-b?) Log[aCos[c+dx] +bSin[c+dx]]

+ +
8 (a2+b?)° (a?+b%)°d
3b (a*+5a’b?-4b?) Cos[c+dx]* (b+aTan[c+dx])
8 (a2+b2)°d (a+bTan[c+dx])? +4(a2+b2) d(a+bTan[c+dx])? '
3ab (a*+6a?b?-27b%) Cos[c+dx]? (2b (a?-3b?) -a (3a’+11b?) Tan[c+dx])
8 (a2+b2)4d (a+bTan[c+dx]) . 8 (a2+b2)2d <a+bTan[c+dx1)2

Result (type 3, 924 leaves):
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b7 Sec[c+dx]® (aCos[c+dx] +bSin[c+dx])

- +

2(a-ib)* (a+ib)*d (a+bTan[c+dx])>

(3a (a®+7a%*b?+35a%b*-35b°%) (c+dx) Sec[c+dx]? (aCos[c+dx] +bSin[c+dx})3)/
(8 (a—jlb)5 (a+1’1b)5d (a+bTan[c+dx}>3) +
(3 (7ia®b>+7a2b%+27ia'tb’+27ab®+381ia’b’+38a%b'®+22ia’ b +22a°b?+31ia> b+
3a*b™-ia’b™-a’b'®) (c+dx) Sec[c+dx]? (aCos[c+dx] +bSin[c+dx])3>/
(a2 (a-ib)* (a+1ib)’d (a+bTan[c+dx})3) -
(31‘1 (7a®b®-b’) ArcTan[Tan[c +dx]] Sec[c+dx]> (aCos[c+dx] +bSin[c+dx}>3)/
((a2+b2)5d <a+bTan[c+dx}>3) +
(b (3a*+22a%b?-5b*) Cos[2 (c+dx)] Sec[c+dx]> (aCos[c+dx] +bSin[c+dx])3)/
(8 (a—jb)4 (a+1‘1b)4d <a+bTan[c+dx}>3) +
(b (3a%-b?) Cos[4 (c+dx) | Sec[c+dx]? (aCos[c+dx] +bSin[c+dx})3)/
(32 (a-ib)? (a+1ib)’d (a+bTan[c+dx])3) +
(3 (7a*b>-b’) Log[(aCos[c+dx] +bSin[c+dx}>2} Sec[c+dx]?
(aCos[c+dx] +bSin[c+dx])3)/(2 (a2+b2)5d <a+bTan[c+dx})3) +
(a (a*+4a’b?-9b*) Sec[c+dx]® (aCos[c+dx] +bSin[c+dx])>Sin[2 (c+dx>”/
(4 (a—jb)4 (a+1’1b)4d <a+bTan[c+dx}>3) +
(a (a*-3b?) sec[c+dx]® (aCos[c+dx] +bSin[c+dx})3Sin[4(c+dx)])/
(32 (a-ib)? (a+1ib)’d (a+bTan[c+dx])3) +

7b®Sec[c+dx]? (aCos[c+dx] +bSin[c+dx}>2Tan[c+dx]

(a-ib)* (a+ib)*d (a+bTan[c+dx])>

Problem 572: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[c+dx]’
J dx

(a+bTan[c+dx])>

Optimal (type 3, 239 leaves, 8 steps):
5a (4a%+3b?) ArcSinh[Tan[c +dx]] Sec[c+dX]

2b%d/Sec[c+dx]?

5+/a?+b? (4a%+b2) ArcTanh | —P=2Tanledxl | sec[c +d x]

+/ a2+b? 4/ Sec[c+dx]? Sec[c+dXx]°

2b5d-/sec[c+dx)]? 2bd(a+bTan[c+dx})2

+

5Sec[c+dx]® (4a+bTan[c+dx]) 5Sec[c+dx] (4a*+b?-2abTan[c+dx])
+

6b’d (a+bTan[c+dx]) 2b%d

Result (type 3, 688 leaves):
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1
12b°d (a+bTan[c+dx])>

Sec[c+dx]? (aCos[c+dx] +bSin[c+dx])

6 b2 (a2+b2)zsin[c+dx] 6 (a-ib) (a+ib)b (8a?-b?) (aCos[c+dx] +bSin[c+dx])
+ +
a a

2b (36a%+13b?) (aCos[c+dx] +bSin[c+dx])*+

~b+aTan[t (c+dx
60+/a’+b? (4a”+b?) ArcTanh| [2 ( H] (aCos[c+dx] +bSin[c+dx])?+

30a (4a’+3b%) Log[Cos[~ (c+dx) | —Sin[E (c+dx)]] (acos[c+dx] +bSin[c+dx])2—
2

30a (4a’+3b%) Log[Cos|[~ (c+dx) | +Sin[l (c+dx)]] (aCos[c+dx] +bSin[c+dx])*+

2
+bS.in[c+dx})2

N RN R

—

b2 (-9a+b) (aCos[c+dx

+

(Cos[i (c+dx)] 7Sin[§ (c+dx)])2

2b351n[§ (c+dx)] (aCos[c+dx] +bSin[c+dx])?

+

(Cos[i (c+dx)] —Sin[i (c+dx)])3
(Zb (36 a2 + 13 b?) Sin[% (c+dx)] (aCos[c+dx] +bSin[c+dx])2J/

(Cos[% (c+dx)] —Sin[% (c+dx)]

2b3Sin[i (c+dx)] (aCos[c+dx] +bSin[c+dx])?

(Cos[%(c+dx)}+Sin[%(c+dx)])3 '

b2 (9a+b) (aCos[c+dx] +bSin[c+dx])?

(Cos[i (c+dx)] +Sin[§ (c+dx)])2

(Zb (36a% + 13 b?) Sin[1 (c+dx)] (aCos[c+dx] +bSin[c+dx])2J/
2

Cos[% (c+dx)] +Sin[§ (c+dx”

Problem 573: Result more than twice size of optimal antiderivative.

Sec[c+dx]>
J dx
(a+bTan[c+dx])3

Optimal (type 3, 148leaves, 7 steps):
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3 (232 i b2> Ar,c-l-anh[bCos[c+dxl—aSin[c+dx1 ]

3aArcTanh([Sin[c +dXx]] Jatib?
b* d 2b%/aZ+ b2 d

Sec[c+dx]3 3Sec[c+dx] (2a+bTan[c+dx])
2bd(a+bTan[c+dx1)2Jr 2b%d (a+bTan[c+dx])

Result (type 3, 396 leaves):
1

Sec[c+dx]? (aCos[c+dx] +bSin[c+dx])
2b*d (a+bTan[c+dx])?

b? (a?+b?) Sin[c+dx] (2a-b)b (2a+b) (aCos[c+dx] +bSin[c+dx])

+ +
a a
. 2 1

2b (aCos[c+dx] +bSin[c+dx] )%+ ————

-b+aTan[? (c+dx)]
6 (2a”+b?) ArcTanh| 2 ]<aCos[c+dx]+bSin[c+dx])2+
6aLog[Cos[1 (c+dx)] —Sin[1 (c+dx)]] (aCos[c+dx] +bSin[c+dx])*-

2 2

6aLog{Cos[l (c+dx)] +Sin[l (c+dx)]] (acos[c+dx] +bSin[c+dx])2+
2 2

2bSin[i (c+dx)] (aCos[c+dx] +bSin[c+dx])?

Cos[% (c+dx)] 7Sin[i (c+dx)]

2bSin[i (c+dx)] (aCos[c+dx] +bSin[c+dx])?

Cos[i (c+dx)] +Sin[i (c+dx)]

Problem 574: Result unnecessarily involves imaginary or complex numbers.

Sec[c+dx]3
J dx
(

a+bTan[c+dx])3

Optimal (type 3, 95leaves, 4 steps):

ArcTanh { b Cos[c+d x]-aSin[c+d Xx] }

Jarior Sec[c+dx] (b-aTan[c+dx])
2 (a2+b2)*%d 2 (a2+b?) d (a+bTan[c+dx])?

Result (type 3, 132leaves):
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(a®>+b®) (-bCos[c+dx] +aSin[c+dx]) +

-b+aTan[Y (c+dx
2+/a%+b? ArcTanh| [2< )]](aCos[c+dx]+bSin[c+dx])2

(2 (a-ib)* (a+ib)*d (aCos[c+dx] +bSin[c+dx])2)

/

Problem 601: Result more than twice size of optimal antiderivative.

dx

J(aerTan[eH‘:x])3
(dSec[eJr-Fx])g/2

Optimal (type 4, 176 leaves, 4 steps):

(Za (7a%+6Db?) EllipticE[lAr'cTan[Tan[e+fx}], 2] (Sec[e+fx]2)1/4)/
2

2Cos[e+fx]*(b-aTan[e+fx]) (a+bTan[e+1‘:x])2

9d*f+/dSecle +fx]
2Cos[e+fx]2(2b (5a%+2b?) -a (7a%+b?) Tan[e+fx])

45 d* f+/dSec[e + fx]
Result (type 4, 372leaves):

(15d4fx/d5ec[e+fx} )7

2 (56 a° + 48 a b?) EllipticE[% (e+Fx), 2]

Sec[e+fx13/2[ - (2 (15a*b+7b?) Sin[e+fx]2)/

\/Cos[e+fx] +/Sec[e+fx]

(\/17Cos[e+fx]2 VSecle+fx] \/Cos[eﬂcx}z (-1+secfe+fx]?) )

(a+bTan[e+fx])> /(1201c (dsec[e+fx])%? (acCos[e+fx] +bSin[e+fx])3) +

(Sec[e+-Fx]2 —ib (15a® +4b?) Cos[e + f x] —ib (75a%+11b%) Cos[3 (e+fx) | -

90 360

ib (3a>-b?) Cos[5 (e+fX) | +ia (19a®-3b%) Sinfe+fx] +
72 180

1 1
—— a (43a%-21b?%) Sin|3 f — 2_3b?) sin|5 f
360a( a ) in] (e+ x)}+72a(a ) in] (e+ x)]

(a+bTan[e+fx])>

/(f (dsec[e+fx])®? (aCos[e+fx] +bSin[e+Fx])3>

Problem 603: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(dsec[e+fx])"?
J dx

a+bTan[e + fx]
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Optimal (type 4, 456 leaves, 17 steps):
(a2 + b?) 3/4 42 ArcTan [M] (dsec[e+fx]) 372

a2,p2) V4
) (a+b?) -

3bf bS/ZF(Sec[e+fx]2)3/4

2d? (dsecle+fx])>?

(a2 + b2)3/4 d? ArcTanh[M} (dsec[e+fx] )3/2

(a2+b2) 1/4

b>/2 £ (Sec[e+fx}2)3/4

+

2ad? EllipticEEAr‘cTan [Tan[e+fx]], 2] (dSec[e+fx])>?

b2 f (Sec[e+fx}2>3/4

2ad?Cos[e+fx] (dSecle+fx])>?Sin[e+fx]

b2
b
2. b? d?Cot[e+fx] EllipticPi[- ————, ArcSin|[ (s Fx12)141 0 1
(a\/? ot[e+fx] ipticPi] m, rc 1n[(ec[e+ x]?) ], -1]

(dsecfe+fx])*?+/-Tan[e+ fx]? J/ (b3.F (Sec[e+fx]2)3/4) )
b
a-/a®+b? d?Cot[e+fx] EllipticPi[ ————, ArcSin|[ (Sec[e+fx]?)"*], -1]
( A/ a2 + b?
/(b3f (Sec[e+fx]2)3/4)

(dsec[e+fx])*?+/-Tan[e + fx]?

Result (type 4, 31275 leaves): Display of huge result suppressed!

Problem 604: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J(dSec[ewa])S/2

a+bTan[e + fx]

Optimal (type 4, 396 leaves, 17 steps):
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1/4
(a2 + b2) /" 02 Ar‘cTan[ﬂ(sec[e—ﬂcx]z)—] vJdSec[e+fx]

2d?+/dSec[e+fx] (a2+b2) ¥/
bf b*/2 f (Sec[e+fx]2)"*
(a%+b?) Y% d2 ArcTanh | @?ec[e—Tf‘]zﬁ} v/dSec[e + f x]
aZ+b?)V*

b3/2 £ (Sec[e+fx]2)1/4

2ad? EllipticF[iAr‘cTan [Tan[e+fXx]], 2} \/dSec[e+fXx]

+

b2 f (Sec[e+fx]2)Y*

(a d? Cot[e+ fx] EllipticPi[—L, AF‘CSin[(SEC[lefX]Z)lML ‘1}

vV a?+b?

dsecle+fx] +/-Tan[e+fx]? /(bzf(Sec[e+fx12)1/4)+

(a d? Cot[e + f x] EllipticPi[L, ArcSin| (secfe+fx]2)*], -1]

dsec[e+fx] \/-Tan[e+fx)]? /(bzf(Sec[emcx}z)lM)

Result (type 4, 40058 leaves) : Display of huge result suppressed!
Problem 605: Result unnecessarily involves higher level functions.

dx

J(dSec[EJr'FX])B/Z

a+bTan[e+ fx]

Optimal (type 4, 334 leaves, 13 steps):
Ar‘cTan[M] (dSec[e+Fx])3/2 Ar‘cTanh[M} (dSec[e+-Fx])3/2

(a2+b2)1/4 (a2+b2)1/4
Vb (a2+b2) V4 f (Secle+ fx)2)>" Vb (a2+b2) V4 f (Secle+ Fx)2)>"
aCot[e+fx] EllipticPi[—*, Ar‘cSin[<Sec[e+-Fx}2>1/4], -1]

/(bx/a2+b2 f (Sec[e+fx]2)3/4) +

(a Cot[e+fx] EllipticPi[L, Arcsin| (sec[e+fx]2)"4], -1]

/ (bx/a2+b2 f (Sec[e+fx]2)3/4)

(dSec[e+fx])3/2 ~Tan[e+fx]?

(dsecfe+fx])>?+/-Tan[e + fx]?

Result (type 6, 276 leaves):



186 | Mathematica 11.3 Integration Test Results for 4.3.1.2 (d sec)™m (a+b tan)”~n.nb

) 1 1 1 3 a-1ib a+ib
([12d AppellFl[—, =, =, =, s ](a+bTan[e+Fx]) /
2 4 4 2 a+bTan[e+fx] a+bTan[e+fXx]
315 5 a-1ib a+ib
(bf\/dSec[e+-Fx] (a+ib) AppellFl[ =, =, = B +
24”4 2 a+bTan[e+fx] a+bTan[e+fXx]
3 5 1 5 a-1ib a+ib
(a-ib) AppellFi[=, =, =, =, s +
2 4 4 2 a+bTan[e+fx] a+bTan[e+ fXx]
1 1 1 3 a-1ib a+ib
6 AppellFl|—, ~, =, =, s | (a+bTanfe+fx]) ))
2 4 4 2 a+bTan[e+fx] a+bTan[e+fXx]

Problem 606: Result unnecessarily involves higher level functions.

J\/dSec[ewa]

a+bTan[e+ fx]

dx

Optimal (type 4, 324 leaves, 14 steps):
b (seclef0))'t | \fGSeceFx] Vb ArcTanh| (e lSEElet0lt) agacTe

/b ArcTan| ot ot
.

(a2 +b2)¥* £ (Sec[e+ fx]2)** (a2 +b2)>* £ (Sec[e+ fx]2)M*
, Ar‘cSin[(Sec[e+-Fx}2>1/4], -1]

(a Cot[e +fx] EllipticPi [—
a? + b?

/ (<a2+b2> f (Sec[e+fx}2>1/4) N

vJdSec[e+fx] +/-Tan[e + fx]?

aCotle+fx] EllipticPi| , ArcSin| (Sec[e+fx]2)1/4}, -1]

a2+ b?

vJdSec[e+fx] +/-Tan[e +fx]?

/ (<32+b2) f (Sec[e+fx}2>1/4)

Result (type 6, 280 leaves):

/ [00

7 a-1b a+1b

a+
5 3 7
(dsec[e+fx])?? (3 (a+1ib) AppellF1[=, =, ~, —, s
2 4 4 2 a+bTan[e+fx] a+bTan[e+fX]
b a+1b

a-1ib a+1ib
s s ] (a+bTan[e+fx])
a+bTan[e + fx] bTan[e + f x]

B 2 3 335
20 d* AppellFi[ =, =, =,
2 4 4 2

+

5 7 3 7 a-1
3 (a-ib) AppellF1[=, —, =, —, s +
2 4 4 2 a+bTan[e+fx] a+bTan[e+fXx]
3 3 3 5 a-ib a+ib
10 AppellF1[ =, =, =, =, , ](a+bTan[e+fx])))]
2 4 4 2 a+bTan[e+fx] a+bTan[e+fXx]

Problem 607: Result unnecessarily involves complex numbers and more than

twice size of optimal antiderivative.
1

J\/dSec[eﬂ‘:x] (a+bTan[e+fx])
Optimal (type 4, 451 leaves, 17 steps):

dx
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1/4 . 1/4
b3/2Ar=cTan[—(—)—\/F Seclerfx)? ] (Sec[e+1cx]2)1/4 b3/2Ar‘cTanh[—(—M secfe+f x]? ] (Sec[e+1cx]2)1/4

(a2+b2)1/4 (a2+b2)1/4
- +
(a2 +b?)** f/dSec[e+fx] (a?+b?)** f-/dSec[e+Ffx]
2a EllipticE[%Ar‘cTan[Tan[e+fx}], 2] (secle+fx)2)"* 2aTan[e+fx]
(a?+ b?) f+/dSec[e+fx] (a2 +b?) f+/dSec[e+fx]
b
(a b Cot[e+fx] EllipticPi[- ————, ArcSin| (Sec[e+ fx]2)"*], -1]
Va2 + b?

(Sec[e+fx]2)1/4 ~Tan[e + fx]?

/(<a2+b2)3/2fx/d5ec[e+fx] )+

(a b Cot[e + f x] EllipticPi[L, ArcSin| (Sec[e+fx}2)1/4], -1] (Sec[e+1‘x]2)1/4

/((a2+b2>3/2f\/d5ec[e+fx} )+

2 (b+aTanfe+fx])

(a?+b?) f+/dSec[e+fx]

~Tan[e + fx]?

Result (type 4, 34 824 leaves): Display of huge result suppressed!

Problem 608: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
J(dSec[eﬂcx])”2 (a+bTan[e+fx])

dx

Optimal (type 4, 422 leaves, 17 steps):
b5/2 ArcTan [ M] (Sec [e+fx] 2) 3/4

(a2+b2) ¥4

(a2 +b2)7* £ (dSec[e+fx])>?

1/4
b5/2 Ar‘cTanh[@M)—] (SEC [e+ 'FX} 2> 3/4

(a2+b2) 1/4

(a2 +b2) 7" f (dSec[e+fx])>?

+

2a EllipticF[%Ar‘cTan [Tan[e+fx]], 2| (Sec[e+fx]2)**

+

3 (a2 +b?) f (dSec[e+fx])>?

(a b2 Cot[e + f x] EllipticPi[fL, Ar‘cSin[(Sec[eJrfx]z)l/ﬂ, 1]

Va?+b?

(sec[e+fx]?)**/-Tan[e+fx]? /(<a2+b2)zf(dSec[e+fx])3/2>+

(a b% Cot[e + f x] EllipticPi[L, Ar‘cSin[<Sec[e+Fx}2>1/4], -1] (Sec[e+fx12)3/4
Va?Z+b?
2 (b+aTan[e+fx])

3 (a2+b?) f (dSec[e+fx])*?

~Tan[e + fx]? /((a2+b2>2f (dSec[e+-Fx])3/2) +
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Result (type 4, 11857 leaves):

Sec[e+fx]? (aCos[e+fx] +bSin[e+fx])

+

[B(a—ib) (a+ib) 3(a-ib) (a+ib) 3(a-ib) (a+ib

b bCos[z(e+fx)] asin|2 (e+fx)]
) >U/

(f (dSec[eH‘:x])S/2 (a+bTan[e+fx])) +|2Sec[e+fx]*? (aCos[e+fx] +bSin[e+fx])

[az/(3 (a-ib) (a+ib)VSec[e+fx] (aCos[e+fx] +bSin[e+fx])) +

bz/((a—jb) (a+ib)Sec[e+fx] (aCos[e+fx] +bSin[e+-Fx])) +
ab+/Sec[e+fx] Sin[e + fX]

3(a-ib) (a+ib) (aCos[e+fx]+bSin[e+fx])

1
1—Tan[§ (e+-FxH2

al Ellip'l:icF[Ar‘cSin[Tan[l (e+fx)]], -1] \/1Tan[1 (e+fx”2 +
2 2

3ab? EllipticF[Ar‘cSin[Tan[l (e+fx)]], -1] \/1—Tan[1 (e+fx)]2 +
2 2

(1+1) (1+Tan [% (e+f x) ”

]'1+Tan{i7 (e+f x) ]

3ab’ (a+—b—\/a2+b2) EllipticF[ArcSin[\/ |,2]-(1-1i)a

V2

(1+1) (1+Tan| 2 (esfx) )
<1+]'1> (a+1‘1 (—b+m)) 1'1+Tan{§(e+fx)}
, ArcSin|
a+b-+/a%+b? V2

EllipticPi|

] 2]
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2+21'1Tan{%(e+fx” . 1
_ ]-lJrTanE(eJr{XH [1+Tan[2(e+'Fx)]

2 —1+Tan[%(e+fx)}2 /

(j+Tan[i (e+Fx)])2

2

(—a—b+\/m] (—Jia—b+\/m] \/1+Tan[l (e+1cx)]2

(1+1) (1+Tan [% (e+f x) ”

\/ juTan{;(en’x)]
3ab’ (a+—b—\/a2+b2) EllipticF [ArcSin| |,2]-(1-1i)a

V2

(1+1) (1+Tan| 2 (esfx) )
<1+]'1> (a+]'1 (—b+m)) 1'1+TanB(e+-Fx)}
» ArcSin|
a+b-+/a%2+b? V2

EllipticPi|

] 2]

2+21’1Tan[§(e+fx” . 1
_ i+Tan{§(e+fXH (1+Tan[2(e+fx)]

2 —1+Tan[i(e+fx”2

/

(i+Tan[i (e+fx)])2

+

2

Yo BN oy (-ja-mm]quan[l(mx)r

(1+1) (1+Tan“— (e+f x) w )

1'1+Tan“7 (e+f x) ]

3ab* (aa—b+x/a2+b2) EllipticF[ArcSin[\/ ],2]-(1-1)a

V2
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(1+1) (1+Tan |2 (e+fx) [
<1+]'1> (a—]'l (ber)) J'L+Tan[§(e+fx)}
, ArcSin|
a+b++a?+b? V2

EllipticPi|

5 2]

_2+21‘1Tan{% (e+Fx)] [1‘1+Tan[
j+Tan[§ (e+fx)]

2 —1+Tan[%(e+fx”2

N |

(e+-Fx)]

/

(j+Tan[i (e+Fx)])2

\/ a% + b? (Jia+b+x/az+b2] (a+b+\/a2+b2J\/1+Tan{l(e+1‘:x”2 +

2

(1+1) (1+Tan[§ (e+f x) ”

1'1+Tan[% (e+f x) }

3ab’ |-i (a+b+x/a2+b2 ] EllipticF [ArcSin| ], 2]+ (1+1)
V2

(1+1) (1+Tan[2 (efx) ]
(1+]'1) (a—j (b+m)) 11+Tan[§(e+fx)}
» ArcSin|
a+b++va?+b? 2

aEllipticPi|

2]

2+21’1Tan[i(e+fx” . 1
i i+TanE(e+fXH 1+Tan[2(e+fx)]

2 —1+Tan[i(e+fx”2

/

(i+Tan[i (e+fx)])2

0o o] [aj(mmwmn{

N |

(e+FxH2] /
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3a’> (a-ib) (a+ib) 1:(dSec[e+-Fx])3/2

3/2
1

3a2 (a-1ib) (a+ib)

1

Sec| (e+~FxH2Tan[

N |
N |

(e+-Fx)]

l—Tan[i (e+fx)]2

a® EllipticF [ArcSin[Tan| (e+Fx) }2 +

N |
N |

(e+fx)]], -1] \/1Tan[

2 2

(1+1) (1+Tan[§ (e+‘Fx)”
1'1+Tan{§ (e+fx)}

V2

3ab? EllipticF[Ar‘cSin[Tan[1 (e+fx)]], -1] \/1Tan[1 (e+fx)]2 +

3ab? (a+b—\/m) EllipticF[ArcSin| > 2] -

(1+1'L) (a+11 (—b+m))
(1-1) aEllipticPi] ,

a+b-+a?+b?

(1+1) (1+Tan{§<e+fx)])
1+Tan[§(e+fx)} 2+2]'1Tan[§ (e+'FxH
> 2 -
V2 ] } 1'1+Tan[i(e+1:x)]

ArcSin|



192 | Mathematica 11.3 Integration Test Results for 4.3.1.2 (d sec)™m (a+b tan)”~n.nb

2 —1+Tan[§(e+fx”2

1'1+Tan[% (e+-FxH

QIR

(]‘1+Tan[§ (e+Fx”)2

(e+fx)]”

N |

[—ja—b+x/a2+b2)\/1+Tan[ - |3ab* (a+b—x/a2+b2)

(1+1) (1+Tan“— (e+fx)”
Ji+Tan{ (encx)}

1
2

V2

EllipticF [Ar‘csin [

|, 2] - (1-1) aEllipticPi]

(1+1) (1+Tan“—(e++‘x)H
(1+Ji) (a+1’1 (—b+‘\/ aZ + b? )) i*Tan{%(Eﬁ»fX)}
R Ar‘cSin[
a+b-+/a2+b?2 NEY

2]

11+Tan[§ (e+fx)]

2+21‘1Tan[§ (e+Fx)] (

2 —1+Tan[§(e+1‘:x”2 /

(1‘1+Tan[i (e+'FX)])2

j+Tan[§ (e+-Fx)}

+

2

\/ﬁ(faber\/m] (J’lab+xla2+b2]\/1+Tan[1(e+fx)]2

(1+1) (1+Tan[§ (e+fx) } )

i+Tan {; (e+f x)}

3ab* (a+b+«/a2+b2 ) EllipticF[Ar‘cSin[\/ ],2]-(1-1)

V2
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(1+1) (1+Tan[l(e+fx)”
<1+J'L) (a—J'L (b+\/ a2+ b? )) i+Tan[§(e+fx)}
R Ar‘cSin[
a+b++aZ+b? NEY

aEllipticPi]

s

2+21'1Tan[§(e+fx” . 1 2
2] - j+Tan[i(e+-FxH [1+Tan[;(e+fx”

-1+ Tan[3 (e+fx)]®

2 /[m(iamm]

(j+Tan[% (e+'FXH)

+|3ab3|-1 (a+b+\/m)

2

[a+b+\/mj \/1+Tan[l (e+fx)]2

(1+1) (1+TanE (e+fx)])
1'1+Tan{% (e+fx)}

V2

EllipticF [ArcSin| |, 2]+ (1+1)aEllipticPi]

(1+1) (1+Tan{;(e+fx)])
(1+Jl) (a—]l (b+'\/a2+b2 )) ﬁ+TanB(e+fx)}
, ArcSin]|
a+b+a%+b? V2

5 2]

2+2]'1Tan[l (e+-FxH
- 2 Ji+Tan[
i+Tan[§ (e+Fx)]

2 71+Tan[i(e+-Fx)}2 /

(i+Tan[§ (e+-Fx)])2

N |

(e+fx)]
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N |

(oo o) oo

1 1

2
3a2 (a-ib) (a+ib) \I1Tan[i (e“cx)]z

/

2 2

{2\/1Tan[; (e+fx”2

(e+fx) ]

- [(a3 EllipticF[Ar‘cSin[Tan[1 (e+fx)]], -1] Sec[1 (e+fx”2Tan[§ (e+fx)]

(e+fx)]], -1]

N |

] - (3 ab? EllipticF[ArcSin|[Tan|

2\/1—Tan{

(1+1) (1+Tan“— (e+f x) w )

(e+1:x)]2

N |

/

(e+FxH2Tan[

N |

Sec|

N |

1'1+Tan{§ (e+f x) }

3ab3 (a+b1/a2+b2)EllipticF[Ar‘cSin[\/ },2]—

V2

(1-1i) aEllipticPi| (1+4) (-3 (*b+m>) )

a+b-+a?+b?

(1+1) (1+Tan{§ (e+fx)])
11+Tan[§ (e+1‘x)}

V2

ArcSin| |, 2] Sec[%(eﬂcx)]zTan[%(e+fx”
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2+21Tan{%(e+fx” ' 1
_ jJrTan[i(eJrFX)] (1+Tan[2(e+1:x)]

2 —1+Tan[i(e+fx”2 /

(11+Tan[i (e+fx)])2

[2 [—a—b+\/mJ (—Jia—b+\/m] (1+Tan[% (e+-Fx)]2J3/2] +

(1+1) (1+Tan“— (e+f x) w )

i+TanB (e+f x) }

3ab? (a+b—\/a2+7bz) EllipticF[Ar‘cSin[\/ ] 2] -

V2

(1+1'L) (a+]1 (7b+m>)
(1-1) aEllipticPi] >

a+b-+a?+b?

(1+1) (1+Tan{§(e+fx)])
J'1+Tan{§ (e+f x)} 1 . ) 1 .
> |, 2] Sec{;(e+ x) ] Tan[;(e+ x) |

ArcSin|

72+2]1Tan[i (e+FxH (lerTan[
i+Tan[§ (e+Fx)]

2 —1+Tan[i(e+-FxH2

|/

N |

(e+fx)]

(i+Tan[% (e+-Fx)])

[Zm(abJr\/mJ (ﬂiaber\/m] (1+Tan[ (e+-Fx)]2J3/2]

N |

(1+1) (1+Tan[i— (e+f x) H

J’HTanB— (e+f x)}

3ab? (a+b+«/a2+b2 ) EllipticF[Ar‘cSin[\/ ], 2] -

V2

(1-1i) aEllipticPi| (1+4) (a‘i (bwm)) ,

a+b++vaZ+b?
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(1+1) (1+Tan[§ (e+fx) ])

1'L+Tan[§ (e+f x) }

|5 2] Sec[l (e+1cx)]2Tan[1 (e+fx)]

NEY 2 2

ArcSin|

2+2iTan[i(e+-FxH 2 —1+Tan[i(e+fx”2
2/

(e+-Fx)]

[J'HTan[

N |

i+Tan[§(e+fx)] (1+Tan[i(e+fx)])

(e+fx)]2)3/2) ;

N |

[2\/a2+b2 [J'la+b+\/a2+b2] (a+b+\/a2+b2J (1+Tan[

(1+1) (1+Tan “7 (e+F x) ])

1'1+TanB— (e+f x) }

3abd |-1i (a+b+x/a2+b2 ] EllipticF[Ar‘cSin[\/ ], 2} +
V2

(10 4) aentiptices] ) 2-s oo amw))

arbial bl

(1+1) (1+Tan{1— (e+fx)])
1'1+Tan{§ (e+*Fx)}

V2

|, 2] sec| (e+-Fx)]2Tan[ (e+fx) |

N |
N |

ArcSin|

2 —1+Tan[i(e+1‘x”2 /

2+2]1Tan[i (e+Fx”
(i+Tan[% (e+-Fx)])2

_ 1
i i+Tan[> (e+fx) | [1+Tan[;(e+fx)]

N =

(1+Tan[§ (e+fx)]2)3/2) +

A

a3Sec[§(e+fx)]z 3ab25ec[i(e+fx)]2
+

2J1+Tan[§(e+fx)}2 2J1+Tan[§(e+fx>}2

+
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(1+1) (1+Tan“— (e+f x) w )

J'HTanB (e+f x) }

3ab3 (a+bf\/a2+7bz) EllipticF[Ar‘cSin[\/ }, 2] -

V2

(1+1'L) (a+]1 (7b+m>)
(1-1) aEllipticPi] s

a+b-+a?+b?

\/ (1+1) (1+Tan{1—(e+fx)])
1'1+Tan{if (e+f x)}
|, 2] Sec[l (e+1:x)]2
vz 2

ArcSin|

72+2]1Tan[i (e+FxH (lerTan[
i+Tan[§ (e+Fx)]

71+Tan[i (e+'FX)]2

|/

N |

(e+fx)]

(J‘L+Tan[§ <e+-Fx)])

(e+Fx)]2 -

(_a-bﬁrubz](-ja_mmwman[

N |

(1+1) (1+Tan“— (e+f x) H

J'HTanB— (e+f x) }

3ab? (a+b—\/a2+7bz) EllipticF[Ar‘cSin[\/ ]»2] -

V2

(1-1) aEllipticPi] (1+1) (a“'l (*b+m)) ,

a+b-+a?+b?

(1+1) (1+Tan{1— (e+fx)])
1'1+Tan{% (e+<Fx)}

V2

ArcSin|

1, 2] Sec[%(e+1:x)]2
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2+21Tan{%(e+fx” ' 1
_ J-lJrTan[i(eJer)] (1+Tan[2(e+1:x)]

-1+ Tan[3 (e+fx)]’

/

(]‘HTan[i <e+fx)])2

+

2

Ner BN oy (-ia-mm]quan[l(em)r

(1+1) (1+Tan[§ (e+f x) ”

1'1+Tan{§ (e+f x) }

3ab? (a+b+W) EllipticF[Ar‘cSin[\/ |» 2] -

V2

<17]i> aElliptiCPi[ (1+j> (‘-:‘7]-l (b+m)) |

a+b++va2+b?

(1+i) (1+Tan{§ (e+fx)])
1'L+Tan{§ (e+fx)} 1 5

\/7 2

ArcSin|

72+211Tan[% (e+-FxH [lerTan[
i+Tan[ > (e+fx)]

—1+Tan[i (e+1:x)]2

N |

(e+Fx)]

/

(J‘HTan[i <e+fx)])2

+

2

\/H(ia+b+\/mj (a+b+ﬁ]J1+Tan[l(e+fX”z

(1+1) (1+Tan H (e+Fx) ])

1'1+Tan{;f (e+f x) }

3ab®|-i (a+b+«/a2+b2 ] E1lipticF [ArcSin | ], 2] +
V2
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(1+i) (a-i(b+/aZ+D? )]
(1+1i) aEllipticPi| P

a+b++a?+b?

\/ (1+1) (1+Tan[§<e+fx>])
J'1+Tan[l (e+f x)}
: |, 2] | sec[® (e £x)]’
7z 2

ArcSin|

2+21Tan{§(e+fx” . 1
_ jJrTan[i(eJr.FX)] (1+Tan{2(e+fx)]

—1+Tan[%(e+1‘x)]2 /

(J‘L+Tan[§ <e+fx)])2

+

2

o0 ) [ o ) ot e

(1+1) (1+Tan[§ (e+f x) } )

i+Tan {% (e+f x) }

3ab’ (a+b—x/a2+b2 ) EllipticF[Ar‘cSin[\/ ],2]-(1-1)

V2

(1+1) (1+Tan[%(e+fx)”
<1+]'1) (a+]'1 (—b+m)) 1'1+Tan[i—(e+fx)}
» ArcSin|
a+b-+a?+b? V2

aEllipticPi|

]5

2 —1+Tan[§<e+fx)]2

2] | [i+Tan|

N |

(e+-Fx>]

(J‘HTan[% (e+fx>])2

Sec[% (e+fx>]2 (2+21’1Tan[§ (e+fx)]) jSec[i (eJr-I:xH2

2(1’1+Tan[i(e+fx)])2 71+Tan[§(e+fx)] /
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2+21'1Tan[§ (e+Fx)]

2[—a—b+x/a2+b2)(—ia—b+\/a2+bz] -

\/1+Tan[i <e+-Fx)]2 -

]‘1+Tan[§ (e+'FXH

(1+1) (1+Tan“— (e+f x) H

J’HTanB— (e+f x) }

3ab?* (aer—x/aerb2 ) EllipticF[ArcSin[\/ ],2]-(1-1)

V2

(1+1) (1+Tan“—(e+fx)”
<1+Ji) (a+1’1 (—b+‘\/a2+b2 )) 1'1+Tan[§(e+fx)}
R Ar‘cSin[
a+b-+a?+b? NEY

aEllipticPi]

2 —1+Tan[§<e+fx)]2

(11+Tan[§ (e+fx>])2

Sec[%(e+fx>]2(2+ZiTan[§(e+fx)]) iSec[i(eH‘tz /

2(1+Tan[§(e+fx)])2 _1+Tan[§(6+fX)]

2+/a%+b? [—a—b+x/a2+b2) (—Jia—b+x/a2+b2]

_2+21Tan[;(e+fXH \/1+Tan[l(e+fx>}2 *

j+Tan[§(e+-Fx)] 2
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(1+1) (1+Tan“— (e+f x) H

i+Tan {; (e+f x)}

3ab* (a+b+«/a2+b2 ) EllipticF[Ar‘cSin[\/ ],2]-(1-1)

V2

(1+1) (1+Tan |2 (e+f %) [

<1+J'1) (a—J'l (b+\/m>) APCSin[ i+Tan[§(e+fx)} ]

abalib? NEY

aEllipticPi]

2] i+Tan[§<e+fx>] 2 —1+Tan[%<e+fx>]2

2

1'1+Tan[§ (e+fx>])

Sec|> (e+fx)]* (2+21‘1Tan[§ (e+fx)]) i Sec[ (e+fx)]®

2(1’1+Tan[i(e+fx)])2 _J'HTan[i(ewa)] /

2+/a%+b? []'].a+b+\/az+b2] (a+b+\/a2+b2J

2+211Tan[§ (e+Fx)]

- \/1+Tan[§(e+fx”2 +

11+Tan[i (e+'FX>]

(1+1) (1+Tan[ 2 (e+fx) )

Ji+Tan{ (e+f x) }

3ab’ 1'1(a+b+«/a2+b2JEllipticF[Ar‘cSin[\/ J_ |, 2]+ (1+1)
2

(1+1) (1+Tan| 2 (e+f %))
(1+1) (a—]i (b+\/a2+b2 )) iTan[ L (exfx) |
R Ar‘cSin[
a+b++Va2+b? V2

aEllipticPi]

s
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2 71+Tan[§<e+fx)]2

2] i+Tan[§(e+fx)]

(11+Tan{§ (e+fx>])2

Sec[% (e+fx>]2 (2+211Tan[§ (e+fx)]) ) J‘LSec[i (e+Fx”2 /

2

2(1‘1+Tan[i(e+{x)]) 1'1+Tan[§(e+fx)]

2+21’1Tan[i (e+Fx)]

2(a+b+x/a2+b2)[a—i(b+wa2+b2)) -
\/1+Tan[
1'1+Tan{i—(e+fx)}

3ab’ (a+bﬂ/a2+b2 ) EllipticF[Ar‘cSin[\/ ],2]-(1-1)

V2

1'1+Tan[§ <e+-Fx)]

(e+fx)]” |+

N |

(1+1) (1+Tan“— (e+f x) H

(1+1) (1+Tan[§(e+fx)”
<1+:|'1) (a+1’1 (—b+\/a2+b2 )) J'HTanB(EWX)}
, ArcSin|
a+b-+a?+b? V2

aEllipticPi|

|5

2+21’1Tan[§(e+fx)] . 1
2] - 1+Tan[%(e+fx” [1+Tan[2(e+fx”

2
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Sec[i (e+fx>]2Tan[i (e+Fx)] Sec[i (e+fx)]2 (71+Tan[i (e+-FxH2)

: 3 /

(e+fx)”2 (J‘L+Tan[§(e+fx)])

(1'1+Tan{2

-1+ Tan[ (e+fx)]’

v

J1 +Tan|
J'HTan{; (e+fx)}

3ab* (a+b—«/a2+b2 ) EllipticF[Ar‘cSin[\/ ],2]-(1-1)

V2

(11+Tan[i (e+-Fx>”2

(e+-Fx)]2

N |

(1+1) (1+Tan[§ (e+fx) } )

(1+J'1) (a+1’1 (—b+m))
aib Valib? V2

aEllipticPi|

[11+Tan{

N |

(e+'FXH

J 2+2iTan[> (e+fx) |
2] | |- 2

1'1+Tan[§ (e+fx”

Sec[% (e+fx>]2Tan[% (e+Fx)] Sec[% (e+1°x)]2 (—1+Tan[§ (e+-FxH2>

. ol

(J‘L+Tan[§ (e+fx)])

(1'1+Tan[§ (e+fx”)

{wm[awm) fiaobfan)
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(e+fx)]" |+

_1+Tan[%(e+fx”2 \/1+Tan[
2

(Ji+Tan[i (e+-FxH)

N |

(1+1) (1+Tan{§ (e+f x) } )

i+Tan {% (e+f x)}

3ab* (a+b+x/a2+b2 ) EllipticF[Ar‘cSin[\/ ],2]-(1-1)

V2

(1+1) (1+Tan |2 (e+fx) )
<1+]'1) (a—]'l (b+m>) I'L+Tan[§(e++‘x)}
, ArcSin|
a+b++/a?+b? V2

aEllipticPi|

s

2+21’1Tan[§(e+fx” . 2
2] ) 11+Tan[§(e+fx)} [1+Tan[

(e+-FxH

N |

Sec[% (e+fx>]2Tan[i (e+fx)] Sec[i (e+Fx)]2 (—1+Tan[i (e+-FxH2)

| =2illy

(11+Tan[§(e+fx”)2 (J‘L+Tan[§(e+fx)])

2+/a%+b? [ja+b+\/az+b2] (a+b+\/a2+b2J

1+Tan[l (e+fx”2 +
2

—1+Tan[§(e+fx”2 \/

(j+Tan[§ (e+-FxH)2

(1+1) (1+Tan E (e+F x) ])

Ji+Tan{ (e+f x) }

3ab’ 1'1(a+b+«/a2+b2JEllipticF[Ar'cSin[\/ vz_ |, 2]+ (1+1)
2
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(1+1) (1:Tan |2 (e+f %) [
(1+1) (a—jl (b+m)) iTan| 2 (evf ) |
a EllipticPi[ » ArcSin [ ] s
a+b++aZ+b? NEY

2

[J'HTan[% (e+fx)]

J 2+2iTan[2 (e+fx)]
2] | |- 2

J'1+Tan[i (e+-FxH

Tan[% (e+Fx)] ) Sec[i (e+fx)]2 (—1+Tan[§ (e+fx”2)J /

]
(J'1+Tan[§(e+fx>”2 (J’L+Tan[§<e+fx)])3

—1+Tan[§ (e+Fx)]2

2

e ) s 7

(1’1+Tan[i (e+fx)])

+

\/1+Tan[§ (e+fx)]2

2+2iTan[L (e+Ffx
WJ (3 e8]

1’L+Tan[i (e+Fx)]

(e+Fx)]

z\l —1+Tan[§ (e+-Fx)]2

(j+Tan[i (e+fx)])2

(J'HTan[

N |

(i+i;) Sec[i (eJr'FXH2

[fee-9)

Ji+Tan[i<E+_FX)] 7([1+£)Sec[§(e+fxﬂz

2 2
|/ [sranl 2 (oo J/

Z\EJ (1+1) (1+Tan[i(e+fx)]) Jl (1+1) (1+Tan[i (e+fx>])

J'L+Tan[§(e+fx)] i+Tan[§(e+FxH

(1+Tan[%(e+¥x)] ’

Jl (2 %) (1eTan[2 (e £x)]) ]

i+Tan[§ (e+Fx)]
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|/ [2-7an] > (e x)] 2]}/

[\/?J (1+]'].I) (1+Tan[%(e+fx)]) Jl (1+Ji> (1+Tan[% (e+fx>”

1‘1+Tan[§ (e+'FX)]
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- 72+21‘1Tan[i(e+FxH ( Tan[1<e ] 2 71+Tan[;(e fx)]Z
i+Tan[%(e+Fx)] 2 (i+Tan[l(e fx)])z

. — (§+§) Sec[i(eJrfoZ 1 1 5
{{1(a+b+va +b )[ j+Tan{i(e+fXH _((E ; Sec[;(e+fx”

]/ (i+Tan[§ (e+fx)]

(1+1) (1+Tan[% (e+-Fx)]) . (1+1) (1+Tan[§ (e+fx>])
j+Tan[i (e+'FXH

(1+Tan[§ (e+fx)]

2\/7J

]1+Tan[§ <e+'FX>]
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L (%+§) (1+Tan[§ (e+-Fx)])

j1+Tan[i (e+'FX)]

(17 (j (a—]i (b+\/m]) [1+Tan[
[(a+b+\/m) [Ji+Tan[

N |

(e+Fx)]

/
||/ [fro-79

(e+Fx)]

N |

(e+-FxH2 (a+bTan[e+fx])

[a-j(mwwlmn[

N |

Problem 609: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1

dx
J(dSec[eﬂcx])S/2 (a+bTan[e+fx])

Optimal (type 4, 568 leaves, 18 steps):
b7/2Ar‘cTan[M] (secle+fx)2)Y* b7/2ArcTanh[M] (secle+fx)2)Y*

a2+b? 1/4 a2+b? 1/4
(2227 ) (2217 .

(a?+b?)%*d? f/dSec[e + f x] (a2 +b?)%* d2 f/d Sec[e + f x]

(Za (3a%+8b?) EllipticE[lAr‘cTan[Tan[erFx]}, 2] (Sec[e+fx]2)1/4]/
2

2a (3a%+8b?) Tan[e + fx]
5 (a2+b2)2d2f\/d5ec[e+fx]

(a b3 Cot[e + f x] EllipticPi[fL, Arcsin| (Secle+fx]?)"], -1]

/((a2+b2)5/2d2f\/d5ec[e+fx} )+

(5 (a>+b2)?d> f/dSec e + f x] )-

(Sec[e+-Fx]2)1/4 ~Tan[e+fx]?

(a b3 Cot[e + f x] EllipticPi[L, Ar‘cSin[(Sec[e+fx}2)1/4] , -1]

\ a? + b?

V4. [ -Tan[e + fx]?

(Secle+fx]?)

/(<a2+b2)5/2d2f\/d5ec[e+fx] )+

2Cos[e+fx]? (b+aTan[e+fx]) 2 (5b*+a(3a2+8b2) Tan[e+fx])
+

5 (a?+b?) d*f+/dSec[e+fx] 5 (a2+b2)2d2f\/d5ec[e+fx]

Result (type 4, 33345 leaves): Display of huge result suppressed!
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Problem 610: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(dsec[e+fx])"?
J dx

(a+bTan[e+1‘:x])2

Optimal (type 4, 480leaves, 17 steps):

1/4
— :;[:;)ﬁ;“ | (dsecre«fx])*?

- +
2b5/2 (a2+b2)1/4f (Sec[eﬁ:x]z)g/4

N /
3ad2ArcTanh[M] (dsece+fx])??

(a2+b2) Y/

3ad?ArcTan]|

2b5/2 (a2+b2)1/4f (Sec[e+fx]2)3/4

3 d? EllipticE[%Ar‘cTan [Tan[e+fx]], 2] (dSec[e+fx])>?

+

b2 f (Sec[e+-Fx]2)3/4

3d?Cos[e+fx] (dSec[e+fx])>?sin[e+fx]

+

b £
b
(3 a*d*Cot[e +fx] EllipticPi[- ————, ArcSin]| (Sec[e+fx}2)1/4], -1]
v a? + b?

(dsecfe+fx])>?+/-Tan[e+fx]?

/ (2b3w/az+b2 f (Sec[e+fx}2)3”) -

(3 a?d? Cot[e + fx] EllipticPi[L, Arcsin| (secle+fx]2)V*], ~1] (dsec[e+fx])>?

/[2b3x/a2+b2 f (Sec[e+fx]2)3/4] - d* (dsecfe+fx])*?

bf (a+bTan[e+fx])

~Tan[e + fx]?

Result (type 4, 31777 leaves): Display of huge result suppressed!

Problem 611: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(dsecfe+fx])®>?
J dx

(a+bTan[e+fx])?

Optimal (type 4, 440 leaves, 17 steps):
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M] dSecle +fx] adZAr‘cTanh[@w)—W] dSecfe +fx]
(a2+b2) / . (a2+b2) /
2 p3/2 (az+b2)3/4-F (Sec[e+FX}2)1/4 2 p3/2 (a2+b2>3/4f (Sec[e+'FX]2)1/4

d? EllipticFEAr‘cTan [Tan[e+fx]], 2] v/dSec[e + fx]

b2 f (Sec[e+fx}2)1/4

ad?ArcTan|
.

v a? +b?

/ (Zb2 (a®+b?) f (Sec[e+fx]2)1/4) -

(az d? Cot[e + fx] EllipticPi[—L, ArcSin[ (Sec[e+fx12)1/4], ‘1}

vJdSec[e+fx] \/-Tan[e+fx]?
2 42 . . . b . 2\1/4
a’>d? Cot[e + fx] E1lipticPi| ————, ArcSin|[ (Sec[e+fx]?)"*], 1] ~/dSec[e + f x]

Va2 +b?
d?+/dSec[e+fx]

bf(a+bTan[e+fx])

~Tan[e+fx]? / (2 b2 (a2 + b2) f (Sec[e+fx}2)l/4) -

Result (type 4, 3091 leaves):

Sin[e + f Xx]

|/

[(dSec[eﬂcx])S/2 (aCos[e+fx] +bSinfe+fx])? (—i+
ab a(aCos[e+fx]+bSin[e+fx])

(f (a+bTan[e+fx])2) -

1-ic Fx] +Sinje+ f
[—Zibx/a2+b2 EllipticF[ArcSin[v 1CosfexTxjxoinfeTx] 1 5],
V2

1+1 a+1(-b W
a[ajb+w/a2+b2]EllipticPi[< +i) fa+i (-be Ve ))
a+b-+/a2+b?

vl_jcos[“zﬂ”ln[“fx] ],2] +a (—a+ib+x/a2+b2)EllipticPi[
2
<1+]'1> (a—j (b+\/a2+b2>)

, ArcSin]|

a+b++vaZ+b? \/?

ArcSin|

v1-1Cos[e+fx] +Sin[e+fx] ] 2]]

2
(e+fx)]| secfe+fx] ViCos[e+fx]-Sin[e+fx]

N R

(dsec[e+fx])>? |cCos|

\/Cos[e+1°x} (Cos[e+fx] +isSin[e+fx]) Sin[e+fx]

i%

. 1
(aCos[e+fx] +bSin[e+fx]) [1'1+Tan[g (e+Fx)]

4 (a-ib)b*/a*+b* f _ (aerTan[eJr-Fx})2

1+Cosfe+fx]
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1
2 (a-ib)b2Va2+b?2 | — A ——
1+Cos[e+f x]

1-ic Fx] +5i f
[—21’1bx/a2+b2 EllipticF[Ar‘cSin[\/ 1Cose+TX] +3in[e+¥x] ], 2] +
V2

| i - 2 2
a (a—jlb+\/m) EllipticPi| (1+4) (avi b+m))’

a+b-+va2+b?

1-1Cos[e+f Sin[e +f
Ar‘cSin[\/ = [e+¥x] +3infe+¥X] ],2]+a(—a+ib+x/a2+b2]EllipticPi[
V2

(1+1) (a—jl (b+\/a2+b2 )) Ar‘csin[\/lijos[e+fx] +Sinfe + f x]
atbsalib? | NE3

(e+-FxH2\/Cos[

1
\/Cos[e+fx] (Cos[e+fx] +isSinfe+fx]) Ji+Tan[£ (e+fx)]
1/

1
4(a—ib)b2«/a2+b2\/—\/iCos[eﬂcx]—Sin[eﬂcx}
. P— L. . V1-iCos[e+fx] +Sin[e+fx]
-21ib+/a?+b? EllipticF[ArcSin| |, 2]+

5 2]

Sec| (e+fx)]25ec[e+1‘x] \/1Cos[e+fx] -Sin[e + fx]

N |-
N |

1+Cosfe+fXx]
V2

1+J'1> (a+1‘1 (—b+\m>)

a(ajb+x/az+b2]EllipticPi[< ,

a+b-+a?+b?
Ar‘cSin[\/l_jcos[EJrfx} +Sinfe+ fx] ], 2] +a [—a+1’1b+x/a2+b2)EllipticPi[
V2
(1+1) (a*j(bJrVaz*bz)) . (V1-iCos[e+fx] +Sin[e+fx]
, ArcSin| |, 2]
a+b++a2+b?2 V2

2
<e+-Fx)] Sec[e+fx] (-Cos[e+fx]-iSin[e+fx])

N |

\/Cos[

1
\/Cos[eﬂcx} (Cos[e+fx] +1isSinfe+fx]) i+Tan[;(e+fo +

1 1
4(a7j1b) b2 /a2 + b2 \/1+Cos[e+fx]
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1-1iCos[e+fx] +Sin[e+fx
[—21’1 b+/a? + b? EllipticF[Ar‘cSin[\/ 1CosfexTx] xoinferTx] ], 2]+
V2

1+1'1> (a+1’1 (—b+\m))

a (a—ib+w/a2+b2 ] EllipticPi| ( B

a+b-+aZ+b?
ArcSin[vl*jcos[e*fX}+Sin[e“cx] },2]+a[—a+1‘1b+x/a2+b2)EllipticPi[
V2
(1+i> (a—i(b+va2+b2)) . (V1-1iCos[e+fx]+Sin[e+fx]
,Ar‘cSm[ },2]
a+b++a2+b? 2
\/Cos[l<e+fx)]25ec[e+fx] \/1Cos[e+fx] -Sin[e +fx]
2
2
\/Cos[e+-Fx} (Cos[e+fx] +isSin[e+fx]) Sin[e+fx] 1'1+Tan[l(e+~FxH -
2

1-1Cos[e+fx] +Sin[e+fXx
[—21’1 b/ a2+ b? EllipticF[Ar‘cSin[\/ 1CosferTx]xoinferTX] |, 2]+
V2

1+J'1) (a+1’1 (7b+m))

a(afjb+«/a2+b2) EllipticPi[< )

a+b-+/a?+b?
Ar‘cSin[\/l_jcos[eJrfx] +Sinfe+ fx] |, 2] +a (—a+1‘1b+x/a2+b2 J EllipticPi|
V2
(1+1) (afj(b+va2+b2)> . V1-iCos[e+fx]+Sin[e+fx]
» ArcSin| |, 2]
a+b++va?+b? \/7

1 2
\/Cos[— (e+fx)]| secfe+fx] viCos[e+fx]-Sin[e+fx]
2

(Cos[e+fx] (iCos[e+fx]-Sin[e+fx]) - (Cos[e+Fx]+iSin[e+fx])Sin[e+Fx])

. 1 2
[1+Tan[2 (e+fx”) ]/
4 (a-1ib) b*+/a®+b? \/; \/Cos[e+fx} (Cos[e+fx] +isSin[e+fx]) |-

1+ Cos[e+fx]

=

N

\/Cos - e+-Fx)]ZSec[e+fx]
2 (a-ib)b2+/a2+ b2

1+Cos [ e+f X]

\/iCos[e+fx] -Sin[e + fx] \/Cos e+fx] (Cos[e+fx]+iSin[e+fx])
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- (ibx/a2+b2 (Cosfe+fx] +iSin[e+fx]) /

\/7\/1+1 (-1+icCos[e+fx]-Sin[e+fx]) iCos[e+fx]-Sin[e+fx]
2

vV1-1iCos[e+fx] +Sinfe +fx] +(a(a—1’1b+xla2+b2)

(Cos[e+fx] +iSin[e+fx])

/ 2\/7\/1+l (-1+iCos[e+fx]-Sin[e+fx])
2

ViCos[e+fx]-Sin[e+fx] /1-1Cos[e+Ffx] +Sin[e+fx]

[17 (EJrjl* [a+j(fb+\/az+b2]) (1—11C05[e+-Fx]+Sin[e+fx]>)/
2 2
(a+bf a2+b2)] +(a [7a+jb+xla2+b2) (COS[e+'FX]+JISin[e+‘FX])

/

2

V1-1Cos[e+fx] +Sin[e+fx] (1—([l+j— [a—i(b+wa2+b2)) (1-1cCos

2 2

/(a+b+\/a2+b2J] (i+Tan[%(e+fx)]

2\/7\/1+E (-1+iCos[e+fx] -Sin[e+fx]) +/iCos[e+Ffx]-Sin[e+fx]

2

e+fx] +Sin[e+fx])

1-iCos[e+fx] +Sin[e+fx
[Zjb«/a2+b2 EllipticF[Ar‘cSin[\/ 1losfer Tx] »oinfer X |, 2]+
V2

1+1 a+i[-b++/a2 bz'
a(ajb+x/a2+b2)E11ipticPi[< ri) (avi(-beVate ))
a+b-+Va2+b?

ArcSin[\/l_jcos[e+fX]+Sin[e+fx} ],2]+a(—a+ib+x/a2+b2)EllipticPi[
V2
(1+1) (a’j (b+ /a? +b? )) Ar‘csin[\/lfiCos[eﬂfx] +Sinfe + f x]
atbsalib? | NE3

\1Cos[e+fx] -Sin[e +fx] \/Cos[e+fx] (Cos[e+fx] +1iSinfe+fx])

1 1
—Cos[; (e+fx) ] secre+fx] Sln[;

5 2]

[]‘L+Tan[§(e+fx>} ’ (e+-FxH+
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2
Cos[~ (e+fx)| secle+fx] Tan[e + fx]

N |

/

(e+fx)]25ec[e+fx]

N |

1+Cos|

4 (a-ib) b’+fa?+b? \/; \/Cos[
e+ fx]

Problem 612: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(dsec[e+fx])??
J( dx

a+bTan[e+fx])?

Optimal (type 4, 477 leaves, 17 steps):
aAr‘cTan[M} (dsecfe+fx])>? aAr‘cTanh[M] (dsecfe+fx])>?

(a2+b2) ¥4 (a2+b2)¥/*

2+/b (a2+b2)5/4f (Sec:[e+-Fx]2)3/4 2+/b (a2+b2)5/4f (Sec:[e+1‘:x]2)3/4

EllipticE| % ArcTan(Tan[e +fx]], 2] (dSec[e+fx])>?

(a? +b2) f (Sec[e+fx]2)>*

3/2

Cos[e+fx] (dSec[e+fx])¥*Sin[e+fx]

(a2+b2) f
(az Cotle +fx] EllipticPi[fL, Ar‘cSin[(Sec[eJrfx]z)l/ﬂ, -1]
Va2 + b?
(dSec[e+-Fx})3/2 ~Tan[e + fx]? /(Zb (a2+b2)3/2f(Sec[e+1‘x]2)3/4) +

aCot[e + fx] EllipticPi[L, Arcsin[ (secle+fx]2)**], -1] (dSecle+fx])>?

v a?+b?

/(Zb (a2+b2)3/zf (Sec[e+fx12)3/4) -

b (dSec[e+-Fx])3/2
(a2+b?) f (a+bTan[e+fx])

-Tan[e + fx]?

Result (type 4, 31817 leaves): Display of huge result suppressed!

Problem 613: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J \VdSec[e+ fXx]
(

a+bTan[e+Fx])2

dx

Optimal (type 4, 430leaves, 17 steps):
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1/a
3a+/b Ar‘cTan[@%)'—] \/dSecle + f x]
aZyb?) ¥4

2 (a2+b2)7/4'F (Sec[e+-Fx}2>1/4

3a\/?Ar‘cTanh[M} v/dSec[e + f x]

<a2+b2) 1/4

2 (a2 +b2) 7" f (Sec[e+fx)2)"*
EllipticF[iAr‘cTan[Tan[e+-Fx]], 2] \/dSec[e + fXx]

(a2 +b2) £ (Sec[e+1:x]2)1/4

+

(3 a?Cot[e+fx] EllipticPi[—L, AF‘CSin[(SEC[EJffX]Z)lML ‘1}

vV a?+b?

\JdSec[e+fx] +/-Tan[e + fx]? /(2 (az+b2)2f(Sec[e+fx]2)1/4)+

2 . " . b . 2\1/4
3a%Cot[e+fx] EllipticPi[ ————, ArcSin| (Sec[e+fx]2)"*], -1] +/dSec[e + fx]
\ a2 + b?

Jasee T T
/(2 (a2 +b%) 2 f (secle+ Fx]2)"*) - bydSecle: fx]

—-Tan[e + fx]?
(a2+b?) f (a+bTan[e+fx])

Result (type 4, 11501 leaves):

Sec[e+fx]?+dSec[e+fx] (aCos[e+fx] +bSin[e+1‘:x])2
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3 b? (a+b+«/a2+b2 ) EllipticF[Ar‘cSin[\/ s ],2]-(1-1)
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) (1Tan[S (erf) ]|
<1+J'L) (a1(b+m>),ArCSin[\/ +Ta [ (e )}
a+b+m \ﬁ

aEllipticPi]

s

2

[J'HTan[% (e+fx)]

J 2+2iTan[2 (e+fx)]
2] | |- 2

J'1+Tan[i (e+-FxH

Tan[% (e+fx)] sec[? (e+fx)]2 (—1+Tan[l (e+fx”2)

el z J/

]
(J'1+Tan[§(e+fx>”2 (J’L+Tan[§<e+fx)])3

{2\/a2+b2 [Jia+b+x/az+b2] (a+b+\/a2+b2J

—1+Tan e+-Fx 2
2 1+Tan[
1+Tan e+-Fx

2+21iTan| e+-Fx)] (j+Tan[§ (e+fx>})2\l —1+Tan[§ (E+-FX)]2

i+Tan| (e+fx ] (1‘1+Tan[§(e+fx)”2

2

(e+'FXH

+

N |

2) Sec[i (e+fx”2

{[ a+bf a +b2

(1+Tan[§ (e+-Fx)]

1+Tan[i<E+_FX)] 7([1+£)Sec[§(E+fX”2

2 2
|/ [sranl 2 (oo J/

Z\EJ (1+1) (1+Tan[i(e+fx)]) Jl (1+1) (1+Tan[i (e+fx>])

J'L+Tan[§(e+fx)] i+Tan[§(e+FxH

2

Jl (2 %) (1eTan[2 (e £x)]) ]

i+Tan[§ (e+Fx)]
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|/ [2-7an] > (e x)] 2]}/

[\/?J (1+]'].I) (1+Tan[%(e+fx)]) Jl (1+Ji> (1+Tan[% (e+fx>”

1‘1+Tan[§ (e+'FX)]
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[\/TJ (1+1) (1+Tan[i(e+1:x)]) Jl (1+1) (1+Tan[% (e+fx)”

]'1+Tan[§(e+fx)} 1’L+Tan[i(e+fx)]

i+Tan[% (e+Fx)]

Jl(i*i) et () (o fo o] f1ond

(1+1) (1+Tan[§ (e+fx)])

zﬁJ (1+1) (1+Tan[% (e+Fx)]

]1+Tan[§ <e+'FX>]

_—
=

j+Tan[i (e+'FXH
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(%+§) (1+Tan[§ (e+-Fx)]>

1-
j+Tan[i (e+‘FX)]

(17(11 (afj(bJr\/aeribz]) [1+Tan[§(e+¥x)] ]/[(a+b+\/az+7bz]

N1/ [ (oo ore)

(a+bTan[e+1‘:x])2

Problem 614: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1

J\/dSec[e+1°x] (a+bTan[e+1‘:x])2

dx

Optimal (type 4, 555 leaves, 18 steps):
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1/4
5ab3‘/2Ar‘cTan[—(—M secfe+fx)? ] (Sec[e+fx}2)1/4

<a2+bz) /4

2 (a2+b2)9/4f\/d5ec[e+fx]

Vb (Sec[e+fx]2)Y*

(aZ+b2) V4
2 (a2 +b2)** f+/dSec(e+fx]

((2 a’-3b?) EllipticE[lArcTan[Tan[e+Fx}], 2] (Sec[e+fx]2>1/4]/
2

5ab*/2 ArcTanh | | (secre+fx)2)**

+

(2a%-3b?) Tan[e + f x]
(a2+b2)2f\/d5ec[e+fx]

(5 a%b Cot [ + £x] ELLipticPi |- ————, ArcSin| (secre+£x1%) "], -1]

/(2 (a2+b2)5/2f\/d5ec[e+fx] )+

((a2+b2)2f\/d5ec[e+fx] )—

(Sec[e+-Fx]2>1/4 ~Tan[e+fx]?

(5 a’?bCotfe + f x] EllipticPi[#, Ar‘cSin[(Sec[eJrfx]z)l/“], -1]

\aZ b2
/(2 (a2+b2)5/2f\/d5ec[e+fx] )+

(Sec[e+1‘x]2)1/4 ~Tan[e + fx]?

b (2a*-3b?) Sec[e+fx]? 2 (b+raTanfe+fx])

+

(a2+b2)2-F\/dSec[e+-Fx] (a+bTan[e+fx]) (a?+b?) f+/dSec[e+fx] (a+bTan[e+fx])
Result (type 4, 33334 leaves) : Display of huge result suppressed!

Problem 615: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
dx
j(dSec[e+-Fx])3/2 (a+bTanfe+fx])?

Optimal (type 4, 520 leaves, 18 steps):
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1/4
7ab5/2Ar‘cTan[4—M seclerfx)® ] (Sec[e+1cx]2)3/4

<az+b2) 1/4

2 (a2 +b2) ™" f (dSec[e+fx])>?

1/4
7 ab5/2 ArcTanh[@sec[e—W)—] (secle+fx]2)>"*

(at+b?) /2

2 (a?+b2) "4 f (dSec[e+fx])>?

+

((2 a’ - 5b?) EllipticF[lAr‘cTan[Tan[eﬂcx}], 2] (Sec[e+fx]2)3/4]/
2
(3 (a2+b2)2f (dSec[e+fx])3/2) +

7 a® b% Cot[e + f x] EllipticPi}L, ArcSin| (Sec[e+Fx}2)1/4], -1]

v a2 +b?

12 /(2 (a2+b2)3f <dSec[e+Fx])3/2) +

(Sec[e+fx}2>3/4

~-Tan[e + fx

7 a? b% Cot[e + f x] EllipticPi[L, Ar‘cSin[(Sec[e+fx]2)1/4}, -1]

/(2 (a2+b2)3f <dSec[e+-Fx])3/2) +

3/4

(Secle+fx]?) ~Tan[e+fx]?

b (2a?-5b?) Sec[e+fx]?

+

3 (a2+b2)?f (dSec[e+fx])>? (a+bTan[e+fx])
2 (b+aTan[e+fx])

3 (a2+b?) f (dSec[e+fx])”? (a+bTan[e+fx])

Result (type 4, 11962 leaves):
5 b (2a2-3b?) 2abCos|2 (e+fX) |
Sec[e+fx]* (aCos[e+fx] +bSin[e+fx]) + +
3a(a-ib)?(a+ib)? 3 (a-ib)?(a+ib)?

|/

b*Sin[e + f x] (a?-b?) Sin|2 (e +fx)]
+

a (a—jlb)2 (a+1’1b)2 (aCos[e+fx] +bSin[e+fx]) 3 (a—J'Lb)2 (a+1’1b>2

('F (dsece+fx])3? (a+bTan[e+-Fx])2) +|2secle+fx]7? (aCos[e+fx] +bSin[e+Ffx])?

a3/(3 (a-ib)? (a+ib)?+/Sec[e+fx] (aCos[e+fx] +bSin[e+fx})) +

(Sabz)/(‘;’» (a—Jib)2 (a+1’1b)2\/Sec[e+Fx1 (aCosle+fx] +bSin[e+Fx1)) +
a’b+/Sec[e+fx] Sin[e+fx]

3(a-1ib)* (a+ib)? (aCos[e+fx]+bSin[e+Ffx])
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b3 +/Sec[e+fx] Sin[e +f x]

6 (a—jlb)2 (a+1‘1b)2 (aCos[e+fx] +bsSin[e+fx])

1
1—Tan[§ (e+fx)]2

a’ EllipticF [ArcSin[Tan| (e+fx)}2 +

N R
N R

(e+-Fx>H, -1] \/1Tan[

8 b2 EllipticF[Ar‘cSin[Tan[1 (e+fx)]], -1] \/1Tan[1 (e+fx)]2 +
2 2

(1+1) (1+Tan{1— (e+f x) J)

1'1+TanB7 (e+f x) }

21 b* (a+b+x/a2+b2 ] EllipticF[Ar‘cSin[\/ ],2]-(1-1)a

V2

(1+1) (1+Tan |2 (e+fx) [
<1+]'1> (afj (bJrW)) J'L+Tan[2—(e+fx)}
, ArcSin|
a+b++/a?+b? V2

EllipticPi|

[ 2]

71+11Tan[§ (e+-FxH (lerTan[
J‘HTan[i (e+Fx)]

2 —1+Tan[§(e+-FxH2

(e+Fx)]

/

N |

(j+Tan[i (e+fx)])2

+

\/Tx/a2+b2 (J'la+b+\/az+b2] (a+b+x/a +b2)\/ +Tan e+'I:XH2
2

1+Tan (e+f x) H

1+Tan (e+f x)}

\/ (1+1)
21b3 [a+b—\/a2+b2 ] EllipticF [ArcSin| ],2]-(1-1)a
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(1+1) (1+Tan[%(e+fx)”
<1+]'1> (a+1’1 (7b+\/a2+7bz)) ﬁ*Ta”B’m*‘cx)}
» ArcSin|
a+b-+vaZ+b? ﬁ

EllipticPi|

2]

_2+21‘1Tan{% (e+Fx)] [1‘1+Tan[
j+Tan[§ (e+fx)]

2 —1+Tan[%(e+fx”2 /

(j+Tan[i (e+Fx)])2

N |

(e+-Fx)]

I G IS NS

2

(1+1) (1+Tan{1— (e+f x) J)

1'1+Tan{§ (e+f x) }

21b* [a+—b—\/a2+b2] EllipticF [ArcSin| ],2]-(1-1)a
V2

(1+1) (1+Tan| 2 (esfx) )
<1+]'1> (a+1‘1 (—b+m)> 1'1+Tan[2—(e+fx)}
» ArcSin|
a+b-+vaZ+b? V2

EllipticPi|

] 2]

2+21’1Tan[i(e+fx” . 1
_ i+TanE(e+fXH (1+Tan[2(e+fx)]

2 —1+Tan[i(e+fx”2

/

(i+Tan[i (e+fx)])2

+

ey Iy (-ja-mm)Jlnang(emw
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(1+i) (1+Tan[§ (e+fx) ”

11+Tan[§ (e+f x) }

21 b3 (a+b+xla2+b2 ] EllipticF[Ar‘cSin[\/ ],2]-(1-1)a

V2

(1+1) (1+Tan| 2 (e+fx) [
(1+1) (afjl (b+m)) ivTan| L (erfx) |
, ArcSin|
a+b+a?+b? V2

EllipticPi]|

5 2]

2+21'1Tan{%(e+fx” . 1
_ ]-lJrTan{i(eJr-FX)} 1+Tan[2(e+fx)]

2 —1+Tan[%(e+fx”2 /

(Ji+Tan[i (e+-Fx)])2

2[ja+b+vg2n¥](a+b+J¥+b2JJ1+qu§(e+f”}2 //3(¥+bﬂzf

3/2
1

(em‘x)]zTan[l (e+fx)]

dSec[e+fx])3? _r Sec
( )
2

3 (a2 +b?%)?

N |

1—Tan[% (e+-FxH2

a2 EllipticF[Ar'cSin[Tan[l (e+fx)]], -1] \/1—Tan[l (e+-FxH2 +
2 2

8 b? E1lipticF[ArcSin|Tan| (e+fx) ]2 +

N |

(e+fx)”, -1] \/1Tan[

N |
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(1+1) (1+Tan“— (e+fx)])

I‘L+Tan[l (e+f x)}

21b* {a+b+w/a2+b2 ] EllipticF[ArcSin[\/ \/_ ],2]-(1-1)a
2

(1+1) (1+Tan |2 (e+fx) [
<1+J'1) (a—j (b+\/a2+b2 )) J'L+Tan{§(e+fx)}
R ArcSin[
a+b++a2+b? V2

EllipticPi|

]

1+iTmﬂ%(e+fo .
2] ) jA+Tan[i—<e4—fx)] [l-kTan{

2

(e+fx)]

N |

—1+Tmﬂ%(e+fx”2

/[ﬁm[iamm)

(jAFTan[%—(ea—fx)})z

(e+fXH2

N |

[a+b+x/az+b2]\/1+Tan{ + 2103 (a+b—\/m)

(1+1) (1+Tan“— (e+fx)])
Ji+TanB— (e+~Fx)}

V2

EllipticF[ArcSin[

|, 2] - (1-1)aEllipticPi]

(1+1) (1+Tan“—(e+‘Fx)H
(1+Ji) (a+j1 (—b+'\/a2+b2 )) 1'1+Tan[§(e+fx)}
R ArcSin[
a+b-+/a2+b?2 V2

I 2]
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2+21Tan{%(e+fx” ' 1
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2 —1+Tan[i(e+fx”2

1l

(1’1+Tan[i (e+fx)])

2

I G IS NS

(1+1) (1+Tanu— (e+f x) ”

Ji+Tan[§ (e+f x)}

21b* (a+b—x/a2 +b? ] EllipticF [ArcSin| ],2]-(1-1)

V2
(1+1) (1+Tan| 2 (esfx) [
(1+]'1) (a+1‘1 (—b+m)) 1'1+Tan{§(e+fx)}
aEllipticPi| , ArcSin| P
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J'1+Tan[l (e+fx)] ’
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2+21‘1Tan[§ (e+fx)] [
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(1+1) (1+Tan“— <e+fx)])
Ji+Tan{ (e+fx)}

1
2

V2

EllipticF [ArcSin| ], 2] - (1-1) aEllipticPi]

(1+1) (1+Tan[ 2 (e x) )
(1+J'1) (a—]'l (b+\/ a’+b? )) Ji+Tan{§(e+'Fx)}
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2]

2+21Tan[§(e+fx” . 1
_ jJrTan[%(eJr-FX)] 1+Tan{2(e+fx)]

2 —1+Tan[§(e+fx”2 /
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1 1 N . 1
2 - (a EllipticF[ArcSin|[Tan[ = (e+fx)]],
3 (a? +b2)? 1—Tan[§(e+fx”2 2

-1] Sec[% <e+fx)]2Tan[§ (e+fx)]

/[2\/1Tan[i (e+fx)]2

(4b2 EllipticF[Ar‘cSin[Tan[% (e+fx)]], -1] Sec[% (e+fx)]2Tan[§ (e+fx)]
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/

N |

(e+‘FXH2]
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V2
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2 —1+Tan[%(e+fx)]2

|/
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(1‘1+Tan[i (e+fx)])

[Zﬁ\/m(ja+b+\/mj (a+b+m] (1+Tan A e+-Fx)]2J3/2)—
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N |
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N |
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2
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11+Tan[§ (e+f x)}
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- [1‘1+Tan[ (e+Fx)]

i+Tan[§ (e+Fx)]

N |

(e+1‘x”2

N |

Z[J'la+b+\/az+b2] (a+b+wa2+b2J\/1+Tan{

(J‘L+Tan[§ <e+fx)])2

|/

/



Mathematica 11.3 Integration Test Results for 4.3.1.2 (d sec)™m (a+b tan)”~n.nb | 251

(1+1) (1+Tan[§ (e+f x) })

11+Tan[l (e+f x)}

21b* (a+ b ++/ a2+ b? ] EllipticF[Ar‘cSin[\/ i ],2]-(1-14)

V2

(1+1) (1+Tan| 2 (e+fx) [
<1+]'1) (a—]'l (b+m>) I‘L+Tan[§(e+fx)}

aEllipticPi| , ArcSin|

s

a+b++/a?+b? V2
2 —1+Tan[l<e+fx)]2
2] 1'1+Tan[1(e+fx>] 2 ;
2 (1‘1+Tan[§(e+fx>])
Sec[%(e+fx>]2(1+jTan[i(e+-Fx)”7 jSec[i(erFxHZ /
2(1+Tan[§(e+fx>”2 2(]‘1+Tan[i(e+~FxH)

2\/7\/a2+b2 [Jla+b+\/a +b2] (a+b+\/a2+b2J

=

1+1Tan e+-Fx )
- +Tan = e+-FxH +

11+Tan e+fx

N

(1+1) (1+Tan[§ (e+fx) ”

J‘L+Tan[§ (e+f x)}

21b3 [a+ b-+/a?+b? ] EllipticF [ArcSin| s ],2]-(1-14)
2

(1+1) (1+Tan“—(e+fx)”
(1+]'1) (a+1’1 (7b+\/m)) J'HTanB(eH‘X)}
, ArcSin|
a+b-+va2+b? 2

aEllipticPi|

]5
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2 71+Tan[§<e+fx)]2

2] i+Tan[§(e+fx)]

(11+Tan{§ (e+fx>])2

Sec[% (e+fx>]2 (2+211Tan[§ (e+fx)]) ) J‘LSec[i (e+Fx”2 /

2

2(1‘1+Tan[i(e+{x)]) 11+Tan[§(e+fx)]

2+211Tan[§ (e+Fx)]

4(—a—b+wa2+b2](—Jia—b+x/a2+b2] -

\/ 1+Tan|
Ji+Tan[§ (e+-Fx)}

21b* [a+b—x/a2+b2 ] EllipticF[Ar‘cSin[\/ ],2]-(1-1)

V2

11+Tan[i (e+-FxH

(e+fx)]2 -

N |

(1+1) (1+Tan[l (e+Fx) U

(1+1) (1+Tan[§(e+fx)”
<1+:|'1) (a+1’1 (—b+m)) j*Ta”B(e”:x)}

aEllipticPi| , ArcSin| B
a+b-+/a2+b?2 V2
2 71+Tan[§<e+fx)]2

2] i+Tan[§(e+fx)]

(J‘HTan{% (e+fx>])2
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Sec| > (e+fx)]? (2+21‘1Tan[§ (e+fx)]) i Sec| > (e+fx)]°
]

. | /

2(1‘1+Tan[%(e+fx) )2 J‘L+Tan[§(e+fx)

4+/a%+b? [7a7b+\/a2+b2J (fjafb+«/az+b2]

1+Tan[l (e+'FXH2 +
2

2+21Tan[i(e+fx” \/

i+Tan[§ (e+Fx)]

(1+1) (1+Tan{i— (e+f x) ”

iL+Tan[§ (e+f x)}

21 b3 [a+b+x/a2+b2 ] EllipticF[Ar‘cSin[\/ ],2]-(1-1)

V2

(1+1) (1+Tan |2 (e+fx) [
<1+]'1) (a—]'l (bJrW)) 1+Tan[§(e+fx)}
, ArcSin|
a+b++vaZ+b? V2

aEllipticPi|

s

2] 11+Tan[§(e+fx>]

2 —1+Tan[§<e+fx)]2

(J‘HTan[% (e+fx>])2

Sec[% (e+fx>]2 (2+21’1Tan[§ (e+fx)]) iSec[i (e+FxH2
]

/

2 (i Tan[2 (e £x]] | ieTan[t (e fx)]

2+21Tan| <e+-Fx)]

1
2

4(1‘1a+b+wa2+b2] (a+b+«/a2+b2J

J'L+Tan[§ (e+Fx)]
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\/ 1+Tan|
J'1+Tan[l (e+-Fx)}

21b* [a+b+x/a2+b2 ] EllipticF[Ar‘cSin[\/ : ],2]-(1-1)

V2

(e+fx)]” |+

N |

(1+1) (1+Tan[l (e+F x) U

(1+1) (1+Tan{i—(e+fx)”
(1+:|l) (a—]l (b+‘\/ a? + b? )) i+Tan[§(e+Fx)}
, ArcSin]|
a+b++vaZ+b? 2

aEllipticPi|

s

1+11Tan[§(e+fx” . 1
2] - j+Tan[%<e+-Fx)] [1+Tan[2(e+fx)]

2

Sec[i (e+fx>]2Tan[i (e+fx)] Sec[i (e+fx)]2 (71+Tan[i (e+fx”2>J

(J’HTanE(eﬂcx)”Z (J‘L+Tan[§(e+fx)])3

Zﬁx/ahbz (]'la+b+\/a +b2] (a+b+xla2+b2J

[y

—1+Tan e+-Fx )
1+Tan[= (e+fx)]" |+

(1+Tan[ e+-Fx

N

(1+1) (1+Tan{i— (e+f x) “

11+Tan[§ (e+f x)}

21 b3 (a+ b -+/a? + b? ] EllipticF[Ar‘cSin[\/ ],2]-(1-14)

V2
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(1+1) (1+Tan| 2 (esfx) )
<1+J'L) (a+J'L (—b+\/a2+b2 )) J'1+Tan{i—(e+fx)}
R Ar‘cSin[
a+bf\/az+7b2 \/?

aEllipticPi]

]

2+21'1Tan[§(e+fx” . 1 2
2] - j+Tan[i(e+-FxH [1+Tan[;(e+fx”

2

Sec[% (e+Fx)] Tan[% (e+Fx)] Sec[i (e+fx)]2 (—1+Tan[§ (e+fx”2)

| It

(J'1+Tan[§(e+fx>”2 (J’L+Tan[§<e+fx)])3

—1+Tan[§ <e+fx)]2

4[—a—b+\/az+b2J (—J'la—b+\/a2+b2]

(]‘1+Tan[§ (e+fx)”2

\/1+Tan[§ (e+fx)]2 -

(1+1) (1+Tan{i— (e+f x) ”

\/ 11+Tan[§ (e+f x)}
21b* [a+b—\/a2 + b? ] EllipticF[ArcSin| ], 2] - (1-1)

V2

(1+1) (1+Tan[§(e+fx)”
(1+]'1) (a+1‘1 (—b+m)) ﬁ+TanB(e+fx)}
, ArcSin|
a+b-+va?+b? V2

aEllipticPi|

|5

) 72+21‘1Tan[§(e+fx” []1+Tan[l(e+fx” 2

1+Tan[§(e+fx)} 2
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Sec[i (e+fx>]2Tan[i (e+Fx)] Sec[% (e+fx)]2 (71+Tan[i (e+-FxH2)

: 3 /

(e+fx)”2 (J‘L+Tan[§(e+fx)])

(1'1+Tan{2

44/ a% + b? (—a—b+«/az+b2) (7ja—b+\/a2+b2]

J —1+Tan[;(e+fx)} \/1+Tan{l(e+1‘:x”2

(J’l+Tan[i(e+'FXH)2 2

+

(1+1) (1+Tan% (e+fx>])

1‘L+Tan[§ (e+f x)}

21b3 {a+b+w/a2+b2 ] EllipticF[ArcSin[\/ e ],2]-(1-1)
2

(1+j)@-j(b+V¥+b2H
a+b++/a2+b? V2

aEllipticPi|

[J’l+Tan{§ (e+fx)]

J 2+2iTan[> (e+fx) |
2] | |- 2

1'1+Tan[§ (e+fx”

Sec[% (e+fx>]2Tan[% (e+Fx)] Sec[% (e+1°x)]2 (—1+Tan[% (e+-FxH2>

. ol

(J‘L+Tan[§ (e+fx)])

(1'1+Tan[§ (e+fx”)

71+Tan[i <e+'FX)]2

2

4[1a+b+wﬁﬁ+b2](a+b+VCF+b2JJ

(J‘L+Tan[§ (e+fx)])
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\/1+Tan[i <e+fx)]2

2+2iTan|[ L (e+fx
21b3\l [2< )] i+

1+Tan[% (e+Fx)]

(§+§) Sec[i (e+fx”2

[l

1'1+Tan[i (e+Fx)]

(1+Tan[§(e+fx)] ’

]/[1+Tan[§(e+fx)] J/

Z\EJ (1+1) (1+Tan[%(e+fx)]) Jl (1+1) (1+Tan[§ (e+fx)])

]1+Tan[§(e+fx)] j+TanE(e+-FxH
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21b4\l1+ﬂan[; .l {]'HTan[l (e+Fx)]

Ji+Tan[% (e+Fx)]
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[\/TJ (1+1) (1+Tan[i(e+1:x)]) Jl (1+1) (1+Tan[% (e+fx)”

1’L+Tan[i (e+fx)]

1 i

Jl(z*z) e ten G () (o fo oo f1end

i+Tan[% (e+Fx)]

1
; (e+fx)]
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-Fx})2

Problem 616: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.
J 1
(dsec(e+fx])>? (a+bTan[e+fx])?

dx

Optimal (type 4, 700 leaves, 19 steps):
9ab’/2 ArcTan [M] (Secle+fx]?) 4

(a2 +b2) /2

2 (a2+b2)P* d2 f/dSec[e+ fx]
9a b7/2ArcTanh[M] (Sec[e+fx}2)1/4

(a2 b2) /2

2 (a2+b2)¥"* d2 f/dSec[e+ fx]

1
(3 (2a*+1@a?b? - 7b*) EllipticE[ — ArcTan[Tan[e+fXx]], 2] (Sec[e+fx]2)1/4]/
2

2a*+10a2b?-7b%) Tan[e + f x]

3
(5 (a2+b2>3d2-Fx/dSec[e+Fx] )— (
5 (a2 +b2)° d? f+/dSec[e+ fx]

(9 a?b3Cot[e + f x] EllipticPi[—#, ArcSin| (Sec[e+fx}2)1/4], -1]

/ (2 (az+b2)7/2d2F\/dSec[e+Fx] ) +

(Sec[e+1‘:x]2)1/4 ~Tan[e+fx]?

(9 a?b? Cot [e + £ x] E1lipticPi| ———, Arcsin| (sece+fx]2)**], -1]

/(2 (a2+b2)7/2d2f\/d5ec[e+Fx] )+

(Sec[e+-Fx]2>1/4 ~-Tan[e+fx]2

3b (2a*+10a%b?-7b*) Sec[e+fx]?

5 (a2+b2)3d2f\/d5ec[e+fx] (a+bTan[e+fx])

2Cos[e+fx]? (b+aTan[e+fx])

5(a?+b?) d>f+/dSecle+fx] (a+bTan[e+fx]) .

2 (b (2a2—7b2) -3a (a2+4b2) Tan[e+-Fx])

5 (a2+b2)2d2f\/d5ec[e+fx] (a+bTan[e+fx])

+

Result (type 4, 34 806 leaves): Display of huge result suppressed!

Problem 617: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx
3

J (dsecfe+fx])"?
(a+bTan[e+fx])

Optimal (type 4, 583 leaves, 18 steps):
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3 (a?+2b?) dZAr‘cTan[Qsece—W)l—M} (dsecfe+fx])>?

(a +b2>1/4

8 b5/2 (a2+b2>5/4f (Sec[e+-Fx]2)3/4

3 (a2 +2b?) dZAr‘cTanh[Qsece—Wﬂ} (dsecfe+fx])>?

(a%+ bz)l’4

8b%/2 (a2 +b2)>* f (Sec[e+fx]2)**

+

3ad? EllipticE[iAr‘cTan [Tan[e+fx]], 2] (dSec[e+fx] )3/2

4b% (a%+b2) f (Secle+fx]2)**
3ad?Cos[e+fx] (dSec[e+fx])>?sin[e+fx]
4b? (a?+b?) f

(Ba (a*+2b?) d’ Cot e+ fx] EllipticPi[—#, Ar‘cSin[(Sec[e+-Fx]2)1/4], -1]
a2+ b?

(dSec[e+1‘:x}).’”2 ~Tan[e + fx]? /(8b3(a2+b2>3/2f(Sec[e+fx]2)3/4)+

(3a (a? +2b?) d? Cot[e + f x] E1lipticPi| ———— b , Arcsin| (secle + fx]2)Y*], ~1]

Voot

(dSec[e+fx})3/2xl Tan[e + f x]2 J/(8b3 (a% +b?) 3/2-F(Sec[e+fx]2)3/4),

d? (dSec[e+fx])*? 3ad? (dSec[e+fx])>?

+

2bf (a+bTan[e+-Fx})2 4b (a?2+b?) f (a+bTan[e+fx])

Result (type 4, 31478 leaves): Display of huge result suppressed!

Problem 618: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(dsec[e+fx])°>?
J( dx

a+bTan[e+fx])3

Optimal (type 4, 532 leaves, 18 steps):
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(a2 - 2b?) d? Ar‘cTan[M] v/dSec[e+fx]

(a2+b2) V4

.
8 b3/2 (a2+b2)7/4f (Sec[e+-Fx]2)1/4

(a% - 2b?) d? Ar‘cTanh[M] v/dSec[e+fx]

(a2+02) /"

8b%2 (a2 +b2)"/* f (Sec[e+fx]2)"*

+

ad? EllipticF[iAr‘cTan [Tan[e+fXx]], 2} \/dSec[e+ fx]

4b% (a% +b2) f (Secle+fx]2)"*

(a (a®-2b?) d® Cot[e + f x] EllipticPi[—L, ArcSin[(Sec[e+-Fx}2)1/4], -1]

\a? + b?

VdSec[e+fx] +/-Tan[e+fx]? / (Sb2 (a2+b2)2f (Sec[e+fx]2)1/4) _

(a (a®-2b?) d?>Cot[e + fx] EllipticPi[L, Arcsin| (sec[e+fx]2)"], -1]

vJdSec[e+fx] +/-Tan[e +fx]? / (8b2 (a2+b2)2f (Sec[e+fx]2)1/4) -

d?/dSec[e+ fx] ad?+/dSec[e+fx]

+

2bf (a+bTan[e+fx])? 4b (a?+b?) f (a+bTan[e+fx])

Result (type 4, 21475 leaves): Display of huge result suppressed!

Problem 619: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(dsec[e+fx])>?
j( dx

a+bTan[e+fx])3

Optimal (type 4, 566 leaves, 18 steps):
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(3a2-2b2) Ar‘cTan[M] (dSec(e+fx] )3/2

(a2+b2) /4

8+/b (a2+b2)9/4f (Sec[e+1‘:x]2)3/4

(3a2-2b?) Ar‘cTanh[M] (d Sec[e+1°x})3/2

(az+b2) /4

8/b (a2+b2)9/41c (Sec[e+-Fx]2)3/4

5a EllipticE[iAr‘cTan [Tan[e+fx]], 2] (dSec[e+fx])>?

4 (a? +b2)* f (Sec[e+fx]2)**

5aCos[e+fx] (dSec[e+Fx])3/ZSin[e+-Fx]

4 (a?+b?)%f

(a (3a%-2b?) Cot[e+fx] EllipticPi[—L, ArcSin| (Secle+fx]?)Y*], ~1]

(dsecle+fx])>? —Tan[e+fx}2)/ (Sb (a2+b2)5/2f(Sec[e+fx]2)3/4) +
(a (3a®-2b?) Cot[e+fx] EllipticPi[L, Ar‘cSin[(Sec[erFx]z)l/ﬂ, -1]

(dSec[e+1‘:x1)3/2 ~Tan[e + fx]? /(Sb(a2+b2)5/2f(Sec[e+fx]2)3/4)—

b (dSecle+fx])*? 5ab (dSec[e+fx])>?

2 (a2+b?) f (a+bTan[e+fx])? 4 (a2+b?)*f (a+bTan[e+fx])

Result (type 4, 31542 leaves): Display of huge result suppressed!

Problem 620: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J VdSec[e+ fXx]
(

a+bTan[e+fx])3

dx

Optimal (type 4, 515leaves, 18 steps):
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- Y
3v/b (5a2-2b?) ArcTan| b ?ec[eff]z 1'4} v/dSec[e + f x]
aZ+b?) V%

8 (a2+b2)11/4f (Sec[e+fx]2)1/4

3/b (5a2-2b?) Ar‘cTanh[M] vJdSec[e+fx]

(az+b2) 14

8 (az+b2)n/4f (Sec[e+fx}2)1/4

7a EllipticF[iAr‘cTan [Tan[e+fx]], 2] v/dSec[e + fx]

4 (a2+b2)21C (Sec[e+fx}2>1/4

+

(3a (5a®-2b?) Cot[e+fx] EllipticPi[—L, ArcSin| (Sec[e+1=x}2)1/4], -1]

v a? +b?

VdSec[e+fx] +/-Tan[e+fx]?2 /(8 (a2+b2)3f(Sec[e+fx]2)1/4)+

(3a (5a%-2b?) Cot[e+fx] EllipticPi[L, Arcsin| (secle+fx]2)*], 1]
\a? 1 b2

vJdSec[e+fx] +/-Tan[e +fx]? /(8 (a2+b2)3f (Sec[e+fx]2)1/4) -

b+/dSec[e+fXx] 7ab+dSec[e+fXx]

2 (a2+b?) f (a+bTane+fx])* 4 (a?+b2)*f (a+bTan[e+fx])

Result (type 4, 41235 leaves): Display of huge result suppressed!

Problem 621: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
1

J\/dSec[e+1‘:x] (a+bTanfe+fx])>

dx

Optimal (type 4, 664 leaves, 19 steps):
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5b3/2 (7 a%-2b2) Ar‘cTan[A—M Sec[erfx)? 1/4} (secle+Ffx)2)Y*

(a2+b2)¥/*

8 (a2+b2) " f+/dsec[e+fx]

b (Secle+fx]2)V*

(a2+b2)¥/*
8 (a?+b2) " f+/dSecle +fx]

(a (8a%-37b?) EllipticE[lAr‘cTan[Tan[e+-Fx}], 2] <Sec[e+-Fx}2)1/4)/
2

5b3/2 (7a%-2b2) ArcTanh | ] (Sec[e+1‘x]2)1/4

8a2-37b%) T f
la (a2 6%) £ vaSec[e TP ) - o P Tenlerf]
4(a2+b2)3f\/d5ec[e+fx}

(Sa b (7a*-2b%) Cotle+fx] EllipticPi[fL, Arcsin| (secfe+fx]2)*], ~1]

/(8 (a2+b2)7/2f\/d5ec[e+fx] )+

(Sec[e+-Fx]2>1/4 ~Tan[e+fx]?

(Sa b (7a*-2b?) Cotle+fXx] EllipticPi[L, ArcSin | (Sec[e+fx]2)1/4], -1]

/(8 (a2+b2)7/2f\/d5ec[e+fx] )+

(Sec[e+1‘x]2)1/4 ~Tan[e + fx]?

b (4a%-5b%) Sec[e+fx]?

2 (az+b2)2f\/d5ec[e+1‘x] (aerTan[eercx])2

2 (b+aTan[e+fx])

(a?+b?) f+/dSecle+fx] (a+bTan[e+1cx}>2

ab (8a?-37b?) Sec[e+fx]?

4 (a2+b2)3fx/d5ec[e+1‘x] (a+bTan[e+fx])

+

+

Result (type 4, 32867 leaves): Display of huge result suppressed!

Problem 622: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
dx
J(dSec[ewa])B/2 (a+bTan[e+fx])?

Optimal (type 4, 620 leaves, 19 steps):
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702 (9a2-2b?) Ar‘cTan[@%)—lfzw] (Sec[e+fx}2)3/4
ac+ /

8 (a2 +b2) /" (dSec[e+Ffx])>?

7b%/2 (9a%-2b?) Ar‘cTanh[M] (Sec[e+1‘x]2)3/4

(a2+02) Y/

+

8 (a2+b2)15/4f (dSec[e+fx])3/2
(a (8a%-69b?) EllipticF[lArcTan[Tan[e+fx}], 2] <Sec[e+fx}2)3/4)/
2
12 (a2 +b?)° f (dSece+Fx]) > +

(7a b? (9a?-2b?) Cot[e +fx] EllipticPi[fL, Arcsin| (secfe+fx]2)Y*], -1]

Va2 + b?

(secfe+fx]?)**/-Tan[e+fx]? /(8(a2+b2)4f(dSec[e+Fx])3/2)+

7ab? (9a”-2b?) Cot[e+fx] EllipticPi[#, ArcSin| (Sec[e+fx}2)1/4], -1]

v a? +b?

/(8 (a2+b2)4f (dSec[e+fx])3/2> +

3/4

(Secle+fx]?) ~Tan[e+fx]?

b (4a?-7b?) Sec[e+fx]?

+

6 (a2+b?)*f (dSec(e+fx])>? (a+bTan[e+fx])?
2 (b+aTanfe+fx])

+

3 (a2+b?) f (dSec[e+fx])¥? (a+bTan[e+fx])?
ab (8a%-69b?) Sec[e+fx]?

12 (a2 +b?)° f (dSec[e+fx])>? (a+bTanle+fx])

Result (type 4, 42 324 leaves): Display of huge result suppressed!

Problem 623: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
J(dSec[eﬂcx])S/2 (a+bTan[e+fx])>

dx

Optimal (type 4, 814 leaves, 20 steps):
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9b7/2 (11a? - 2 b?) ArcTan[M] (Sec[e+1cx}2)1/4

(a2+b2) V4
8 (a2+b2)Y""d2f+/dSec[e+fx]

Vb (Sec[e+fx]2)V/*

(a2+b2) V4
8 (a?+b2)Y""*d2 f/dSec[e+fx]

1
(3a (8a*+64a%b? -139b*) E1lipticE[ ~ ArcTan[Tan[e+fx]], 2] (Sec[e+fx}2)1/4]/
2

9b7/2 (11 a2 - 2b?) ArcTanh | J (secre«fx)2)*"

3a(8a*+64a2b2-139b%) T f
(26 (a + 7] £ VaSec (e Fx] | - oot o4 ) Tanfe+ fx]
26 (a2 +b?)* d? f/dSecle+ fx]

9ab® (11a*-2b%) Cot[e + fx] EllipticPi[—L, ArcSin| (Sec[e+Fx}2)1/4], -1]

/(8 (a2+b2)9/2d2f\/d5ec[e+1cx] )+

1/4

(Secle+fx]?) ~-Tan[e+fx]2

(9a b® (11a® - 2b?) Cot[e + f x] EllipticPi[L, Arcsin| (secle+fx]2)*], -1]

VaZ+b?
/ (s (a>+b2)°2d> £/dSec[e + F x| ) .

(Sec[e+1‘x]2)1/4 ~Tan[e + fx]?

3b (4a*+28a%b?-15b*) Sec[e + fx]?

10 (a?+b2)>d*f+/dSec[e+fx] (a+bTan[e+fx])?

2Cos[e+fx]? (b+aTan[e+fx])

5 (a?+b?) d*f+/dSec[e+fx] (a+bTan[e+1‘x])2

3ab (8a*+64a2b?-139b*) Sec[e +fx]?

20 (a?+b2)*d?* f/dSec[e+fx] (a+bTan[e+fx])

2 (b(4a2-9b%) -a (3a%+16b?) Tan[e+fx])

5 (a2+b2)?d?f~/dSecle+fx] (a+bTan[e+fx])?

+

+

Result (type 4, 34358 leaves) : Display of huge result suppressed!

Problem 626: Mathematica result simpler than optimal antiderivative, IF it can
be verified!

a+bTan[e + fx]
J dx
(dsecle+fx])*?
Optimal (type 5, 76 leaves, 3 steps):
3 3adHyper‘geometr~ic2F1[§, i, 3, Cos[e+fx]2] sinfe+fx]
- 13
f (dSecfe+fx]) 4f (dsec[e+Fx])*?+/sin[e+fx]?

Result (type 4, 2147 leaves):
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\/1—Cos[e+1‘x]2

((—1)1/3+Sec[e+fx]2/3+\/?Sec[e+1cx]2/3 ®Sece+fx]1/3 (—1+Sec[e+1‘:x]2>2

3b
——+3a\/1—COS[e+'FX]2 Sec[e+fx]?3- 6a\/1—Cos[e+-Fx]2 Secle + fx]
Sec[e + fx]1/3

~1)Y3 4 (17\5) Sec[e +fx]%/3

1
(-1)*2+ (1443 ) secle+ Fx)22 4

(-1)*? | -6 E1lipticE[ArcCos|

(2+\/?)]+

-1)Y2 (1—\/?) Secle+fx]?/3

(-1)*2+ (143 secle+x)?3

(37\5) EllipticF[Ar‘cCos[ (2+\EH

)

1
4

((—1)1/3+Sec[e+1‘:x12/3) Sec[e+fx]%3

((71)1/3+ (1+\E> Sec[e+-Fx]2/3)2

((—1)1/3+ (1+\E) Sec[e+fx]2/3)2

(—1)2/3— (—1>1/3Sec[e+fx}2/3+Sec[e+Fx]4/3

((—1)1/3+ (1+\/?) Sec[e+1‘:x]2/3)2

/ (4 33/4s5ecle+fx]3

\/—1+Sec[e+-Fx]2

+

(1+\/?) Sec[e+fx]1/3\/_1+Sec[e+1cx]2
2((—1)1/3+(1+\/?) Sec[E+.|:X]2/3> /

(\/—1+Sec[e+-|:x]2

(a+bTan[e+fx]) /(-F (dSec[eJr-I:x])l/3

(aSin[e+fx] -6 (-1)*?asecle+fx]??sin[e+fx] -

6 (-1)*>+/3 aSec[e+fx]?3>sinfe+fx] -
60 (-1)'?asec[e+fx]*3>Sinfe+fx] -
30 (-1)*?+/3 aSecle+fx]*3sin[e+fx] -

)
)

60 (-1 1/3b\/17Cos[e+1‘:x]2 Secle+fx]7/3Sin[e+fx] -

6 (-1 2/3b\/1—Cos[e+-Fx]2 Sec[e+fx]*>3sin[e+fx] -

6 (-1 2/3\/?b\/1—Cos[e+-Fx]2 Sec[e+fx]*>3sin[e+fx] -

30 (-1
432 (-1)
252 (-1)%?+/3 asec[e+fx]¥3Sin[e+fx] +
576 (-1)*?asec[e+fx]*3Sinfe+fx] +
324 (-1)*?+/3 asSecle+ fx]¥3Sin[e+fx] +

)1/3\ﬁbJ1 Cos[e+fx]?2 Sec[e+Ffx]7/3sin[e+fx] +
1)2/3

aSec[e+fx]¥3sin[e+fx] +
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432 (-1 2/3b\/1—Cos[e+1cx]2 Sec[e+fx]1/3sin[e+fx] +

??asecle+fx]™3sinle+fx] -486 (-1)*>/3 aSec[e+fx]*3sin[e+fx] -
Y2 asecle+fx]™3sin[e+fx] -558 (-1)*?/3 aSec[e+fx]¥3sinle+fx] -

972 (-1 1/Bb\/l—Cos[ewa]z Sec[e+fx]¥3Sin[e+fx] -

558 (-1 1B\/?b\/l—Cos[eM‘:x]z Sec[e+fx]¥3Sin[e+fx] +

420 (-1)*?asecle+fx]?®3sinfe+fx] +240 (-1)*°/3 aSec[e+fx]?3Sin[e+fx] +
456 (-1)*2asecle+fx]?/3sin(e+fx] +264 (-1)¥?~/3 asec[e+fx]??>Sin[e+fx] +

264 (—1)1/3ﬁb\/1—Cos[e+fx]2 Sec[e+fx]®/3sin[e+fx] +

b\/l—Cos[e+-Fx]2 Tan[e+fXx] -202aSec[e+fx] Tan[e+fXx] -

120+/3 aSecl[e+fx] Tan[e + f X] —202b\/1—Cos[e+fx]2 Sec[e+fx]2Tan[e + fx] -

120\/?b\/17Cos[e+fx]2 Sec[e+fx]2Tan[e+fx] +609aSec[e+fx]3Tan[e+fx] +

360+/3 aSec[e+fx]3Tan[e + fx] +609b\/1—Cos[e+-Fx]2 Sec[e+fx]*Tan[e+fx] +

360\/?b\/17Cos[e+fx]2 Sec[e+fx]*Tan[e+fx] -616aSec[e+fx]°>Tan[e+fx] -

360/3 aSec[e+fx]°Tan[e+fX] 7616b\/1—Cos[e+-Fx}2 Sec[e+fx]®Tan[e+fx] -

360\/?b\/1—Cos[e+1‘:x]2 Sec[e+fx]®Tan[e+fx] +208aSec[e+fx]’ Tan[e+fx] +

120+/3 aSec[e+fx]’ Tan[e + f X] +208b\/1—Cos[e+1‘:x12 Sec[e+fx]®Tan[e+fx] +

120\/?b\/1—Cos[e+1:x]2 Sec[e+fx]8Tan[e+fx])

Problem 630: Mathematica result simpler than optimal antiderivative, IF it can
be verified!

dx

J(a+bTan[e+fx})2
(dsece+fx])*?

Optimal (type 5, 119leaves, 4 steps):
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15ab

2f (dSecle+fx])*?

/

) ) X 1 2 5 ) .
(3 (2a%-3b?) dHypergeometric2F1[~, —, =, Cos[e+fx]?] Sin[e+fx]
2 3 3

3b(a+bTan[e+fx])

+

(8-F(dSec[e+-Fx}>4/3 Sinfe +f x]?2
2f (dSec[e+-Fx])1/3
Result (type 4, 4052 leaves):

3b2Cos[e +fx] Sinf[e +fx] (a+bTan[e+-Fx])2
.

2f (dsec[e+fx])"? (aCos[e+fx] +bSin[e+Ffx])?

3 |-4absSec[e+fx]+ (2a%-3b? \/17Cos[e+Fx}2 Sec[e+fx]?-

! (2a*-3b?)
6\/1—Cos[e+1:x]2 ((71)1/3+ (1+\/?) Sec[e+fx}2/3)

_1)1/3—(—1+\/?) Secle+fx]%? 4
(-1)%33Y/% | _6 E1lipticE [ArcCos | , = (23] -
-1 +(1++3 | Sec[e+fx
( )1/3 ( \ﬁ) [e+fx]2/3 4
~1)Y? - (-1++/3 ] Sec[e+fx]¥/3
)2 (23] L s )]

(—3+\/?) EllipticF [ArcCos | -, B
(-1) +(1+\/?) Sec[e +fx]%/3 4

((—1)1/3+Sec[e+fx}2/3) Secle+fx]2/3

((—1)1/3+ (1+\/?) Sec[e+1‘:x]2/3)2

((—1)1/3+ (1+\/?) Sec[e+1°x]2/3)3

(-1)%7 - (-1)"?secle + fx]2/3 +Sec[e + fx]*/3

((—1)1/3+ (1+\/?) Sec[e+fx]2/3)2

+

6 (1+\/?) Secle+fx]¥? (-1+Sec(e+Fx]?)

(2a®Cos[e+fx] -3b*Cos[e+fx] +4abSin[e+fx])

(aerTan[eJr-Fx])2 / 2

Secje+fx]73
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(dséc[e+%x})1/3
(aCos[e+fx] erSin[eercx])2

1

-——————4|-4absec[e+fx] + (2a*-3b?) \/1—Cos[e+-Fx]2 Sec[e+fx]%-
Sec[e + fx]1/3

(1/ (6\/1—Cos[e+fx]2 ((-1)1/3+(1+ﬁ) Sec[e+fx]2/3)]) (2a2-3b2)

(—1)1/3— (—1+\/?) Sec[e+fx]2/3

(-1)*?+ (1+\/?) Sec[e +fx]?/3

(-1)*?3Y4 | -6 EllipticE[ArcCos

1 (2+\/?)] - (—3+ﬁ) EllipticF[ArcCos]|

4

(’1>1/37 (71+\/?) Sec[e+fX]2/3}, l (2+\E)}] ((*1)1/3+

(-1)1/3+(1+\/?) Sec[e+fx]%3 4

((—1)1/3+Sec[e+fx]2/3) Secle+fx]%/3

“1)3 4 (14+/3 ) Secle+ £x]2/3)°
(-1)

(1+ﬁ) Sec[e+fx12/3)3

\/(((71)2/37 <71>1/3Sec[e+fx}2/3+Sec[e+1‘x]4/3)/

((-1)1/3+ (1+x/?) Sec[e+fx}2/3)2 16 (1+ﬁ)

. 1
Sec[e+fx]?? (-1+Sec[e+fx]?)||Sin[e+fx] P
Sec[e + f x]

3 (1/(6 (1—Cos[e+fx}2)3/2 ((—1)1/3+ (1+\/?> Sec[e+fx]2/3))) (2a®-3b?%) Cos|

71)1/37(71+\/?) Secle +fx]%/3
e+fx] |(-1)*?3Y4|-6EllipticE[ArcCos |

(-1)*2+ (1+\/?) Sec[e +fx]%/3

(2+43)] - (-3+/3 ) EllipticF|

FNQR
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~1)Y3 - (—1++/3 ] Sec[e+ Fx]¥/3
AFCCOS[ ) ( ) ,1<2+\EH ((_1)1/3+
(—1)1/3+(1+\/?)Sec[e+fx]z/3 4
_q)1/3 s ”
(1+\/?)Sec[e+fx]2/3) (<1> +Sec[e +fx] )Sec[eﬂcx}2
((-2)"2+ (143 ) secle+ Fx] 2]
(_1)2/3—<‘1>1/3sec[e+fx}2/3+SeC[e+-Fx]4/3

((—1)1/3+ (1+\/?) Sec[e+1cx]2/3)2

6 (1+\/?) Sec[e+fx]*? (-1+Sec[e+fx]?)|Sin[e+fx] +

(1/ (9\/17C05[e+fx]2 (<71>1/3+(1+ﬁ) Sec[e+fx}2/3)z])

(1+\/?) (2a®-3b?) sec[e+fx]>?
~1)*3 - (—1+\/?) Sec[e +fx]2/3

1+\E) Sec[e + fx]?/3

)

(-1)*23%4 | -6 EllipticE[ArcCos|

(71)1/3+

1 (2+\/?H _ (73”/?) EllipticF |

4
~1)Y3 - (-1++/3 ) sec[e+fx]2/3
ArcCos | ) ( ) ,1(2+\EH ((—1)1/3+
(—1)1/3+(1+\/?)Sec[e+fx]2/3 4
~1)Y3 1 sec[e + fx]2/3] sec[e+ fx]?/3
(1+\/?)Sec[e+fx]2/3) (< > ) 5
((—1)1/3+(1+\/?)Sec[e+fx]2/3)
~1)%3 - (—1)Y3sec[e+ fx]¥3 +Sec[e+ fx]43
(-1)

((—1)1/3+ (1+\/?) Sec[e+1cx]2/3)2

6 (1+\/?) Sec[e+fx]?? (-1+Sec[e+fx]?)|Sin[e+fx] -

1

6\/1—Cos[e+1°x]2 ((—1)1/3+ (1+\/?) Sec[e+fx}2/3)
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(2a2-3b2) |12 (1+\/?) Secle+fx]1/3Sinfe+fx] +2 (-1)Y331/4 (1+ﬁ)

~1)Y3 - (-1++/3 ) sec[e+ fx]?/3
-6 E1LlipticE [ArcCos| ) | ) » = (243 -
(—1)1/3+<1+\/?) Sec[e+-Fx]2/3 4

—

(-1)*?- (—1+\/?) Secle +fx]%/3

(—1)1/3+ (1+\E) Sec[e + fx]?/3

(—3 + \/?) EllipticF [ArcCos]|

— (2+\EH ((71)1/3+ (1+\E) Sec[e+Fx]2/3)2

((—1)1/3+Sec[e+fx]2/3) Sec[e+fx]2/3

((-1)*2+ (143 Sec[e+fx]2/3)2

5/3

Sec[e + f X]

(-1)%7 - (-1)?secle+fx]2/3 +Sec[e+fx]*/3

((-1)1/3+ (1+\/?) Sec[e+fx]2/3)2

Sin[e+fx] +

4 (1+\/?) Sec[e+fx]®3 (-1+Sec[e+fx]?)Sin[e+fx] +

1

2\/ ((*1)1/3+Sec[e+-Fx]2/'3)sec[eJr.Fx]z/’z

( (-1)%3+ (1+ﬁ) Sec[e+f x]2/3)2

(-1)23Y4 | -6 EllipticE]

Arccos| (-1)%2- (—1+\/?) Sec[e+-FX12/3]J 1 (2+\/?)] ) (73+\/?)

<71>1/3+(1+\/?) Sec[e+fx]?/3 4

—1)1/3—(—1+\/?)Sec[e+'Fx}2/3 1
(—1)1/3+(1+\/?) Sec[e+fx]%/3 S a
((—1)1/3+ (1+\/?) Sec[e+fx]2/3)3\/(((—1)2/3— (—1)1/3Sec[e+fx]2/3+

Sec[e+~Fx]4/3)/((71>1/3+ (1+\/?) Sec[e+fx]2/3)2)

EllipticF [ArcCos]|

(2443 ]

(2 ((—1)1/3+Sec[e+fx]2/3) Sec[e+fx}5/3Sin[e+fx])/ (3 ((—1)1/3+

(1+\/?) Sec[e+Fx]2/3)2) - (4 (1+\/?) ((—1)1/3+Sec[e+fx]2/3)

Sec[e+fx]7/3Sin[e+fx])/ (3 ((-1)*2+ (1443 Sec[e+fx]2/3)3) +
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2Sec[e+fx]7/3Sin[e + fx]

3 ((*1)1/3+ (1+\/?) Sec[e+-Fx]2/3)2

] N (71>1/3 31/4 ((71)1/3+

(—1)1/3+Sec[e+1‘x]2/3) Sec[e + fx]?/3

((71)1/3+ (1+\5) Sec[e+fx]2/3)2

(1+\/?) Sec[e+fx]2/3)3J (

J (-1)%7 - (-1)*?secle+fx]2/3 +Sec[e+fx]*/3

R GEa
((—1)1/3+ (1+ﬁ) Sec[e+fx]2/3)

[((2 (1+\/?) ((71)1/37 (71+\E) Sec[e+1°x}2/3) Secle+fx]>3

Sin[e+fx})/ (3 ((-1)1/3+ (1+ﬁ) Sec[e+fx]2/3)2)) _

2(71+\/?) Secle+fx]%3sin[e + fx] /

3 ((—1)1/3+ (1+\/?) Sec[e+fx12/3)
((-2)*2- (-1+3) Sec[e+fx]2/3)2J]

((—1)1/3+ (1+\/?) Sec[e+1‘:x12/3)2

[J

\Il (<71> - (*1+\E) SeC[e+fx12/3)

“1)3 4 (14+/3 ) secle+ £x]2/3)°
(-2)

1&(24?) {1_

+

1-

171(2“/?)

4

((71)1/37 (71+\E) Sec[e+Fx}2/3)2]]

(<71>1/3+ (1+\/?) Sec[e+fx}2/3)2

_((2 (1+\/?) ((-1)1/3- (-1+\/?) Sec[e+1:x}2/3) Secle+fx]5/3

Sin[e+-Fx})/ (3 ((71>1/3+ (1+\/?) Sec[e+FX]2/3)2)) B
2 (—1+\/?) Sec[e + fx]°/3Sin[e+fx]
3((—1>1/3+(1+\/?) Sec[e+fo2/3) /

Hl ((—1)1/3— (—1+ﬁ) Sec[e+fx}2/3)2 J]

((—1)1/3+ (1+\/?) Sec[e+1cx]2/3“)2
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1

(_1> 1/3 31/4

2 (-1)23_ (~1)Y3 sec[e+f x]2/3+Sece+f x]%/3
( (-1)1/34 (1+\/?) Sec[e+f x] 2/3) 2

(-1)*2- (-1+V3 ) secle+ fx]22 4

-6 E1lipticE [ArcCos | ], =
- + + ecle+TX

(-1)*2+ (143 seclesFx]23 4

(2+\/?)]—

-1)*2 - (—1+ﬁ) Sec[e+fx]%3

(-1)*2+ (143 secle+fx)2

(73 + \/?) EllipticF [ArcCos |

(2+\/?)] (<71>1/3+ (1+\/?) Sec[e+fx]2/3)3

((71)1/3+Sec[e+fx]2/3) Secle +fx]%/3
((-1)1/3+ (1+\/?) Sec[e+fx}2/3)2
Secle +fx]*"3 ((—1)2/3— (-1)*? Sec[e+fx]2/3+Sec[e+-Fx14/3)

sin[e+fx])/ (3 ((71>1/3+ (1+\5) Sec[e+fx]z/3)3)] +

(o)

4
(-1)*?sec[e+fx]*3sSin[e+fx] + —Sec[e+Ffx]7>Sin[e+fx]
3

w N

5 /

((—1)1/3+

1+\E) Sec[e+fx}2/3)2] +

(2a?-3b?) Tan[e + fx]

-4absecle+fx] Tan[e+fx] +2 (2a*-3b?)

\/17Cos[e+-Fx}2

\/1—Cos[e+1°x}2 Sec[e+fx]?Tan[e + fx]

Problem 632: Result unnecessarily involves imaginary or complex numbers.

(dsecle+fx])®?
J dx

a+bTan[e+ fx]

Optimal (type 6, 552 leaves, 16 steps):
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/ 1/6
/3 ArcTan| - - 202 [seclefx 2|0 g sece + £x])%/3
[ 3 NEY (a2+b2)1/6 } ( [ ]>
.

2 b2/3 (a2+b2)1/6-F (Sec[e+Fx}2)5/6

1/6

1 2bY3 (secle+fx]?) 5/3
\/?Ar‘cTan[ﬁ+ ——] (dsecle+fx])

\/?(aZerz)l"s
2 b2/3 (a2+b2)1/61‘ (Sec[eJr-Fx}z)S/6

Ar‘cTanh[wsec[e—ﬂcx]z)ié} (dsecle+fx])®"?

(az+b2)1/6

+

b2/3 (a2+b2)1/6-F(Sec[e+fx}2>5/6
(Log[(aZerz)l/E‘fbl/3 (a? +b2)1/6 Sec[e + f x] )1/6+b2/3 (Sec[emcx]z)l/ﬂ (dSec[e+fx])5/3)/

(
(4b2/3 (a2+b2)1/6f (Secle+fx] 2)5/6)
(Se

+b2)1/3+b1/3( +b2) 8 (sece+ Fx]2) Y0+ 0?3 (Secle+ Fx]2) ] (dSec[e+fx])5/3)/

/

(Log[(a2

(4b2/3 (az+b2)1/6 cle+fx] )5/6) +

)

3 b2T f
3 biTanfe+fx]? , ~Tan[e+ fx]2] (dSec[e+fx])**Tan[e+fx]
2

1
(AppellFl[, 1, B
2 a2

1
6
(af (Sec[e+fx]2)5/6)

Result (type 6, 276 leaves):

R 1 1 4 a-ib a+ib
—([24d AppellFl[—, =, =, —, | (a+bTanfe+fx]) /(b-F
3 6 6 3 a+bTan[e+Fx] a+bTan[e+ fx]
13 4 1 7 7 a-ib a+ib
(dsecle+fx]) (<a+]lb) AppellFl|—, =, =, — s +
3 6 6 3 a+bTan[e+fx] a+bTan[e+fXx]
4 7 1 7 a-1ib a+ib
(a-1ib) AppellFl|—, —, =, —, B +
3 6 6 3 a+bTan[e+fx] a+bTan[e+fXx]
1 1 1 4 a-1ib a+1b
8 AppellFl[~, =, =, —, B }(a+bTan[e+-Fx]) ))
3 6 6 3 a+bTan[e+fx] a+bTan[e+fXx]

Problem 633: Result unnecessarily involves imaginary or complex numbers.

dx

J(dSec[ewa])l/s

a+bTan[e+ fx]

Optimal (type 6, 552 leaves, 16 steps):
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/. 1/6
3 b2/3 ApcTan| -1 - 27 [Seclef XM g sac ey £ x] )13
Frctn| BB asacte )

2 (a2+b2)5/6f (Sec[e+fx]2)1/6

/ 1/6
\/3 b2/3 ApcTan | L 4 2B [Seclef TR g gacie f £x] )13
[ﬁ V3 (a2+b2)V/° I [ 1)

2 (az+b2)5/61‘ (Sec[e+-Fx}2)1/6

/ 1/6
b2/3 ArcTanh [msec[e—w)—] (dsecle+fx])*?

(az+b2)1/5

.
(a2+b2)5/6-F (Sec[e+fx}2>1/6

(6775 Log [ (a2 +b7] 2 b3 (a7 +12) " (Sec e+ £x]2) "%+ b/% (Sece« £x]2)")
(dSec[e+-Fx}>1/3)/(4 (a2+b2)5/6f (Sec[e+fx]2)1/6) -

(b2/3 Log[ (a2+b2)1/3+b1/3 (a2+b2>1/6 (Sec:[eJr~Fx]2)l/6+b2/3 (Sec[e+fx12>1/3]
(dSec[e+fx})1/3)/(4 (a®+b2)%°f (Sec[e+1‘x]2)1/6) +

5 3 b’*Tan[e+fx]?

6

B ~Tan[e + fx]?| (dSec[e+-Fx})1/3Tan[e+1cX]
2 a

(af (Sec[e+fx]2)1/6)

1
(AppellFl[, 1,
2

/

Result (type 6, 280 leaves):

a-1b a+1b

, 5 5 5 8
—([48d AppellFl[g, P | (a+bTanfe+fx])

/

a+bTan[e+ fx] ’ a+bTan[e+ fx]

(Sbf (dsecle+fx])°"?

, 8 5 11 11 a-ib a+ib
(5 (a+ib) AppellFl[—, =, —, —, s +
3 6 6 3 a+bTan[e+fx] a+bTan[e+fx]

) 8 11 11 a-1b a+1b
5 (a-ib) AppellFl[;, =, s +

5
6 6’ 3 a+bTan[e+fx],a+bTan[e+fx]

8 a-ib a+1ib
- ](a+bTan[e+fx]))]]

5
16 AppellF1| =,
3

o |wun

5
’ 6, 3, a+bTan[e+fx], a+bTan[e+fXx]
Problem 634: Result unnecessarily involves imaginary or complex numbers.

1
J(dSec[ewa])l/s (a+bTan[e+fx])

dx

Optimal (type 6, 579 leaves, 17 steps):
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\/?b4/3 Ar‘cTan[# _ 2bY/3 (Sec[e+fx12)1/6] <Sec[e+fx]2)1/6
3

3b V3 (a2eb?)Y/e
- +

(a?+b2) f (dSec[e+fx])"? 2 (a2+b2)7"/°f (dSec[e+fx])*?

/: 1/6
3 b3 ArcTan| L, 27 [Seclerfx)®)” Secle + fx]2)V/®
[ﬁ V3 (a2b?) Ve J (sect %)

2 (a2+b2)7"/°f (dSec[e+fx])*?

b1/3 (Sec[e+f x]2)Y/®
(az+bz) 1/6

b43 ArcTanh | ] (secie+fx]2)*®

+

(a2 +b2)7/°f (dSec[e+fx])*?
(b4/3 Log[(a +b2)1/3 b3 (& + )1/6 (Sec[e+1‘x]2)1/6+b2/3 (Sec[e+fx}2>1/3]
(secle+fx] )1/6)/( (a®+b?)7/° £ (dSec| e+fx])1/3)—
(b4/3 Log[(a +b2)1/3+b1/3( 2+b2)1 (Secle+fx] )1/6+b2/3 (Sec[e+fx}2>1/3]
)

(Secle+fx] )1/6)/( a2+ b2)7/® f (dsec| e+fx])1/3)+

1 7 3 b?Tan f
(AppellFl[, 1, —, =, M, ~Tan[e + fx]?| (Sec[e+fx}2>1/6Tan[e+-Fx} /
2 6 2 a?
(a-F(dSec[e+fx]>1/3)
Result (type 6, 285 leaves):
7 7 7 10 a-1b a+1b
—([60dAppellF1[f, - =, =, ,
3 6 6 3 a+bTan[e+fx] a+bTan[e+fX]
(aCos[e+fX]+bSin[e+fx]))/(7bf(d5ec[e+fx])4/3
106 7 13 13 a-1ib a+ib
(7 (a+1ib) AppellFl[—, —, —, —, , ]+
3 6 6 3 a+bTan[e+fx] a+bTan[e+fx]

, 10 7 13 a-ib a+ib
7 (a-1ib) AppellFl| —, —, =, —, , +
3 6 6 3 a+bTan[e+fx] a+bTan[e+fXx]

7 10 a-ib a+ib
— | (a+bTanfe+fx])
6

) )

20Appe11F1[—
3’ 3 a+b|an[e+-Fx]’a+b|an[e+-Fx]

o | N

)

Problem 635: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J ! dx
(dsecfe+fx])>? (a+bTan[e+fx])

Optimal (type 6, 581 leaves, 17 steps):
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/: 1/6
\/3 b¥3 ArcTan| -1 _ 207 [seclesfxi®) Secle+ fx]2)°/®
[\E V3 (a2+b?)C } ( [ ] )
.

5 (a2+b?) f (dSec[e+fx])>? 2 (a2 +b2) ™ f (dSec[e+fx])>"?

3b

/: 1/6
/3 b8/3 ArcTan| L, 27 [Seclerfx)®)™ Secle + fx]2)°/®
[ﬁ V3 (a2+b2)V/° J (sect %)

2 (a2 +b2) ™ f (dSec[e+fx])>"?

b®/3 ArcTanh | bY/? (Sec[e+fx]?)"/*
(a2+b2)1/5

| (secie+fx]2)*®

+

(a? +b2)*° £ (dSec[e+Ffx])>"?

(b8/3 Log[ (a%+b2) "> b3 (a2 + b2)Y® (Secle+ Fx]2)"® + b2/ (Sec[e+ Fx]2)'?]
(Sec[e+fx}2>5/6)/(4 (a2+b2)11/6f (dSec[e+Fx])5/3) -

(b8/3 Log[ (a%+b2)*? + b3 (a2 + b2)Y/® (Secle+ Fx]2)"® + b2/ (Sec[e+ Fx]2)' 7]
(Sec[e+fx}2)5/6)/(4 (a2+b2)11/6f (dSec[e+fx])5/3) +

1 11
AppellFl[ =, 1, —, =,
2 6 2 a?

(af (dSec[e+fx])5/3)

, ~Tan[e+fx]?] (Sec[e+Fx]2)5/6Tan[e+Fx]

/

Result (type 6, 18391 leaves):

3 (b+a\/1—COS[e+'FX]2 Sec[e + f x]

.
5 (a2 +b?) Sec[e+fx]*/3

-3 (a2+b2)1/6+2 (—1)1/6 bl/3 Sec[e + fx]1/3

(az + b2> /6

3[{(—1)5/6b8/3Ar‘cTan[ | sec[e+fx]?

(7b+bSec[e+Fx]2+aSec[e+fx] \/Cos[e+fx]2 (-1+secle+fx]?) )J/

(6 (a2+b2)11/6 (a\/l—Cos[eﬂcx]2 Sec[e+fx]>+bSec[e+fx]? (—1+Sec[e+fx}2>)] +

V3 (a2 +02) Y812 (-1) Y0 b1 Sec e + £ x] 13

(a2 + b2) /8

(—1)5/6b8/3Ar‘cTan[ | secle+fx]?

(—b+bSec[e+-Fx]2+aSec[e+fx] x/Cos[e+-Fx]2 (-1+secle+fx]?) )J/

(6 (a2+b2)11/6 (a\/l—Cos[eH‘x]2 Sec[e+fx]3+bSec[e+fx]? (—1+Sec[e+fx12))] +

(-1)*® b3 secle+ fx]1/3

(-1) >/® b®/3 ArcTan |
<a2 + bz) 176

| secfe+fx]?

(—b+bSec[e+-Fx]2+aSec[e+fx] x/Cos[e+-Fx]2 (-1+secle+fx]?) )J/
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(3 (a2+b2)11/6 (aJl—Cos[eﬂcx]2 Sec[e+fx]3+bSec[e+fx]? (—1+Sec[e+-Fx}2>)] -

[(-2)77% 62 Log [ (a2 + b7) "7 (1) /3 b3 (a2 +b2) ¥ Sec e+ Fx] V2 »

(-1)*?b*3sec(e+fx]??] Secle+fx]?

(_b+bSec[e+_FX]2+a5ec[e+-Fx] Jcosle Fx]? (-1+secieFx1?) ))/ (4x/?

(a2+b2)11/6 a\/l—Cos[e+-Fx]2 Sec[e+fx]3+bSec[e+fx]? (—1+Sec[e+-Fx}2))] +

[(-2)%/° 6% Log[ (a7 +b2) "« (-1)¥°4/3 bY2 (a2 b?)V*secle )72 4

(-1)Y?b*3sec(e+fx]??] Secle+ fx]?

(_b+bSec[e+_FX]2+aSec[e+-Fx] Jcosie£x1? -1+ sece+Fx]?) ))/ (4x/?

(a2+b2)11/6 a\/17Cos[e+Fx]2 Sec[e+fx]3+bSec[e+fx]? <71+Sec[e+-Fx}2))] -

]

b2 Sec[e + f x]?

3 117 2
14 a® AppellF1[ =, =, 1, —, Sec[e + fx]?,
6 2 6 a% + b?

Sec[e+fx]19/3\/Cos[e+Fx]2 (-1+secle+fx]?)

(—b+bSec[e+-Fx]2+aSec[e+fx] \/Cos[e+-Fx]2 (—1+Sec[e+fx12> ))/

1 1 7 b2 Sec[e + fx]?
(5 (-1+secle+fx]?) [7 (a% +b?) AppellFl[ =, =, 1, —, Sec[e+fx]?, #} +
6 2 6 a2+ b?
) 7 1 13 , b?Secle+fx]?
3 |2b%AppellFl|—, =, 2, —, Sec[e+fx]?, ——————| +
6 2 6 aZ +b?
7 3 13 b2 Sec[e + f x]?
(a% +b?) AppellF1[—, =, 1, =, Sec[e+fx]?, #] Sec[e+fx}2)
6 2 6 a2+ b?

(-a%+b* (-1+Secle+Fx]?)) [a\/l—Cos[eM‘:x]2 Secle+fx]3+

bSec[e +fx]? <71+Sec[e+fx}2))

1 b2 Secfe +fx]?2

, Sec[e+fx]2,
a? + b?

1
{49 ab?AppellFl|~, =, 1,
6

o | N

| secfe+fx]te3

2
\/Cos[e+fx]2 (-1+sec[e+fx]?)

(—b+bSec[e+-Fx]2+aSec[e+fx] x/Cos[e+-Fx]2 (-1+sSecle+fx]?) )J/

b2 Sec[e + fx]?

|+

(5 (-1+sSecf[e+fx]?) [7 (a®+b?) AppellFl[l, 1, 1, Z, Sec[e + fx]?,
6 2

6 aZz +b?
) 7 1 13 , b*Secle+fx]?
3 |2b?AppellFl|—, —, 2, —, Sec[e+fx]?, ———————| +
6 2 6 a2 + b2

13 , b?Secle+fx]?
,1, —, Sec[e+fx]?, —M

B
6 a? + b?

(a®+ b?) AppellF1]|

o | N

]

Sec[e+fx}2)

N w

(-a?+b® (-1+Secle+fx]?)) [a\/l—Cos[eﬂcx]2 Secle+fx]3+
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+

bSec[e +fx]? (—1+Sec[e+1cx}2))

7 1 13 b2 Sec[e + f x]?
[Zsab2 AppellFl[—, =, 1, —, Sec[e +fx]?, #} Sec[e +fx]16/3
6 2

6 a? + b?

\/Cos[e+fx]2 (-1+Secle+fx]?) [-b+bSec[e+Ffx]?+

aSecle+fx] x/Cos[e+-Fx]2 (-1+secle+fx]?) )J/ (35 (-1+secle+fx]?)

) 2 7 1 13 , b?Secle+fx]?
13 (a+ b?) AppellF1[—, —, 1, —, Sec[e+fx]?, ——————| +
6 2 a? + b?
5 13 1 19 , b?Secle+fx]?
3(2b AppellFl[f, -, 2, —, Sec[e+fx]~%, —] +
6 2 6 a%+b?

) w2 13 3 19 , b?Secle+fx]?
(a*+b )AppellFl[—, =,1, =/, sec[e+fx]?, ————
6

A ; . })Sec[eﬂcx]z
a2 +

(-a%+b* (-1+Secle+fx]?)) [a\/l—Cos[eﬂcx]2 Sec[e+fx]3+

bSec[e +fx]2 <1+Sec[e+fx}2))]] /

(b+a\/1—Cos[e+1‘:x12 Sec[e+fx]| Sin[e+ fx]
f (dsec[e+fx])>? (a+bTan[e+fx]) |- +
(a2 +b?) Sec[e+fx]?/3

3 [Li”[e*—‘chJra\/lCos[e+1‘:x]2 Sec[e+fx] Tan[e + fx]

1-Cos[e+fx]?

5 (a2 +b?) Sec[e+fx]°/3

3 |- (b3Sec[e+Fx]19/3 (7b+bSec[e+-Fx}2+aSec[e+fx]

\/Cos[eﬂcx}z (-1+secle+fx]?) )Sin[e+-Fx])/

(—\/? <32 +b2)1/6+2 (—1)1/6 pbl/3 Sec[e+fx]1/3)2

<a2 + b2> 1/3

9 (az+b2>2 1+

[a\/l—Cos[eM“x]2 Sec[e+fx]3+bSec[e+fx]? (—1+Sec[e+fx]2)] -

(bBSec[eJr-Fx}m/3 (7b+bSec[e+-Fx]2+aSec[e+-Fx}

\/Cos[e+fx}2 (-1+secle+fx]?) )Sin[e+-Fx])/
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(\/? (a2+b2)1/6+2 (-1)%° b3 Sec[e+1cx]1/3')2

(az + bz) 1/3

9 (a2+b2)2 1+

(a\/l—Cos[eM“x]2 Sec[e+fx]3+bSec[e+fx]? (—1+Sec[e+fx]2)] -

(b"’Sec[eJr-Fx}le/3 (—b+bSec[e+-Fx]2+aSec[e+-Fx}

\/Cos[e+fx}2 (-1+secle+fx]?) )Sin[e+-Fx])/

(—1)1/3 b?/3 Sec[e + fx]?%/3

(a2 + b2> 1/3

9 (az+b2>2 1+

(a\/l—Cos[eM‘:m2 Secle+fx]3+

+

bSec[e+fx]? (71+Sec[e+1cx}2))

b2 Sec[e + fx]?

B
a2+ b?

(28 a® b? AppellF1|

| =
N |

7
, 1, —, Sec[e+fx]2, | secie+fx]3
6

\/Cos[e+fx]2

—

-1+Sec[e+fx]?) (7b+bSec[e+-Fx}2+aSec[e+fx]

/

b2 Sec[e + fx]?

\/Cos[e+fx12 (-1+secle+fx]?) )Sin[e+-Fx] 5(-1+Secle+fx]?)

|+

1 1 7
[7 (a + b?) AppellF1|—, —, 1, —, Sec[e+fx]?,
6 2

6 a2 + b2
7 1 13 b2 Secfe + fx]?
3 (2 b? AppellFi[—, =, 2, —, Sec[e+fx]?, #} + (a®+b?)
6 2 6 a2+b?
7 3 3 , b?Secle+fx]? 5
AppellFl[—, =, 1, —, Sec[e+fx]?, —————————| | Sec[e + fx]
6 2 6 a2 + b2

(-a*+b? (—1+Sec[e+1°x]2))2 (a\/l—Cos[eM‘:m2 Sec[e+fx]3+

+

bSec[e +fx]? (71+Sec[e+fx}2))

1 b2 Sec[e + f x]?
= , Secle +fx]2, #] Sec[e +fx]¥/3

a? + b?

1
{98 ab*AppellF1|~, =, 1,
6

o | N

2
\/Cos[e+fx]2 (-1+sec[e+fx]?) (—b+bSec[e+Fx12+aSec[e+fx]

/

1 1 7 b2 Sec[e + f x] 2
[7 (a®+b?) AppellF1[~, =, 1, —, Sec[e+fx]?, bPoeclertx]”
6 2

\/Cos[emcx}z (-1+secfe+fx]?) )Sin[e+1‘x] 5(-1+Secfe+fx]?)

|+

6 a2 + b?

7 1 13 b2 Sec[e + fx]?
3 (2 b% AppellF1[~—, =, 2, =, Sec[e +fx]?, #} + (a%+ b?)
6 2 6 a? + b?
7 3 13 , b’Secle~+fx]? 5
AppellFl[—, =, 1, —, Sec[e+fx]?, ——————————| | Sec[e + fx]
6 2 6 a? + b?

(-a*+b? (—1+Sec[e+Fx]2)>2 (ax/l—Cos[ewa}2 Secle+fx]3+
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bSec[e +fx]? (—1+Sec[e+1cx}2))

A 7 1 13 , b?Secle+fx]?
52ab AppellFl[—, -, 1, —, Sec[e+fx]*, —————————
6 2

P | secie+ fx)%/3
6 a‘+b

\/Cos[e+fx]2 (-1+secle+fx]?) (—b+bSec[e+-Fx}2+aSec[e+-Fx]

/

\/Cos[e+fx}2 (-1+secle+fx]?) )Sin[eﬂcx] 35 (-1+Sec[e+fx]?)

) 2 7 1 13 , b?Secle+fx]?
13 (a+ b?) AppellF1[—, —, 1, —, Sec[e+fx]?, —————— | +
6 2 a? + b?
13 1 19 b2 Sec[e + f x]?
3 (2 b? AppellF1[~—, =, 2, =, Sec[e + fx]?, #] + (a? + b?)
6 2 6 a%+b?
13 3 19 , b?Secle+fx]? 5
AppellFl|—, =, 1, —, Sec[e+fx]?, ————————] | Sec[e + fx]
6 2 6 a? + b?

(-a*+b? (—1+Sec[e+1cx]2))2 (a\/l—Cos[eﬂcx}2 Secle+fx]3+

bSec[e+fx]? (1+Sec[e+fx}2))] +

5 11 7 , b?Secle+fx]?
28 a AppellFl[f, -, 1, —, Sec[e+fx]*, ————

P— | secfe+fx]13
2 6 a‘+b

[))

\/Cos[e+fx]2 (-1+secle+fx]?) (—b+bSec[e+-Fx}2+aSec[e+fx]

/

1 7 , b?Secle+fx]?
=, 1, =, Secle+fx]?, ———————| +
2 6 a? + b2

\/Cos[e+-Fx]2 (-1+secfe+fx]?) )Sin[e+Fx] 5 (—1+Sec[e+1‘x]2)2

E

[7 (a® + b?) AppellF1| 1
6

7 1 13 b2 Sec[e + f x]?
3 (2 b% AppellF1[~, =, 2, =, Sec[e + fx]?, #} + (a®+b?)
6 2 6 a2 + b?
7 3 13 , b?Secle+fx]? 5
AppellFl[f, —, 1, —, Sec[e+fx]~, —] Sec[e + fX]
6 2 6 a%+b?

(-a*+b* (-1+Sec[e+fx]?)) [a\/l—Cos[eﬂ‘:x]2 Secle+fx]3+

+

bSec[e +fx]? (—1+Sec[e+fx}2))

b2 Sec[e + f x]?

2 11 7 2
98 ab? AppellF1l|—, —, 1, —, Sec[e +fx]?,
6 2 6 aZ + b?

| secfe+fx]3

\/COS[eJr‘FX]Z (-1+secle+fx]?) (7b+bSec[e+-Fx}2+aSec[e+fx]

/

\JCos[e+fx]? (-1+Sec[e+Fx]? ) Sinfe +fx] 5 (-1+Sec[e+fx]?)

1 1 7 b2 Sec[e + fx]?
[7 (a®+b?) AppellF1[—, =, 1, —, Sec[e+fx]?, #] +
6 2 6 aZ + b?
7 1 13 b2 Secfe + fx]?
3 (2 b? AppellF1[—, =, 2, —, Sec[e+fx]?, #} + (a® + b?)
6 2 6 a2 + b2
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13 , b?Secle+fx]?
,1, —, Sec[e+fx]?, ————

AppellF1
[ 6 a% +b?

3

o N
N W

]

(-a*+b* (-1+Secfe+fx]?)) [a\/l—Cos[e+fx]2 Secle+fx]3+

Sec[e+fx]?

bSec[e+fx]2(—1+Sec[e+fx12))J—

; 11 7 , b?Secle+fx]?

28 a AppellFl[—, -, 1, —, Sec[e+fx]°, ————————
6 2

S | secre+ fx]13/3
6 a‘+b

\/Cos[e+fx]2 (-1+secle+fx]?) (7b+bSec[e+fx}2+aSec[e+fx]

/

7 , b?Secle+fx]?
1, —, Secle+fx])?, ———————| +
2 6 a? + b?

\/Cos[e+fx}2 (-1+secle+fx]?) )Sin[e+-Fx]

3 (-1+sSecle+fx]?)
[7 (a®+b?) AppellFl{l, 1,
6

7 1 13 b2 Sec[e + f x]?2
3 (2 b2 AppellF1[ =, =, 2, =, Sec[e + f x]2 #} + (a2 +b?)
6

)

2 6 aZ+b?
7 3 3 , b?Secle+fx]? ,
AppellFl|—, =, 1, —, Sec[e+fx]?, ————————| | Sec[e + fx]
6 2 6 aZ+b?

(-a®+b* (-1+Sec[e+fx]?)) [a\/l—Cos[eM‘:x]2 Sec[e+fx]3+

bSec[e +fx]? (—1+Sec[e+fx}2))

1 7 , b?Secle+fx]?
, —» 1, =, Secle+fx]?, ——————]
2 6 a? + b?

-F

Sec[e+fx]13/3\/Cos[e+ x]? (-1+Sec[e+fx]?)

[98 ab? AppellFi|

A |

(—b+bSec[e+-Fx]2+aSec[e+fx] x/Cos[e+1‘:x]2 (-1+secle+fx]?) )

/

[7 (a® + b?) AppellF1]|

Sin[e + f x]

3 (-1+Secle+fx]?)

1 7 , b?Secle+fx]?
, =51, =, Secle+fx]?, ———————| +
2 6 a2 + b2

[N

) 7 1 13 , b?Secle+fx]?
3(2b AppellFl[—, -, 2, —, Sec[e+fx]*, —————————
6 2

| + (a*+b?)
6 a? + b?
7 3 13 , b?Secle+fx]? 5
AppellFl[f, —, 1, —, Sec[e+fx]~, —] Sec[e + fX]
6 2 6 a? + b?

(-a*+b* (-1+Sec[e+fx]?)) [a\/l—Cos[eﬂ‘:x]2 Secle+fx]3+

bSec[e +fx]? (—1+Sec[e+fx}2))

b2 Sec[e + fx]?
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V3 (a2 +02) 82 (-1) Y0 b13 Sec e + £ x] 13
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Secle+fx]?|2bSec[e+fx]?Tan[e+fx] +
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(a2 + b2) 1
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(asec[e+fx] (-2Cos[e+fx] (-1+Sec[e+fx]?)Sin[e+fx] +2Tan[e+fX]>>/
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1 1 7 b2 Sec[e+fx]?
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6 2

6 a? + b?
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) 2 11 7 , b?secle+fx]?
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6 2 6 aZ + b?

5(-1+Secle+fx]?)

|+

7 1 3 b2 Sec[e + fx]?
3 (2 b? AppellF1[—, =, 2, —, Sec[e+fx]?, #} + (a® + b?)
6 2 6 a2+ b?
7 3 3 , b?Secle+fx]? 5
AppellFl|—, =, 1, —, Sec[e+fx]?, ————————| | Sec[e + fx]
6 2 6 a? + b?

(-a*+b* (-1+Secle+fx]?)) [a\/l—Cos[eﬂcx]2 Secle+fx]3+

bSec[e +f x]? (71+Sec[e+fx}2))

b2 Sec[e + fx]?
, Sec[e+fx]2, #] Sec[e +fx]1/3
a2 + b2

A |

1
y 1:
2

o | N

[49 ab? AppellFi|

\/Cos[e+fx]2 (-1+sec[e+fx]?) [2bSec[e+fx]2Tan[e+Fx] +

aSec[e +fx] \/Cos[e+~Fx]2 (-1+Sec[e+fx]?) Tan[e+fx] +

(asec[e+fx] (-2Cos[e+fx] (-1+Sec[e+fx]?)Sin[e+fx] +2Tan[e+fx]))/

/

7 , b?Secle+fx]?

-, 1, —, Sec[e+fx]?, ———
2 6 a?+b?

13 , b?Secle+fx]?

, 2, —, Sec[e+fx]?, ————
2 6 a%+b?

13 b2 Sec[e+fx]?

1, —, Sec[e+fx])?, —————
e’ ’ a? + b? ]

(ZJCos[ewa]2 (-1+sSecfe+fx]?) )J

5(-1+Secfe+fx]?)

] +

| + (a2 +b2)

)

[7 (a® + b?) AppellF1]

[ N

2 71
3 |2b%AppellF1| —,
6

AppellF1] Sec[e + fx]2

o N
N W

)

(-a>+b* (-1+Secle+fx]?)) [a\/l—Cos[e+-Fx]2 Sec[e+fx]3+

bSec[e +fx]? (—1+Sec[e+fx}2))J +



296 | Mathematica 11.3 Integration Test Results for 4.3.1.2 (d sec)™m (a+b tan)”~n.nb

1 13 b2Sec[e + f x]?
=,1, =, sec[e+fx]?, #} Sec[e+ fx]%/3
6 aZ + b?

7
(26 ab? AppellF1|—,
6
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\/Cos[e+fx]2 (-1+secle+fx]?) [2bSec[e+fx]2Tan[e+Fx] +

aSecle+fx] \/COS[E+'FX]2 (-1+Secle+fx]?) Tan[e+fx] +
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) 2 7 1 13 , b?Secle+fx]?
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13 1 19 b2 Sec[e+fx]?
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6 2 6 aZ+b?
13 3 19 , b?Secle+fx]? 5
AppellFl|—, =, 1, —, Sec[e+fx]?, ———————] | Sec[e + fx]
6 2 6 a? + b?

(-a*+b* (-1+Secle+fx]?)) [a\/l—Cos[eﬂcx]2 Secle+fx]3+
bSec[e+fx]2 (1+Sec[e+fx}2))] +

1 1 7 b2 Sec[e+fx]?
14 a® AppellFi[ =, =, 1, —, Sec[e + fx]?, #] Sec[e + fx]13
6

2 6 a? + b?

\/Cos[e+fx]2 (-1+secle+fx]?)
(—b+bSec[e+-Fx]2+aSec[e+fx] \/Cos[e+fx]2 (-1+secle+fx]?) )
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1
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2 6
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Sec[e+fx]?Tan[e+fx] +7 (a?+b*) | —————2b? AppellFi[—, —, 2,
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6 a? + b? 7
7 3 13 , b?Secle+fx]? 5
- —» 1, —, Sec[e+fx]%, —}Sec[eﬂcx} Tan[e+fXx] | +
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- 1 , 13 1 19 ,
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b2 Sec[e + f x]? , 7 13 3 19
——————] secle+fx]?Tan[e+fx] + — AppellF1[—, =, 2, —,
aZ + b? 13 6 2 6
b2 Sec[e + fx]?
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, 21 13
Sec[e+fx]?Tan[e+fx] + — AppellF1| —,

5 2
- 1, , Sec[e+fx]°,
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———————] Secle+fx]?Tan[e+ fx] + — AppellFi[—, =,
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13 3 19 , b2secle+fx]? ,) 2
AppellFl|[—, =, 1, —, Sec[e+fx]?, ————————] | Sec[e + fx]
6 2 6 a2 + b?
(-a%+b* (-1+Sec[e+fx]?) [ 1-Cos[e+fx]% Sec[e+fx]3

bSec[e+fx]2 <1+Sec[e+Fx}2))]J

Problem 636: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(dsec[e+fx])°"?
J( dx

a+bTan[e+-Fx])2

Optimal (type 6, 687 leaves, 18 steps):

/ 1/5
aArcTan| - - 2017 (seclesfx)?) | (dSec[e+fx] )5/3
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(dsec[e+fx] )5/3)/(12 b2/3 (a2 + b2)7/° £ (Sec| e+fx]2)5/6)

[ (

) 1%)

aArcTanh| | (dsece+fx])*?

(aLog[(aerb2)1/3er1/3 (a2 +b%)® (Secfe+ fx]2)Y°+ b2/ (Secle+fx]2)'?]

(dSec[e+fx])5/3)/(12b2/3 (a®+b?)7° f (Sec[e+fx]? 5/6)
2
i 3, —b Tan[aeszX] , —Tan[e+-Fx]2] (dSec[e+-Fx}>5/3Tan[e+fx]
(az-F(Sec[e+1cx]2)5/6

1
(AppellFl[—, 2,
2

/
)/

+

5 b*Tan[e+fx]?
2’

, 3.1
b% AppellF1[ =, 2, —,
2 6 2

, ~Tan[e + fx]?] (dSec[e+-Fx])5/3Tan[e+Fx}
a

ab (dSec[e+Fx])5/3
(a2 +b?) f (a2-b?Tan[e + fx]?)
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Problem 637: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Optimal (type 6, 687 leaves, 18 steps):
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Problem 638: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1

dx
J(dSec[EH‘:x])l/3 (a+bTan[e+fx])?

Optimal (type 6, 715leaves, 19 steps):



328 | Mathematica 11.3 Integration Test Results for 4.3.1.2 (d sec)™m (a+b tan)”~n.nb

7ab*? ArcTan| - - 261/ [sec(erfx]?)"/® | (secle+fx]?) /e
T ()

- +

(a2 +b2)? f (dSec[e+fx])*? 2+/3 (a2+b2)¥/°f (dSecle+fx])*?

7ab

2bY/3 (secle+fx]2)Y/®

V3 (a2eb?) Ve
2+/3 (a2+b2)P/°f (dSecle+fx])*?

7ab4/3Ar‘cTan[é+ | (secle+fx]2)*®

1/6
7ab“/3Ar‘cTanh[*(—)fsec[e*"cx]2 ] (Sec[e+fx]2)1/6

( 2+b2>1/6

+

3 (a2 +b2)Y/°f (dSecle+fx])'?
(7ab“/3 Log[<a2+b2)1/3—b1/3 (a2+b2)1/6 (Secfe+fx]? 16, p2/3 (Sec[e+fx]2)1/3}
>1/3)_
176 | p2/3 (Sec[e+fx]2)1/3}

(Sec[e+fx]2)1/6)/(12 (a2+b2)13/61: (dsecle+fx )1/3)

1%)

(Sec[e+fx]2)1/6)/(12 (a2+b2)13/61: (dsecle+fx]
(7ab“/3 Log[<a2+b2)1/3+b1/3 (a2+b2)1/6 (Secle+fx]?)
]

b2 Tan[e + f x]?

1 3
(AppellFl[—, 2, =, =, ——————, -Tan[e + fx]?] (Sec[e+fx]2)1/6Tan[e+fx} /
2 6 2 a?
(aZ-F(dSec[e+-Fx])1/3) +
3 7 5 b?Tan[e+fx]?
(bZAppellFl[, 2, —, =, %, -Tanfe + fx]?] (Sec[eercx]2)1/6Tan[eJr-I:x]3 /
2 6 2 a

ab
(a2 +b2) f (dSec[e+fx])? (a2-b?Tan[e+fx]2)

(3a4f <dSec[e+-Fx])1/3) -

Result (type 6, 56 289 leaves): Display of huge result suppressed!

Problem 639: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J ! dx
(dsec[e+fx])>? (a+bTan[e+fx])?

Optimal (type 6, 717 leaves, 19 steps):
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Problem 641: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(dSec[eﬂcx])m (a+bTanfe+fx])?dx

Optimal (type 5, 147 leaves, 4 steps):
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Problem 643: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Problem 644: Result unnecessarily involves imaginary or complex numbers.
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3 , ~Tan[e+ fx]2] (dSec[e+fx])" (Sec[e+fx]2)™?
2 a

5 3 m b2 Tan[e + f x]?
b? AppellF1[ =, 2, 1- —, - -

>
3a% f 2 2" 2’ a2
(dsecfe+fx])" (Sec[e+fx}2)’m/2Tan[e+fx]3

Tan[e+fx] + , ~Tan[e + fx]?]

Result (type 6, 356 leaves):

a-1b a+1b

m
[2(74+m)Appe11F1[3fm,1f s1-—,4-m, ’
2 a+bTan[e+fx] a+bTan[e+fX]

m
2
(dSecfe+fx])" (aCos[e+fx] +bSin[e+-Fx])2]/ bf(-3+m) (a+bTanfe+fx])?

m m a-ib a+ib
((—2+m)((a+jb)AppellF1[4—m,1—*,2—*,5—m, s |+
2 2 a+bTan[e+fx] a+bTan[e+fXx]
) m m a-ib a+ib
(a-ib) AppellFi[4-m, 2-~,1-—,5-m, s +
2 2 a+bTan[e+fx] a+bTan[e+fXx]

a-1b a+1b

m m
2 (-4 +m) Appe11F1[37m, 1-—1-—,4-m,
2 2

|

Problem 645: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

a+bTan[e + fx] ’ a+bTan[e + fx]

(a+bTan[e+fx])

J(dSec[eﬂcx])m (a+bTan[e+fx])"dx

Optimal (type 6, 181 leaves, 3 steps):

a+bTan[e+fx] a+bTan[e+fXx]
)

m m
bAppellF1[1+n,1-~,1-~,2+n,
2 2

a+/-p? a-+/-b>
-m/2
(dsecfe+fx])" (a+bTan[e+fx])*" (1+ arbTan(e+fx]
—a+V-b?
- a+bTan[e+ fx] m/z]/ <(a2+b2> . <1+n)>
a+\V/-b?

Result (type 6, 1527 leaves):
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a+bTan[e + fx] a+bTan[e+-Fx}}

m m
bAppellFl[l+n, 1- —, 1- —, 2+n, s
2 2 a-1ib a+ib

-m/2

wn b(-1+T +f
(dsec[e+fX])m(Sec[e+fx]2)z[_ (-i +Tan[e+fx])

a+1ib

n
/2 a+bTanfe+fx] /

b (i +Tanfe+ x]) (a+bTan[e+fx])*"

a-ib Sec[e +f x]?

s 12 ) m m a+bTan[e+fx] a+bTan[e+fXx]
(a®+b?) f (1+n) | b2 AppellFl[l+n, 1- —, 1-—, 2+n, s ]
2 2 a-1ib a+ib

-m/2
(Secle+fx]?)™"

1+m+n[ b(-i+Tan[e+fx])

a+1b

n

. -m/2
_b(1+Tan[e+Fx}> "?la+bTanle+fx] /((a2+b2) (Lon))
a-ib Sec[e+fx]?
) m m a+bTan[e+fx] a+bTan[e+ fXx]
b>mAppellF1[1+n, 1- —, 1- —, 2+n, s ]

2 2 a-1b a+ib

m

n/2 ( b (i+Tan[e+fx])) 'z

(Secle+fx]?) ™z

a-1b

1m0 [ b (-i+Tan[e+fx])
[ a+ib

n
a+bTan[e + fx]

(a+bTan[e+fx])

/(2 (a-ib) (a2+b2) (1+n)]

Sec[e + f x]?

a+bTan[e+fx] a+bTan[e+fXx]

]

, m m
b?mAppellF1[1+n, 1- —, 1- —, 2+n, B
2 2 a-1ib a+ib

men b (-1+T f
(SEC[E-F'FX]Z):hT [_ ( 1+ Tan[e + X])

1:[ b (i+Tan[e+fx]) -m/2

a+1b a-1b

n
a+bTan[e + fx]

(a+bTan[e+fx])

/(2 (avib) (a2+b?) (1+n])

Sec[e +fx]?

m+n

b (Secle+fx]?) =

m m m
(b (1-7) (1+n) AppellF1[2+n, 1-—,2-—, 3+n,
2 2

2
a+bTan[e+ fx a+bTan[e+ fx
- e+ ], : e+ J}Sec[e+1"x}2)/((a+1‘1b) (2+n)) +
a-ib a+1ib
m m m a+bTan[e + fx]
(b (1-—] (1+n) AppellF1[2+n, 2- ©, 1- ", 34n, ,
2 2 2 a-1ib

a+bTan[e + fx]

}SEC[E-F'FX]Z)/((a—ib) <2+n))]

a+1ib
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[b(—]‘l+Tan[e+fx]) (asbTanle- x|

-m/2 ( b (i+Tan[e+fx]) -m/2

a+1b a-1b

a+bTanf[e+ fx]

J/(<a2+b2) (14n)) +

Sec[e +fx]?

m m a+bTan[e+fx] a+bTan[e+fXx]
b (m+n) AppellF1[1+n, 1-—,1-—, 2+n, s ]
2 2

a-1b a+1b

b(-i+Tan[e+fx])

(Sec[eﬂcx]z)%Tan[eJrfx]

a-1b

™2 b (i+Tanle+fx]) -n/2
a+1b

n
a+bTan[e + fx]

/ ((a?+02) (1+n)) -

(a+bTan[e+fx]) {

Sec[e + fx]?

a+bTan[e+fx] a+bTan[e+fXx]

m m
bnAppellFl[1+n, 1- —,1-—, 2+n,
2 2

]

k]
a-1b a+1b

-m/2

men

b (-i+T f
(Sec[e+-Fx]2)T ( i+Tan[e + X])

a+1b

-1+n
a+bTan[e + fx]

b (i T f -m/2
[ (i + Tan[e - X”J (a+bTan[e+fx])
a-1ib

Sec[e+fx]?

J/((a2+b2) (1+n)>]J

oS Far Tan[e+fx] (a+bTan[e+fx])
ecle+fx]? -

Sec[e+fx]?

Problem 646: Result more than twice size of optimal antiderivative.
JSec[c+dx}6 (a+bTan[c+dx])"dx
Optimal (type 3, 161 leaves, 3 steps):

(a2+b2)2 (a+bTan[c+dx1)1*” 4a(a?+b?) (a+bTan[c+dx])>"
b5d<1+n> bsd(2+n)

+

2 (3a2+b?) (a+bTan[c+dx])>" 4a(a+bTan[c+dx])*" (a+bTan[c+dx])>"
- +

b>d (3+n) b>d (4 +n) b>d (5+n)

Result (type 3, 377 leaves):
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1

b° d (1+n) (2+n) (3+n) (4+n) (5+n)

Sec[c+dx]* (9a*+33a’b”>+64b*+18a°b>n+96b*n+3a’b’n?+52b%n*+12b*n’ +
b*n*+2 (6a*+a*b* (20+9n+n?) +b* (24+26n+9n2+n3))Cos[z(c+dx)]+
(3a*-a*b? (-7+n?) +b* (8+6n+n?)) Cos[4 (c+dx)] -
6a’bsin[2 (c+dx)|-26ab’>Sin[2 (c+dx)]|-6a’bnsin|2 (c+dX)]| -
40ab>nsin[2 (c+dx”—16ab3nzsin[2 (c+dx”—2ab3n3Sin[2<c+dx)]—
3a’bsSin[4 (c+dx)]-7ab>sin[4 (c+dx)|-3a’bnsSin[4 (c+dx)] -
9ab’nsSin[4 (c+dx)]-2ab*n?sin[4 (c+dx)]) (a+bTan[c+dx])""

Problem 649: Unable to integrate problem.

JCOS[C+dX}2 (a+bTan[c+dx])"dx

Optimal (type 5, 272 leaves, 6 steps):

a+bTan[c+dx]]
a-+-b?

4(1+f]b(aﬁjd(1+n)”+

bZ

32
- ([( -b? [1+ z—nJ -a n) Hyper‘geometr‘icZFl[l, l1+n, 2+n,
b

(a+bTan[c+dx])1*”]/

a+bTan[c+dx]

a+V-b?

]

32
(b [\/ -b? (1 r - n] +a n] Hypergeometric2F1[1, 1+n, 2+n,

b
(a+bTan[c+dx])1*”]/ 4 (a%+b?) [a+\/?] d (1+n)) +

Cos[c+dx]? (b+aTan[c+dx]) (aerTan[Cerx])l*n

2 (a2+b2) d

Result (type 8, 23 leaves):

JCOS[C+dX}2 (a+bTan[c+dx])"dx

Problem 650: Unable to integrate problem.

JCos[c+dx14 (a+bTan[c+dx])"dx

Optimal (type 5, 434 leaves, 7 steps):
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b

b2 b

a (5+3b—3272n)n \/?(3a4+a2b2 (62nn2)+b4(34n+n2))}

a+bTan[c+dx]

Hypergeometric2F1[1, 1+n, 2+n,

] (a+bTan[c+dx])1*”J/

a-+-b?
6 (1. 2 b? | d (1
!
a(5+3b—22—2n)n -b? (3a*+a?b? (6-2n-n?) +b* (3-4n+n?))
b b2 + b6

a+bTan[c+dx]

Hypergeometric2F1[1, 1+n, 2+n,
a+\/-b?

] (a+bTan[c+dx])1*”J/

a?)? Cos[c+dx]* (b+aTan[c+dx]) (a+bTan[c+dx}>1*"
16 |1+ — a+\/7b2)d 1+n)| + +
[ b2] ( | >] 4 (a2 +b2) d

1

——————bCos[c+dx]? (a+bTan[c+dx])""
8 (a2 +b%)%d

2

[bz (3-n) +a? (1+n)+ab[5+3a

—ZnJ Tan[c +dx]
b2

Result (type 8, 23 leaves):

JCos[c+dx}4 (a+bTan[c+dx])"dx

Problem 651: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JSec[c+dx13 (a+bTan[c+dx])"dx

Optimal (type 6, 159 leaves, 3 steps):

1 1 a+bTan[c+dx] a+bTan[c+dx]
AppellFl[1+n, - =, - =, 2+n, s | sec[c+dx]
2 2 a_~/_p? a+V-b?
bT d bT d
(a+bTan[c+dx}>1*“]/ bd<1+n> 17a+ anf[c +dx] 17a+ an[c +dx]
a-+-b? a+\/ -b?

Result (type 6, 323 leaves):
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)

) ) 1 1 a+bTan[c+dx] a+bTan[c+dx]
[2 (a-ib) (a+ib) (2+n)AppellF1[1+n, -, -=,2+n, ]
2 2 a-1ib a+ib

Sec[c+dx]* (aCos[c+dx] +bSin[c+dx]) (a+bTan[c+dx])")/(bd (1+n)

5 o 1 1 a+bTan[c+dx] a+bTan[c+dx]

(Z(a +b%) (2+n) AppellF1[1+n, - =, - =, 2+n, , ]
2 2 a-1ib a+ib

a+bTan[c+dx] a+bTan[c+dx]]

) +

a-1b a+1b
a+bTan[c+dx] a+bTan[c+dx]]

((a—jb> AppellF1[2+n, —i, %, 3+n,

(a+1ib) AppellF1[2+n, %, —%, 3+n,

Problem 652: Result unnecessarily involves imaginary or complex numbers.

5 (a+
a-1b a+1b

bTan[c+dx])

JSec[c+dx} (a+bTan[c+dx])"dx

Optimal (type 6, 159 leaves, 3 steps):

1 1 a+bTan[c+dx] a+bTan[c+dx]
AppellFl[1+n, =, =, 2+n, s ]

bd (1+n) 272 a-+/_b2 a++/_-b2

14n a+bTan[c+dx] a+bTan[c+dx]
Cos[c+dx] (a+bTan[c+dx]) 1- 1-

a-+/-b? a+1\/-b?
Result (type 6, 314 leaves):

[2 (a-ib) (a+ib) (2+n) AppellF1[1+n,

N |

1 a+bTan[c+dx] a+bTan[c+dXx]
> T 2+nN, > ]
2 a-1b a+ib

(aCos[c+dx] +bSin[c+dx]) (a+bTan[c+dx])")/(bd (1+n)

s o 1 1 a+bTan[c+dx] a+bTan[c+dXx]
(2 (a®+b?) (2+n) AppellF1[l+n, =, =, 2+n, , ]
2 2 a-1ib a+ib
a+bTan[c+dx] a+bTan[c+dx]]

a-ib ’ a+ib
a+bTan[c+dx] a+bTan[c+dx}}

3
a-1b a+1b

+

((a—jb> AppellF1[2+n, —, S, 3+n,

(a+1ib) AppellF1[2+n, i, 1, 3+n, (a+
2 2

|

Problem 653: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

bTan[c+dx])

JCos[c+dx} (a+bTan[c+dx])"dx

Optimal (type 6, 161 leaves, 3 steps):
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3 3 a+bTan[c+dx] a+bTan[c+dx]
Appe11F1[1+n, -y —, 2+, R

bd (1+n) 2" 2 a- 67 e

a+bTan[c+dx] %2 [1 a+bTan[c+dx]

3/2

Cos[c+dx]® (a+bTan[c+dx] )" [1-

a-V-b? a+V-b?

Result (type 6, 323 leaves):

)

) ) 3 3 a+bTan[c+dx] a+bTan[c+dx]
[Z(afnb) (a+ib) (2+n) AppellF1[1+n, =, =, 2+n, |
2 2 a-1b a+1b

Cos[c+dx]? (aCos[c+dx] +bSin[c+dx]) (a+bTan[c+dx])")/(bd (1+n)

+

s 12 3 3 a+bTan[c+dx] a+bTan[c+dx]

(2 (a®+b?) (2+n) AppellF1[1+n, =, =, 2+n, , ]
2 a-1ib a+ib

a+bTan[c+dx] a+bTan[c+dx]

3 5
3 ((afjb) AppellF1[2+n, A 3+n,

] +
}) (a+

a-1ib ’ a+1b
a+bTan[c+dx] a+bTan[c+dx]

(a+1ib) AppellF1[2+n, 3, S’ 3+n,

Problem 654: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

a-1ib ’ a+ib
bTan[c+dx])

JCOS[C+dX}3 (a+bTan[c+dx])"dx

Optimal (type 6, 161 leaves, 3 steps):

5 5 a+bTan[c+dx] a+bTan[c+dx]
———————AppellF1[1+n, =, =, 2+n, s
bd (1+n) 22 a-/_b2 a+_b2

a+bTan[c+dx] |*? [1 a+bTan[c+dx]

5/2

Cos[c+dx]° <a+bTan[c+dx}>1*n

a-\-b? a+\/-b?

Result (type 6, 323 leaves):
5 a+bTan[c+dx] a+bTan[c+dx]
> s 2+nN, ) ]
2 a-1ib a+ib

Cos[c+dx]* (aCos[c+dx] +bSin[c+dx]) (a+bTan[c+dx])”)/(bd (1+n)

[2 (a-ib) (a+ib) (2+n) AppellF1[1+n,

N w

5 5 a+bTan[c+dx a+bTan[c+dx
(2 (a®+b%) (2+n) AppellF1[1+n, =, =, 2+n, ’ [c+dx] ’ [c~ ]]+
2

)

2 a-1ib a+1ib
. 5 7 a+bTan[c+dx] a+bTan[c+dXx]
5((a—1b>AppellF1[2+n, =, =, 3+n, s ]+
2 2 a-1ib a+ib
) 7 5 a+bTan[c+dx] a+bTan[c+dX]
(a+ib) AppellF1[2+n, —, =, 3+n, s }) (a+
2 2 a-1ib a+1ib

bTan[c+dx])

|

Problem 656: Result unnecessarily involves higher level functions and more
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than twice size of optimal antiderivative.

J(eCos[c+dx])5/2 (a+iaTan[c+dx]) dx

Optimal (type 4, 90 leaves, 5 steps):

2ia (eCos[Cerx])S/2

5d

6a (eCos[c+dx])5/2EllipticE[§ (c+dx), 2] 23 (eCos[c+dx])¥?Tan[c+dx]
N
5dCos[c+dx]>/? 5d

+

Result (type 5, 195leaves):
1 iae?+yeCos[c+dx] Csclc]

6Cos[c] +3Cos[c+2dx] +3Cos[3c+2dx] -

10d

-1 (c+2dx) 21i (c+dx . 1 1 3 21 (c+dx

6et(c 1+e?t(<9% Hypergeometric2F1[- =, =, =, -e?! (@d¥ ] _
4" 27 4

- 21 (c+d . 1 3 7 2i (c+d

2e1C4/1+ et (€HdX) Hyper‘geometr'lc:ZFl[f, =, =, —e2t (e X>] +
2 4 4

2iSinfc] -4iSin[c+2dx] -2iSin[3c+2dx]| (-i+Tan[c+dx])

Problem 658: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J\/eCos[c+dx} (a+iaTan[c+dx]) dx

Optimal (type 4, 60leaves, 4 steps):
2iaveCos[crdx] ) 2a-/eCos[c+dx] EllipticE[% (c+dx), 2]

d d+/Cos[c+dx]
Result (type 5, 162 leaves):
. ( [4 iae?ic+eCosicrdx]
(3 +3et (@0 3.1+ 2! (<4 Hypergeometric2Fl|- i, %, Z, —e?d (e ]

B

e? 19X /14 2t (<4%) Hypergeometric2Fil| s

N |

) 7621(c+dx)]])/

NN

3
4
<3d <_1+ezic) (1+e2]'l(c+dx))>]
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Problem 659: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Ja+1‘1aTan[c+dx]

VeCos[c+dx]

dx

Optimal (type 4, 60 leaves, 4 steps):
2ia 2a+/Cos[c+dx] EllipticF[J (c+dx), 2]
N
d+eCos[c+dx] d+eCos[c+dx]

Result (type 5, 143 leaves):

1
/2 a+/eCos[c+dx] (1+Cot ])
de+/Csc[c]?

[\/?\/CSC[C]Z +1Cos[c+dx]V1+Cos[2dx-2ArcTan[Cot[c]]] Csc[c]

HypergeometricPFQ[{ =,

1 1 5

=, =}, {=}, sin[dx-ArcTan[Cot[c]]]?]| Sec[dx - ArcTan[Cot [c]]]
a4’ 277y

Sin[c] (Cos[dx] -iSin[dx]) (-i+Tan[c+dx])

Problem 660: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

a+i1aTan[c+dXx]
J dx

(eCos[c+dx])??

Optimal (type 4, 89leaves, 5steps):

2ia 2aCos[c+dx]3/2EllipticE[%<c+dx),2} 2asin[c+dx]
- +
3d (eCos[c+dx])>? d (eCos[c+dx])>? de~/eCos[c+dx]

Result (type 5, 203 leaves):

ae—j (c+3dx) <1+ezﬂc> (—]i+COt[C]) (_B_GZidx_5EZj(c+dx) _

321 (24X 13 (142t (€rdX) )3/2 Hypergeometric2F1 |-

e2idx (1 4 g2 (erd) )3/2 Hypergeometric2F1[ =,

/(sde (-1+e?!

1
2
Tan[c] (-i+Tan[c+dx]) ‘)

vVecCos[c+dx] )

Problem 662: Result unnecessarily involves higher level functions.
Ja+jaTan[c+dx] dx

(eCos[c+dx])"?
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Optimal (type 4, 130 leaves, 6 steps):

2ia 6aCos[c+dx]7/2EllipticE[ > (c+dx), 2]

.
7d (eCos[c+dx])’? 5d (eCos[c+dx])’?

2aCos[c+dx]Sin[c+dx] 6aCos[c+dx]3Sin[c+dXx]

N
5d (eCos[c+dx])’/? 5d (eCos[c+dx])”?

Result (type 5, 245leaves):

Cos[c+dx]%?

) . 1 1 3 .
(7 ( [2 \2 e’ldxm (-i+Cotc]) [3 Hypergeometric2F1[- =, =, =, —e?* (@d¥ ]
4 2 4
2idx . 1 7 21 (c+dx)
e Hypergeometric2F1[ =, =, —, -e ]
2 4

(5\/e-fl (erdx) (14 @21 (erdx)) )) +((-1+Cotfc]) (63Cos[c] +77Cos[c+2dx] +
7Cos[3c+2dx] +21Cos[3c+4dx]+40iSin[c])) /(76 Cos[c+dx]"'?)

/(2

(Cos[dx] -isSin[dx]) (a+iaTan[c+dx])

d
(eCos[c+dx])7/2)

Problem 664: Result unnecessarily involves higher level functions.

(eCos[c+dx}>5/2
J dx

(a+1‘1aTan[c+dx}>2

Optimal (type 4, 154 leaves, 6 steps):

42 <eCos[c+dx])S/ZEllipticE[i (c+dx), 2]  2cos[c+dx] (eCos[c+dx])>?sin[c+dx]
+ +
65a2dCos[c+dx]>? 13 a%2d

14 (eCos[c+dx])>*Tan[c+dx] 41iCos[c+dx]2 (eCos[c+dx])*?
+

65 a’d 13d (a®>+ia’Tan[c+dx])

Result (type 5, 292 leaves):
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1
- e3Csc[c] (Cos[2<c+dx)]—JiSin[Z(c+dx>])
1040 a>d Ve Cos[c +d x]
178 Cos[d x] +158Cos[2c+dx] +169Cos[2c+3dx] +167Cos[4c+3dx] -9Cos[4c+5dx] +
1 1 3 .
9Cos[6c+5dx] -336e" 29X (/14 2t (<4¥ Hypergeometric2Fl[- —, =, =, -e?! (4] _
4 2 4
) ) 1 3 7 i
112 @2fces3idx 1 4 g2i (c+dx) Hyper‘geometr‘1c2F1[— =, -, —e“(c*dx)]Jr
2 4 4
2961 Sin[dx] +401Sin[2c+dx] +2041Sin[2c+3dx] +
1321 Sin{4c+3dx] -41Sin[4c+5dx] +41Sin[6c+5dX]
Problem 666: Result unnecessarily involves higher level functions.
\VeCos[c+dx]
j dx
(a+1‘1aTan[c+dx1>2
Optimal (type 4, 120leaves, 5 steps):
2+/eCos[c+dx] EllipticE[i(c+dx),2} 21+ eCos[c+dx] 21i+eCos[c+dx]
+ +
3a2d+/Cos[c+dx] 9d (a+1‘1aTan[c+dx])2 9d (a?+ia’Tan[c+dx])

Result (type 5, 230 leaves):
1

36a°d+VeCos[c+dx]

eCscc] (Cos[2 (c+dx)]|-iSin[2 (c+dx)])

7Cos[dx] +5Cos[2c+dx] +7Cos[2c+3dx] +

5Cos[4c+3dx] -12e' 299 /142! (©9%) Hypergeometric2F1 |- 24 (crdx) ] _

y — €

N R
Alw

(c+d x) 1 3 7
Hyper‘geometr‘1c2F1[ - -e

274’ 4’

4621'1c+31'1dx 1+eZ 21 (c+dx) +

_.pu-\

121 Sin[dx] +81Sin[2c+3dx] +41Sin[4c+3dx]

Problem 668: Result unnecessarily involves higher level functions.

j ! dx
(eCos[c+dx])*? (a+iaTan[c+dx])?

Optimal (type 4, 92 leaves, 4 steps):
2Cos[c+dx]32EllipticE [% (c+dx), 2]

.
5a%d (eCos[c+dx])>? 5d (eCos[c+dx])¥? (a?+ia’Tan[c+dx])

41Cos[c+dx]?

Result (type 5, 104 leaves):
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i e—3 1 (c+dXx)

[ =

- ) J

(1 vt (Cdx) 4 g2l (crdx) ([ 4 @21 (<40 Hypergeometric2Fl |

<5a2dex/eCos[c+dx] )

N |

, _e2j(c+dx)])]/

»
~w

Problem 670: Result unnecessarily involves higher level functions.

J ! dx
(eCos[c+dx])”? (a+iaTan[c+dx])>

Optimal (type 4, 122leaves, 5steps):
6 Cos[c+dx]7/? EllipticE[} (c+dx), 2]

ad (eCos[c+dx])"?

6Cos[c+dx]3Sin[c+dx] 41Cos[c+dx]?

N
a?d (eCos[c+dx])"? d(eCos[c+dx])”? (a2+1ia2Tan[c+dx])
Result (type 5, 103 leaves):

[2 iv2 e t(erdx) (—1 +34/1+e?! (9% Hypergeometric2Fl|-

(azdez’\/ee’j(“dx) (1+eu(c+dx)) )

) _e21(c+dx)]])/

N |w

)

1
2

|
-

Problem 672: Result unnecessarily involves higher level functions.

1
dx
j(eCos[c+dx])n/2 (a+iaTan[c+dx])?

Optimal (type 4, 164 leaves, 6 steps):
14 Cos[c +d x] /2 E1lipticE [i (c+dx), 2]

- +

14 Cos[c+dx]3Sin[c +dX]

5a%d (eCos[c+dx])*? 15a%d (eCos[c+dx] )2
14 Cos[c+dx]°Sin[c +dx] 41 Cos[c+dx]?
5a’d (eCos[c+dx])*?  3d(eCos[c+dx])™? (a?+ia’Tan[c+dx])

Result (type 5, 253 leaves):
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Cos[c+dx])72Csc[c] (Cos[2c] +iSin[2c]) (Cos[dx] +iSin[dx])?
-1dx 21 (c+dx) . 1 1 3 21 (c+dx)
-1]14vV2 e l+e 3 Hypergeometric2F1[-~, =, =, - |+
4 2 4
2idx 3 1 3 7 21 (c+dx) -1 (c+dx) 21i (c+dx)
e Hypergeometric2F1[~, =, —, -e ] \/e (1+e ) ) +
2 4 4

(36 Cos[dx] +27Cos[2c+dx] +21Cos[2c+3dx] +

|/

(39d (e Cos[c+dx])™? (a+iaTan[c+dx1)2)

Cos[c+dx]>/?

20i Sin[dx] -201iSin[2c+dXx])

Problem 677: Result is not expressed in closed-form.

va+iaTan[c+dx]
J dx

vecCos[c+dx]
Optimal (type 3, 335leaves, 10 steps):

Ji\/?\/;Ar‘cTan[l— ﬁ\/eCos[mdx] \/aﬂiaTan[mdx] }

Va e )
dve

j\E\EAr‘cTan[lJr ﬁ\/eCos[md\;(i_;/?aanan[udx] ] ) 1
de V2 de

i\/?Log[a\/?—\/?\/?\/eCos[c+dx] vJa+iaTan[c+dx] +

\Je Cos[c+dx] (a+iaTan[c+dx]) ] +;j\/?Log[
V2 d+/e

ave +/2 Va VJeCos[c+dx] Ja+iaTan[c+dx] ++/e Cos[c+dx] (a+iaTan[c+dx]) ]

Result (type 7, 111 leaves):

idx
oyt (4es3dx) ( dx+21ilogle: -ni]

8]

1+e?! (<9) RootSum |1 + e?* < 111* &,
1l

va+iaTan[c+dx] /(4d\/eCos[c+dx} )

Problem 678: Result is not expressed in closed-form.

j\/aﬂiaTan[Cerx]

(eCos[c+dx])>?

Optimal (type 3, 524 leaves, 13 steps):
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ia

d(eCos[c+dx])**a+iaTan[c+dx]

N2 /eCos[c+dx] \/a—iaTan[udx]
a e

2 de¥2~/a-iaTan[c+dx] Va+iaTan[c+dx]

ia*2ArcTan|1- | sec[c+dx]

+

. \/7\/eCos[c+dx] \/a—jaTan[udx]
Va e

2 de¥2~fa-iaTan[c+dx] Va+iaTan[c+dx]
/2 \/a VJeCos[c+dx] Va-iaTan[c+dx]
Ve

/(Z\Ede3/2\/a—jaTan[c+dx} va+iaTan[c+dx] )—

ja3/2ArcTan[1 ] Sec[c +dXx]

+

{ja”ZLog[a +Cos[c+dx] (a-iaTan[c+dx]) ]

Sec[c +dx]

2 \/a VJeCos[c+dx] Va-iaTan[c+dx]
Ve

Sec[c+dx})/ (2x/7de3/2\/a—iaTan[c+dx} Va+iaTan[c+dx] )

(ia3/2Log[a+ +Cos[c+dx] (a-iaTan[c+dx]) |

Result (type 7, 135leaves):

idx
L acedx) dX+2]'1Log[<e2 —Hl}

3.
-=1i (2c+dx .
21 (2dX) g e

e - (1+e®* (<) RootSum|[1+e?' “n1* &,

8]

713

va+iaTan[c+dx] J/ (Sde\/eCos[c+dx1 )

Problem 679: Result is not expressed in closed-form.

J\/a+jaTan[c+dx]

(eCos[c+dx])5/2

Optimal (type 3, 512leaves, 13 steps):
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31’1\/?e5/2Ar‘cTan{1— /2 e +Ja+riaTan[c+dx] ] 31'].\/?65/2AF‘CT3I’][1+ 2 e \Ja+iaTan[c+dx] }
\Ja +/eSec[c+dx] “Ja +/eSec[c+dx]

4-/2 d (eCos[Cerx])S/2 (eSec[c+dx}>5/2 4-/2 d (eCOS[CerX])S/Z (eSec[c+dx])5/2

Bj\EeS/zLog[a—ﬁﬁﬁ\/a+la1—an[c+dx} +Cos[c+dx] (a+iaTan[c+dx]) ]| /
\eSec[c+dx]
(8\/7d(eCos[c+dx])5/2 (eSec[c+dx])5/2>+
2 iaT
Bj\EeS/zLog[a+\ﬁ\g\/?\/a+la an(c+dx] +Cos[c+dx] (a+iaTan[c+dx]) ] /
\JeSec[c+dx]
(8ﬁd(eCos[c+dx})5/2 (eSec[c+dx])5/2)+
ia 3i1Cos[c+dx]2+a+iaTan[c+dx]
2d(eCos[c+dx])5/2\/a+iaTan[c+dx} 4d (eCos[c+dx])>"?

Result (type 7, 186 leaves):

B 1 3@731(8c+7dx) (1+ezj(c+dx))3

8+/2

va+iaTan[c+dx]

idx

dx+21ilogle: -]

Je (€90 (1421 (X)) Rootsum[1+e?’ €11t &, &] +

#1

4Cos[c+dx]>? (-i+2Tan[c+dx])

/ (164 +CosTcdx] (ecosic+dx])*?)

Problem 680: Result is not expressed in closed-form.

dx

J\/a+j1aTan[c+dx]

(eCos[c+dx])"?

Optimal (type 3, 719leaves, 15 steps):
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ia 5iacCos[c+dx]?
' _

3d (eCos[c+dx])”*/a+iaTan[c+dx] 8d(eCos[c+dx])”*~/a+iaTan[c+dx]
V2 e Va-iaTan[c+dx] /
\/?\/eSec[c+dx}

(Sx/Td (eCos[c+dx])"? (eSec[c+dx])"*/a-i1aTan[c+dx] Va+iaTan[c+dx] )+

5ia’?e’/? ArcTan |1 - | secic+dx]

(5 ia¥?e’”/2ArcTan|1+

V2 vJe va-iaTan[c+dx]

| sec[c+dx] /
\/?\/eSec[c+dx}

(8\/7d (eCos[c+dx])”? (esec[c+dx])"?a-iaTan[c+dx] /a+iaTan[c+dx] )+

V2 Va e Ja-iaTan[c+dx]

\JeSec[c+dx]

/(16\/7d (eCos[c+dx])”? (esec(c+dx])"?

{SjaB/ze”ZLog[a +Cos[c+dx] (a-iaTan[c+dx]) ]

Sec[c +dX]

Va-iaTan[c+dx] Va+iaTan[c+dx] )7 (51‘1a3/2e7/2

2 W/a Ve Va-iaTan[c+dx]
\eSec[c+dx]

(16\/7d (eCos[c+dx])"? (eSec[c+dx])"*/a-1aTan[c+dx] Va+iaTan[c+dx] )—

Log[a + +Cos[c+dx] (a-iaTan[c+dx])] Sec[c+dx]

/

5iCos[c+dx]2+a+iaTan[c+dx]

12d (eCos[c+dx])"?

Result (type 7, 306 leaves):

-1y (4 c+dx) (e ~-i (c+dx) 2i (c+dx)
e 2 vecCos[c+dx] 54/ e e \/ (1+e )
[ idx ]
. dx+21ilog|le 2z -1 1
RootSum|[1 + e?!n1* &, &] -
713 (1+e21(c+dx)>3

1. - . .
8iext N [eidx (—15—42@2““”)+5e41(c*dx>)\/Cos[c+dX} \/Sec[c +dx]

va+iaTan[c+dx] /(96de4Cos[c+dx15/ZSec[c+dx15/2\/Cos[dx] +1Sin[dx]

Problem 685: Result is not expressed in closed-form.

1

dx

J(eCos[c+dx])3/2\/a+JiaTan[c+dx]

Optimal (type 3, 495 leaves, 11 steps):
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. \/7\/eCos[c+dx] \/a—iaTan[mdx]
2 v/a ArcTan|1 - Sec[c+dX
iv2 [ " ] [c+dX]

_ +
de32+/a-iaTan[c+dx] Ja+1iaTan[c+dXx]

. W2 \/eCos[c+dx] /a—iaTan[udx]
2 v/a ArcTan|1 Sec[c+dx
iv2 [1+ - ] secic+dx]

de32+/a-iaTan[c+dx] Ja+1iaTan[c+dXx]
(i\/;Log{a\/?—\/?\/?\/eCos[c+dx} va-i1aTan[c+dx] +
\e Cos[c+dx] (a—JiaTan[c+dx])]Sec[c+dx])/
(\/?deg’/zx/afjaTan[Cerx] Va+iaTan[c+dx] )7
(j\ELog[a\/?Jr\/?\/?\/eCos[Cerx} vVa-iaTan[c+dx] +
\Je Cos[c+dx] (afjaTan[Cerx])]Sec[c+dx])/

(\/Tde3/2\/a—iaTan[c+dx] va+iaTan[c+dx] )

Result (type 7, 100leaves):
ext 299 Rootsum[1 + 21114 g, dx2ilogle: w1 Lc;glf ~ g

2de+eCos[c+dx] “/a+1iaTan[c+dx]

Problem 686: Result is not expressed in closed-form.

1

dx

J(e(:os[Cerx])5/2\/a+1'1aTan[c+dx]

Optimal (type 3, 470leaves, 12 steps):
i e5/2 Ar‘cTan[l— 2 /e +Ja+iaTan[c+dx] ] i e5/2 Ar‘cTan[1+ 2 e \Ja+iaTan[c+dXx] }
“Ja /eSec[c+dx] B “fa +/eSec[c+dx]

2 +/a d (eCos[c+dx])5/2 (eSec[c+dx}>5/2 V2 +a d (eCos[c+dx}>5/2 (eSec[Cerx])S/2
2 vJa Ve Va+iaTan[c+dx]
\JeSec[c+dx]
(2\/7\/?d (eCos[c+dx])>? (eSec[c+dx})5/2) +
\E\/a_\/?\/a+jaTan[c+dx}
\eSec[c+dx]

(Zﬁ\/?d (eCos[c+dx])®? (eSec[c+dx])5/2> -

(jeS/zLog[a +Cos[c+dx] (a+jaTan[c+dx]H]/

(jeS/ZLog[aJr +Cos[c+dx] (a+1’1aTan[c+dx]H]/

iCos[c+dx]2+/a+1iaTan[c+dx]
5/2

ad (eCos[c+dx])

Result (type 7, 136 leaves):
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dx dx dx
“||[cos[==] +isin[==]]| |aic e
[ OS[Z}Jr]l 1n[2]) los[c+2}+
idx
d 21L =
Cos[c+dx] RootSum |1+ e?* ¢ a1t g, X2 Log|e 1] &]—4Sin[c+dX}J]/
71 2

(4de (eCos(c+dx])**Va+iaTan[c+dx] )

Problem 687: Result is not expressed in closed-form.
J 1
(eCos[c+dx])7/2\/a+jaTan[c+dx]

dx

Optimal (type 3, 682 leaves, 14 steps):

3icCos[c+dx]?

4d (eCos[c+dx])*+/a+iaTan[c+dx]
V2 Ve VJa-iaTan[c+dx]
]Sec[c+dx]/
\/?\/eSec[c+dx]
(4\/7d(eCos[c+dx1)7/2 (esecic+dx])”?Va-iaTan[c+dx] Va+iaTan[c+dx] )+
N2 vJe va-iaTan[c+dx]
]Sec[c+dx]/

\/?x/eSec[c+dx]
(4\/7d (eCos[c+dx])”? (esec[c+dx])"*/a-iaTan[c+dx] ‘a+iaTan[c+dx] )+

3i+/a e”/2 ArcTan|1 -

31 \/?e7/2Ar‘cTan[1+

3j\ge7/2|_og[a7\/?\/?\/?\/a—jaTan[c+dx}
Jesecicrdx]

/(8\/7d (eCosc+dx])”? (eSec(c+dx])"?

+Cos[c+dx] (a-iaTan[c+dx]) ]|

Sec[c +dX]

Va-iaTan[c+dx] Va+iaTan[c+dx] )7 (31’1\Ee7/2

2 W/a Ve Va-iaTan[c+dx]
N
\eSec[c+dx]
(8\/7d (eCos[c+dx])"? (esec[c+dx])"?a-iaTan[c+dx] a+iaTan[c+dx] )—

iCos[c+dx]2+/a+1iaTan[c+dx]

Log[a +Cos[c+dx] (a-iaTan[c+dx])] Sec[c+dx]

/

2ad (eCos[c+dx])"?

Result (type 7, 165leaves):
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|

i (-2c+dx)

1.
e 8].le;1(4c+dx) <73+e2j(c+dx)) +

idx

dx+211Log[eT—t£1}

3 (1+e2! (©9%) 2 RootSum[1 + e2 i€ 11* &, &|

/

713

(16de3 (1+e“<°*d")>2\/eCos[c+dx1 va+iaTan[c+dx] )

Problem 691: Result more than twice size of optimal antiderivative.

dx

J (eCos[c+dx])"

a+iaTan[c+dx]

Optimal (type 5, 86 leaves, 5 steps):

1 m
- 127t (eCos[c+dx])"
adm
i m 4+m m 1 ) ) n/2
Hypergeometric2F1 |- —, ,1-—, = (1-iTan[c+dx])] (1+iTan[c+dx])
2 2 2 2

Result (type 5, 201 leaves):

[2—1—m e—i (c+2dx) (1 + er (c+d x) > -m (e—j (c+d x) (1 + erL (c+d x) ) )m cos [C +d X] -1-m
m m
(eCos[c+dx])" [mHypergeometric2F1[-1- —, -m, - —, —e>* (<90 ] 4
2 2
. m m .
et (¢xdX) (24 m) Hypergeometric2F1[-m, - —, 1- —, —e?* (<19 )
2 2

(Cos[dx] +isSin[dx]) /(adm(2+m) (-i+Tan[c+dx]))

Problem 692: Result more than twice size of optimal antiderivative.

dx

J (eCos[c+dx])"
(

a+JiaTan[c+dx}>2

Optimal (type 5, 86 leaves, 5steps):

1 m

27 (eCos[c+dx])"
azdm

6+m

m
:1*7
2 2

)

Hypergeometric2F1 |-

N |

(1-iTan[c+dx]) ] (1+J‘1Tan[c+dx}>m/2

NS
-

Result (type 5, 264 leaves):
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1

adm (2+m) (4+m) (—J'1+Tan[c+dx])2
i 2—2—m 6—21'1 (c+2dx) (1+(EZJ'1 (c+dx)>-m (e—i (c+d x) <1+e21'1 (c+dx))>mcos[c+dx]—2—m

m m ‘
(eCos[c+dx])" (m (2+m) Hypergeometric2F1[-2- —, -m, -1- —, —e** (<99 ] 4
2 2
. m m . .
e? (X (4., m) |2mHypergeometric2F1[-1- —, -m, - —, -e*! (14X ], @21 (c+dx)
2 2

(2 +m) Hypergeometric2F1[-m, - m, 1-0
2 2
Problem 694: Result more than twice size of optimal antiderivative.

(eCosfc+dx])"
J dx
N

a+1aTan[c+dX]

Optimal (type 5, 104 leaves, 5 steps):
im n X m 3+m m 1 )
- ([1'12 2 (eCos[c+dx]) Hyper‘geometr‘1c2F1[—;, - 1- > (1-iTan[c+dx]) |

<1+J'1Tan[c+dx]>%m]/ (dm\/a+jaTan[c+dx} ))

Result (type 5, 215leaves):

[]l 275" (1+e2* <C+d><>)’i"'" (e () (142t (<99 ) )" Cos[c+dx] ™ (eCos[c+dx])"

1 1-m .
—-m 17e21(c+dx)] \/SQC[CerXJ
2

2

Hypergeometric2F1|

N |
|
=
|
3
-
|

c+d x)

, el (
/d etdx s (1+m) vJa+iaTan[c+dx]
1+ei(c+ X)

v/Cos[dx] + 1 Sin[dx]

Problem 696: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(dCos[ewa])m (a+bTan[e+-Fx])2d1x

Optimal (type 5, 155leaves, 5steps):
ab(2-m) (dCos[e+fx])"

+

f{l-mjm
(b>-a® (1-m)) Cos[e+fx] (dCos[e+fx])"'Hyper‘geometr‘icZFl[l, 1+m, 3+m, Cos[e+fx]?]
2 2 2
b (dC f " bT f
Sin[e+fx})/(f(1—m) (1+m)+/Sin[e+fx]? | + (dCosfe~ Xi)( (a; anle+fx])
1-m

Result (type 5, 465 leaves):
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7({jabCos[e+fx]2”" (dCos[e+fx])"

[ 1 i 217m eZJi (e+f x) (@71 (e+f x) + e]i (e+Fx))m (1 + er (e+f x) ) -m
-2+m

m m . 1 ) )
Hypergeometric2F1 [1 -m,1-—,2-—, -2t (e*‘c")] - =it (et (e+fx) | gl (e*‘c"))m
2 2 m

. m
(1+e? (eF¥) " Hypergeometric2F1[1-m, - =, 1-
2

(a+bTan[e+-Fx])2)/ (-F (acCosfe+fx] +bSin[e+-Fx1>2)) -

2 f
, € i (e+ x)]]

NS

1+m

) 1 1

(bZCos[emcx] (dCos[e+fx])"Hypergeometric2F1[- =, = (-1+m), ——, Cos[e+fx]?]
2 2 2

Sin[e +fx]3 (a+bTan[e+-Fx])2)/
(f (-1+m) (Sin[e+fx}2)3/2 (acCosle+fx] +bSin[e+fx1>2) -
) 1 1+m 3+m

(aZCos[eﬂcx]3 (dCos[e+fx])"Hypergeometric2F1[ =, s , Cosfe+fx]?]

2 2 2

Sin[e + f x] (a+bTan[e+-Fx])2)/

(f (1+m)+/Sin[e+fx])? (aCos[e+fx] +bSin[e+-Fx])2]

Problem 697: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(dCos[eﬂcx])"‘ (a+bTan[e+fx]) dx
Optimal (type 5, 90 leaves, 4 steps):

b (dCos[e+fx])"
fm

1em . 1 1+m 3+m ) X
(a (dCos[e+fx])"™Hypergeometric2F1| —, s , Cos[e+fx]?] Sinfe + fx]
2 2 2

/

(df (1+m)~/Sinfe+fx]?

Result (type 5, 297 leaves):



Mathematica 11.3 Integration Test Results for 4.3.1.2 (d sec)™m (a+b tan)”~n.nb | 387

1

f(-2+m)m(1+m)+/Sin[e+fx]? (aCos[e+fx]+bSin[e+Fx])

2" (1+e2@F) Mcos[e+Fx]*™ (dCos[e+fx])"
. 1 1+m
[—Zma (1+et ™))" (_2+m) mCos[e+fx]*™Hypergeometric2F1| —, s
2 2

3+_m) Cos[e+fx]?| Sin[e+fx] +b (et (&F) (14 2% (&F) )T (1., m)

2
21 (e+fx) = m m 21 (e+fx)
e mHypergeometric2fF1[1-m, 1- —, 2- —, -e |- (-2+m)
2 2
m

m .
Hypergeometric2F1[1-m, - —, 1- —, —e2* (&Fx ] Sin[e+fx]2 | (a+bTan[e+fx])
2 2

Problem 698: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(dCos[e+Fx])"
J dx

a+bTane+ fx]
Optimal (type 6, 140 leaves, 7 steps):

b (d Cos[e +f x] )" Hypergeometric2F1[1, —g, 1-", M}

2 a%+b?

N
(a2+b?) fm

1 1 2+m 3 b2Tan[e+fx]?2 5

——AppellFi[—, 1, , =, , ~Tan[e +fx]?]

af 2 2 2 a2

(dCos[e+fx1)m(Sec[e+Fx12)m/2Tan[e+Fx1

Result (type 6, 1132 leaves):
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(dCos[e+fx])"

1 m 3
(b (—1+ (Sec[e+fx]2)'m/2) +amHypergeometric2F1[ =, 1+ —, =, -Tan[e + fx]?]
2 2 2
m m a-1ib a+1b
Tan[e+fx] - bAppellFl[m, —, —, 1+m, B
2 2 a+bTan[e+fx] a+bTan[e+ fXx]
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Problem 699: Result unnecessarily involves imaginary or complex numbers.

(dCos[e+fx])"
j dx

(a+bTan[e+1‘:x])2

Optimal (type 6, 227 leaves, 8 steps):

2ab (dCos[e+fx])"Hypergeometric2Fi |2, —f, 1-", M] 1

2 a’+b? N
(a2+b2)2-Fm a2 f

1 2+m 3 b2Tan[e+fx]?
AppellFi[—, 2, =, 2, #, ~Tan[e+fx]?] (dCos[e+fx])" (Secle+fx]2)"?

2 2 2 a2

5 3 2+m 5 b2Tan[e+fx]? 5
Tan[e + fx] + b AppellFl[f, 2, y T , —Tan[e + fx] ]
3a%f 2 2 2 a?
13

(dCosfe+fx])" (Sec[e+fx]2)"?Tan[e + f x

Result (type 6, 361 leaves):

a-1b a+1b

m m
—([2(4+m)AppellF1[3+m,1+*,1+*,4+m, s
2 2 a+bTan[e+fx] a+bTan[e+fXx]

(dCos[e+fx])"Sec[e+fx]? (aCos[e+Fx] +bSin[e+-Fx})5)/ [b-F (3+m)

((2+m)

m m
(a-ib) AppellF1[4+m, 2+ —, 1+ —, 5+m, s
2 2 a+bTan[e+fx] a+bTan[e+fXx]

a-1b

. m m a-1ib a+ib
(a+ib) AppellF1[4+m, 1+ —, 2+ —, 5+m, , |+
2 2 a+bTan[e+fx] a+bTan[e+fX]

a-1b a+1b

m m
Cosfe+fx] +2 (4+m) AppellF1[3+m, 1+ =, 1+ —, 4+m, s
2 2 a+bTan[e+ fx]

|

Problem 700: Result unnecessarily involves imaginary or complex numbers.
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Summary of Integration Test Results

700 integration problems

A - 479 optimal antiderivatives

B - 105 more than twice size of optimal antiderivatives
C - 104 unnecessarily complex antiderivatives

D - 12 unable tointegrate problems

E - Ointegration timeouts



